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which », a function of x, has replaced the constant c. The equation 
becomes 

dx ^ 

whence 


•0 =C -}- / ifjeS^^^dx. 

The solution of the general linear equation is therefore 
y=C€^f f ijjeS^^^doc, 
ind involves two quadratures. 

The method here adopted of finding the solution of an equation by 
regarding the parameter, or constant of integration c of the solution of a 
simpler equation, as variable, and so determining it that the more general 
squation is satisfied, is a particular case of what is known as the method of 
variation of parameters. * 

It is to be noted that the general solution of the linear equation is linearly 
iependent upon the constant of integration C. Conversely the differential 
equation obtained by eliminating C between any equation 

^ ^ ^ y^Cf{x)+g[x), 

ind the derived equation 

s linear. 

If any particular solution of the linear equation is known, the general 
iolution may be obtained by one quadrature. For let yi be a solution, then 
;he relation 


dx 




is satisfied identically. By means of_ this relation, tp can be eliminated from 
the given equation, which becomes 

d 


The equation is now homogeneous in y^—yi, and has the solution 

y—yx=Ce-f^^, 

where C is the constant of integration. 

If two distinct particular solutions are known, the general solution may 
be expressed directly in terms of them. For it is known that the general 
solution has the form 

y=-Cj{x)+g{x), 

and any two particular solutions and y^ are obtained by assigning definite 
values Cl and to the arbitrary constant C, thus 

yi=CJ{x)+g{x), 

y2=C2j{x)+g{x), 

and therefore 

y-yi _ g-Ci 


Examples. — (i) y'—ay—ef»^ (a and m constants, m^a). 

The solution of the homogeneous equation 

y'— a2/=0 

♦ Tide § 5*28. The application of the method to the linear equation of the first order 
due to J<din Bernoulli, Acta Erud., 1697, p. 113, but the solution by quadratures was 
inown to Leibniz several years earlier. 
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is In the original equation, let 


where is a function of xc, then 


or 


o=C-i- 


e;{m—a)x 

m—a 


Thus the general solution is 



(ii) 


Solution : 


y= Ce^-j~xe^, 


(iii) 

y'- 

Solution : 


2/=C(a!»+l)+(a!"+l)". 


(iv) 

y' cos x~hy sin xi?==l 

Solution : 


y=C cos xc+sin x. 


2-14. The Equations of Bernoulli and Jacobi. — The equation 

g +4>y=4y”> 


in which <{> and ^ are functions of x alone, is known as the Bernoulli equation.'^ 
It may be brought into the linear form by a change of dependent variable. 
Let 


then 




d% 

dx 





and thus if the given equation i§ written in the form 
it becomes 

^ +(1 -«)^Z=(1 -n)>p, 

and is linear in z. 

The Jacobi equotiony^ 

(% +c^){xdy —ydx) +c^y)dy + (% -^h^x -]-c^)dx=0, 

in which the coefficients a, h, c are constants, is closely connebted with 
the Bernoulli equation. Make the substitution 

where a, j5 are constants to be determined so as to make the coefficients of 
ZdY—FdX, dY and dZ separately homogeneous in X and Y. When this 
substitution is made, the equation is so arranged that the coefficient of 
XdF—FdX is homogeneous and of the first degree, thus 

' (l^iZ+CiF)(Zdy-~FdX) 

{-42 +^2“^ +C2F — a(udi-j-biX -f-CiF) — j4iX}dY 
+{^8+h^+CsY-P(^i+biX+€^Y)--AiY}dX==:0, 

James Bernoulli, Acta *Erud. 1695, p. 553 [Opera 1, p. 668], The method of 
elution was discovered by Leibniz, Acta Erud. 1696, p. 145 [Math. Werke 5, p. 8291. 

• » 24 (1842), p. 1 [<?cs. Werke, 4, p. 256]. See ^o the Darboux equation, 
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where 

2j 3). 

The coefficients of dY and dX also become homogeneous if a and j8 are so 
chosen that 

A^—aAi^O, ^3 —^^1=0, 

or, ffiore symmetrically, if 

^i==A, Az^aX, Az=pX, 

that is if 

Ui — A+&iC(.+C3^=a2+(^2 — A)a+C2^=^H"^3Q'“h(<^ — A)^=0. 

Thus A is determined by the cubic equation 
ai — A, bi. Cl I 

^ 2 j ^2 ^2 I ”^^3 

<hi ^ 3 > ^ ■ 

and when A is so determined, a and are then the solutions of any two 
of the consistent equations (yl)» 

The equation may now be Witten* in the form 

XdY-YdX-0Q)dY+w(~)dX=O. 

The substitution Y =Xu brings it into the form of a Bernoulli equation, 

where Ui and U 2 are functions of u alone. 

It win be shown in a later section (§ 2*21) that if the three roots of the 
equation in A are Ai, A2, A3 and are distinct,* the general solution of the Jacobi 
equation is 

-■ ^3 ~ ^2 = const . 

where V, F, W are linear expressions in x and y, 

2*15. The Riccati Equation. — The equation 

in which ^ and^ are functions of a?, is known as the generalised Riccati 
equation.^ It is distinguished from the previous equations of this chapter 
in that it is not, in general, integrable by quadratures. It therefore defines 
a family of transcendental functions which are essentially distinct from the 
elementary transcendents.}: 

When any particular solution y=^yi is known, the general solution may 
be obtained by means of two successive quadratures. Let 


♦ The case in which they are not distinct is discussed by Serret, Calc. Biff, et Int. 2, p. 431 , 
t Riccati, Acta Erud. Suppl, VIII. (1724), p. 73, investigated the equation y'+ay^=b(C^, 
with which his name is usually associated. The generalised equation was studied by 
d’Alembert, vide infra, § 12*51. 

f The dementary transcendents are functions which can be derived from algebraic 
functions by integration, and the inverses of such functions. Thus the logarithmic function 
F 

is defined as j ; its inverse is the exponential function. From the exponential 

function the trijgonometrical and the hyperbolic functions are derived by rational processesj 
and such fimctions as the error-function by integration. 
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then the equation becomes 


and since 2/==2/i ^ solution, it reduces to 

^ +{2yi^lj+(l>)z+iljz‘^=0. 


This is a case of the Bernoulli equation ; it is reduced to the linear form by 
the substitution 




from which the theorem stated follows immediately. 

Let yi, Vz three distinct particular solutions of the Riccati equation 
and y its general solution. Then 


1 1 

^ 

y-yi y%-yx 


^2 = 


1 

yz-yx 


satisfy one and the same linear equation, and consequently 


where C is a constant. When w, and are replaced by their expressions 
in terms of y^ and this relation may be written 


/-"2/2 z—y% 
y-yx yz-yx 


This formula shows that the general solution of the Riccati equation is 
expressible rationally in terms of any three distinct particular solutions, and 
also that the anharmonic ratio of any four solutions is constant. It also 
shows that the general solution is a rational function of the constant of 
integration. Conversely any function of the type 




^/l+/2 

C/3+// 


where/i,/ 2 ,/g ,/4 are given functions of x and C an arbitrary constant, satisfies 
a Riccati equation, as may easily be proved by eliminating C between the 
expressions for y and the derived expression for y\ 

When tfj is identically zero, the Riccati equation reduces to the linear 
equation ; when i/r is not zero, the equation may be transformed into a linear 
equation of the second order. Let jy be a new dependent variable defined by 


then the equation becomes 


where 


dx 


y^vjip, 


+v^+Pv+Q=0, 


The substitution 

v=u'fu 

now brings the equation into the proposed form, namely, 

d^u du 
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If In particular, the original equation of Riccati, namely, 

®where a and b are constants, becomes * 

, „ —ahx'^u=0. 


2T6. The Euler Equation. — An important type of equation with separated 
variables is the following : f 

dx , dy 
Yi + yi 

in which 

X —UqX^ + aiX^ +a^x +%, 
y=cioy^+aiy^+a2y^-^asy+a^^ 

Consider first of all the particular equation 
dx ^ dy 

Vii-x^y 

one solution is J 

arc sin a?+arc sin 2 /=c, 
but the equation has also the solution 


xV (1 —y^) +yV (1 —x^)=C. 

Since, as will be proved in Chapter III., the differential equation has but 
one distinct solution, the two solutions must be related to one another in a 
definite way. Thi& relation is expressed by the equation 


Now let 
then 

Let v=^0, then 
and therefore 


G=/(c) 

a3=sinw, y=smv, 
u+v=c, 

sin u cos 5y+sin v cos u=J{c) 

=/(w+u). 

sin u=J{u) 

sin u cos ?;+sin v cos w=sin {u~\-v). 


Thus the addition formula for the sine-function is established. 
In the same way, the differential equation 

dx ^ dy 

(1 ~£ c 2)^(1 ^ Wx^f (1 

has the solution 

arg sn oj-farg sn y =c, 


* The solution of this equation may be expressed in terms of Bessel functions 
(§ 7 - 31 ). 

t Euler, Inst, Calc, Int, 1, Chaps. V., VI. 

t The function arc sin x is defined as (1 — py^^dt ; sin x is defined as the inverse of 

arc sin x, so that sin 0=0 ; and cos x is defined as (1 — ^sin^aj)^ with the condition that 
cos 0=:1. No further properties of the trigonometrical functions are assumed. 
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where argsn x is the inverse Jacobian elliptic function* defined by 

p dt 


arg sn x 


Let 

then 


£C=snw, y==^sxLV, 


\ u+v=c, 

A second and equivalent solution may be found as follows. By definitior 
du' 


and therefore 


Similarly 


d^x 

du^ 


du dv 
d^y _ d^y 


du^ dv^ 

from which it follows that 


— (1 -{•h^)X’^^h'^x^. 

|( = -(1-S/2)*(1-A2y2)i 

^(1+A:2)2/+2A:V> 


d^ti d^x 

-KS' -^w). 


Hence 


'du^ 


d^x 

'd^ 


dy dx 
^ du ^ du 


/ dy dx\ 2k^xy 

■ V 5m duh-k^x^y^' 


or 


This equation is immediately integrable ; the solution is 

— &2aj2j,2) 

that is 

sn u sn't; +sn v sn'u=f{c){l sn^u sn^z?). 

By putting t>=0 it is found that /(w) =snw, and therefore 
, , . sn sn'z? ^sn w sn'w 

This is the addition formula for the Jacobian elliptic function snt^. 

The same process of integration may be applied to the general Euler 
equation.t In particular it may be noted that when ao=0 a linear transfor- 
mation brings the equation into the form 

dx dy 


V (4aj8 --g^x -ga) ^ V (4t^3 


= 0 . 


* Whittaker and Watson. Modem Analysis, Chap. XXII. 
t Cayley, JSZKpiic ^unc«tons. Chap. XIV. 
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if ^{z) is the Weierstrassian elliptic function defined by 

z=:f 

and 07= If y= ^{v), the general solution of the equation is 

u+v=c. 

An equivalent general solution is 

{(4073 -gg)* -(42/8 -g2y—g2W=={^ —y)K (^ +%) 

It may thus be shown that the addition-formula for the -function is 

¥’(“+«)=- f(«)- m+ij 

2*2. The Integrating Factor. — Let 

Pdx+Qdy=^0 

be a differential equation which is not exact. The theoretical method of 
integrating such an equation is to find a function y) such that the 
expression 

lx{Pdx+Q,dy) 

is a total differential du. When /x has been found the problem reduces to 
a mere quadrature. 

The main question which arises is as to whether or not integrating factors 
exist. It will be proved that on the assumption that the equation itself 
aas one and only one solution,* which depends upon one arbitrary constant, 
^.here exists an infinity of integrating factors. 

Let the general solution be written in the form 

<l>{x,y)=c, 

sphere c is the arbitrary constant. Then, taking the differential, 
or, as it may be written, 

<f>xd^+<f'ydy=0. 

Since, therefore, 

is the general solution of 

Pdx+Q,dy=0, 

:he relation 

^ 

p '“Q 

must hold identically, whence it follows that a function p- exists such that 
Consequently 

y.{Pdx +Qdy) =d^, 

hat is to say an integrating factor fc exists. 

Let F{f>) be any function of then the expression 

/LtF(^){Pda7+Qdt/}=F(i5^)# 

is exact. If, therefore, /x is any integrating factor, giving nse to the solu- 
tion ^=c, then iiF{4) is an integrating factor. Since F{^) is an arbitrary- 
inction of there exists an ia^ty of integrating factors. 

♦ Tbis assumption wiH be justified in tbe following chapter. 
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Since the equation 

fji{Pdx+Qdy)=0 

is exact, the integrating factor satisfies the relation 

8(/xP) 

By dec 
or 

dy ^dcc ^^dy dcc^ 

Thus satisfies a partial differential equation of the first order. In general, 
therefore, the direct evaluation of y depends upon an equation of a more 
advanced character than the ordinary linear equation under consideration,! 
It is, however, to be noted that any particular solution, and not necessarily 
the general solution of the partial differential equation is sufficient to furnishi, 
an integrating - factor. Moreover, in many particular cases, the partial 
differential equation has an obvious solution which gives the required inte- 
grating factor. 

As an instance, suppose that p is a function of cc alone, then 
IX doc ^dy deeJ' 

It is therefore necessary that the right-hand member of this equation 
should be independent of y. When this is the case, [x is at once obtainable 
by a quadrature. Now suppose also that Q is unity, "then P must be a linear 
function of y. The equation is therefore of the form 


where p and q are functions of x alone. The equation is therefore linear ; 
the integrating factor, determined by the equation 

djx 

is 

(cf. § 2'13). 


An example of an equation in which an inteffrating factor can readily be 
obtained is 


ojoedy -f ^ydx -\-vi^i^y'^{axdy -\-hydx) =0. 

Consider first of all the expression axdy pydx ; an integrating factor is 0 ?^— lya—i ! 
and since 

xP-~'^yO'~^axdy pydx) —d{x^y^)f 
the more general expression 

is also an integrating factor. In the same way 

is an integrating factor for xr^i'y^axdy -^-bydx). If, therefore, 0 and F can be so 
determined that 

an integrating factor for the original equation will have been obtained. Let ^ 

0iz)=z% Fiz)=^z^, 

then x^yf^ will be an integrating factor if 

p=(p+l)a~-l=(r-f l)a— n— 1. 



ELEMENTARY METHODS OF INTEGRATION 

, These equations determine p and r, and consequently A, and p if only 

[f, on the other hand, a=fca, b—k^, the original equation is . ' 

(1 ===0. 
rhe integrating factor is now 

^ — lyd — 

iZ 


2*21. The Darboux Equation. — A t 3 ^e of equation which was investigated 
y Darboux is the following : * 

’—Ldy+M(h+N{iJcdy--ydcc)—0. 

irhere L, ilf , N are polynomials in x and y of maximum degree m. 

It will be shown that when, a certain number of particular solutions of 
he. form 

/(a;,«/)=0, 

n which /(ts, y) is an irreducible polynomial, are known, the equation may be 
ntegrated. 

Let the general solution be 

w(a?, 2^)=const. 

then the given equation is, equivalent to 


land therefore 


du, . du, . 


^ du , ..du du . du\ . 

Replace ^ by ^ , 2 / by where ^ is a third independent variable, then 2 ^?, 

I! a homogeneous rational function of x, y> z of degree zero, and by Euler’s 
Theorem (§ 1-232) 

du , du . 

lloreover wi ) satisfies the relation 
\z zJ 

lin which L, M, N are homogeneous polynomials in x, y, z of degree «i. 

The theory depends on the fact that if 

u(x, 2 /)=const. 

|s a solution of the given equation, is homogeneous and of degree 

zero, and satisfies the relation A{u)^0. The converse is clearly also true. 
Now let 

be any particular solution, where /(a?, y) is an irreducible polynomial of degree 
and let 

g(x, y, !)• 


* BvJl. Sc. MaOi. (2), 2 (1878), p. 72. 
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Then, since g is homogeneous and of degree h, 


Also 


Ag)i 






dy 


==hz~^Ng, 

since /=0 is a solution. This relation may be written in the form 

Ag)=Kg, 

since A(g) is a polynomial of degree m+h—1 and g is a polynomial of degree 
is a polynomial of degree m — 1. 

The operator A has the property that if F is any function of u, v, w 

where u, v, w, . . . are themselves functions of a?, y, z, 

Let 

Moa,y)=0, h{x,y)=0, . . jj^x,y)=0 

be particular solutions of the given equation, where / (a?, y) is an irreducible 
polynomial of degree Let 

glx, y, z) = 2 V(^|. (r =1, 2 p), 

and consider the function 


u{x, y,z)=tl (gr)^ry 

r^l 

where , a, are constants to be determined. Now 

A{u)^^^A(gr) 

• ^tgr 

=U^arKr, 

where is, for every value of r, a pol37nomial of degree m— 1. Also u{m, z) 
is a polynomial in x, y, z of degree hiai+h 2 ,a 2 + . . . +hpap. If u{x, y^ z) 
is to furnish the required solution when ;s=l, it must be a polynomial in 
07, z of degree zero, and must satisfy the relation A(u)=0, whence 

* • • '-{■-hp€lp=0f 

-^lCtl+-K^2®2+ • • • +Kp(Xp=0> 

Each polynomial contains at most | m(m+l) terms, so that the last 
equation, being an identity in oj, y^ z, is equivalent to not more than m(m+l) 
relations between the constants ai, a^. There are, therefore, in all, 

at most 

^(m+l)+l 

equations between the p unknown constants a. Suitable values can there- 
fore be given to these constants if the number p exceeds the number of 
equations, that is if 
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If^ therejore, Jm(m+l)+2 particular solutions are hnoxm^ the gewral 
solution can he obtained without quadratures. 

If pr=|7n(m4*l)4“l and the discriminant of the equations is zero, the 
same result holds. Let and let the discriminant be not 

zero. In this case, let the constants be determined by the equations 


^10-1+^20^2+ * • • +A'3,%==— 
K^ax+K2a2+ • • • +-^ 3 >“ 3 >= — ^ • 


m 

dz ' 


There are now +1)4-1 non-homogeneous equations which determine 

the constants a. This determination of the constants gives rise to a function 
u(ijc, y, z) such that 


du . du . du , , 


du 




=-(: 


01 

dx 


Eliminate — between these equations, then 


dM 

dy 



c^du. ^^du 


+( 


0L aikf aiv^ 

dy'^ dz 


+(m+2)+=0. 


But since N is homogeneous and of degree m, 

dN 


dN , dN 




and therefore, eliminating 

cz 


■ ^ du . ^j.du /dL dM dN dN ^ 

(Lz-Nx ) ^ +(Mz-Ny)^^ +{z ^+z-^ -y^ -22Vj«=0. 

Let 2 = 1 , then u(x, y) satisfies the equation 

..j ,8u , xr , <d{L—Nx) , 8{M—Ny)} „ 

(l-W.) JJ +(M-IT»)^ 

But this is precisely the condition that u{x, y) should be an integrating factor 
for the equation 

■^Ldy-\-Mdcc+N{xdy — ydx) =0. 

Jf, therefore, |w(m+l)+l particular solutions are known, an integrating 
factor can be obtained. 


To return to the Jacobi equation (§ 2*14), 

{a^+bjX-^Cjy)(a!dy-~ydce)—(a2+bzX+C2y)dy+{a^+b^X’{-c^)dx=0. 

In this case m—1. The equation will have a solution of the linear form 

ax+py+y=const, 

Pif Pif 

AU)^(a^+bspis+c^)^+ia^+b^+c^)^ +(ais:+M+Cii/)^ =A/, 

where A is a constant and f= ax +py+yz. This leads to three equations between 
a, y, A, namely, 

y(«i— A)+aa24jSaa=<l> ybi+a{b2-‘X)+pb^==0, yci4ac24^(«8-“A)=0, 


whence 


' a^, I =0. 

^13 ^2 — A, 63 

^X9 C3"~A 
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It win be assumed that this equation has three distinct roots, A^, Aa, A 3 , to which 
correspond three values off, namely, U, V, W. Then 

— const. 

will be the general solution, when 2 ; is made equal to unity, if 

Aii + Aa^‘ + — 0. 

It is sufficient to take i=Xz-Xz, i=A 3 -~Ai, /c^Aj — Ag. The general solution 
is therefore 

—const. 


2*3. Orthogonal Trajectories. — The equation 

0{x, y, c)=0, 

in which c is a parameter, represents a family of plane curves. To this family 
of curves there is related a second family, namely, the family of orthogonal 
trajectories or curves which cut every curve of the given family at right angles. 
To return to the instance given in § 1-4, the first family of curves may be 
considered as the lines of force due to a given plane magnetic or electrostatic 
distribution. The family of orthogonal trajectories will then represent 
the equipotential lines in the given plane. 

Let 

F{x,y,p)^0 


be the differential equation of the given family of curves ; it determines the 
gradient p of any curve of the famSy which passes through the point (a?, y). 
The gradient w of the orthogonal curve through (a?, y) is connected with p 
by the relation 

and consequently the differential equation of the family of orthogonal tra- 
jectories is 


Since the differential equation of the given family is obtained by elimi- 
nating c between the two equations 


?P=0, 




the differential equation of the orthogonal trajectories arises through the 
elimination of c between the equations 


^=0, 




Examples, — (i) The family of parabolas, 

where c is a parameter, are integral-curves of the differential equation 

2xp^y, 

The differential equation of the orthogonal trajectories is therefore 

2x-\-py=0, 

and the trajectories themselves are the curves 


2aj2+t^2=c2; 

they compose a family of similar ellipses whose axes lie along the co-ordinate- axes. 



ELEMENTARY METHODS OF INTEGRATION 


33 


(ii) The family of confocal conies, 

I 

where A is the parameter, are integral-curves of the differential equation 

{oc -{-py){y —px) -f (a 2 ^b^)p =o. 

This equation is unaltered by the substitution of --p~ ^ for p. The family is there- 
fore self-orthogonal. 


2*31. Oblique Trajectories. — An oblique trajectory is a curve which cuts 
the curves of a family at a given angle. Let the given angle be arc tan m. 
Then if p and m are respectively the gradients of a curve of the given family 
and the trajectory at a point where they intersect. 


p—m 

t37= T,--; 

. 1+mp 

If the differential equation of the given family is 

F{x,y,p)=^0, 

that of the family of oblique trajectories wiU be 

p—m \ 
1+mp/ ” 






= 0 . 


Example * — Consider the family of concentric circles, 
their differential equation is 

0*4- 2/p =0. 

The family of curves which cut the circles at the angle arc tan m is therefore 

p—m 

^ .M=0 


x+ 


1+mp" 


or 


(mcc +^)p +aj — mt/ =0. 

This equation is homogeneous : its solution is 

log V {x'^ +2/^) + arc tan ~ = =const. 
In polar co-ordinates, the equation of the trajectories is 

the curves are therefore equiangular spirals. 


2-32. Conformal Representation of a Surface on a Plane.~Another 
important application of differential equations of the first order is to the 
conformal representation of an algebraic surface upon a plane. The real 
quadratic form 

dS^=Edu^+2Fdudv+Gdv^ {EG-F^=^0) 

represents an element of surface. Since it is essentially positive, its linear 
factors, 

adu+hdv, a'du+Vdv 

are such that a and b are, in general, complex functions of u and t?, and 
a' and F are respectively the conjugate complex functions. 

Let fjL{u, v) be an integrating factor for adu+bdv, then the conjugate fx' 
will be an integrating factor for a' du+Fdv* If 

lM{adu+bdv)—dV, iM'{a'du~\-Fdv)=^dV' 
then V and V' will be conjugate complexes, and 

y^p'dS^^dVdV'* 
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Define x and y as new variables by the equations 


and let 
then 

d6'2=A2(daj2+d2/2) 


=:A2d5*2. 


Thus the surface (w, v) is conformally represented on the plane {x, 


Example . — Consider the representation of the sphere 
dS^^a'^du^-^a^ sin^w 


on the plane. 

Let 
that is 
Then 


dS^—a‘^(du-\-i sum dv){du—i sint« dv) 

sin^wfcosecte du -\-idv){QOs^cu du —^idv). 

coseou du—dy^ dv=dx, 
y = iog tan Jw, aj = z?. 
dS^—4ia^ seoh.^ {dx^-\-dy^). 


This correspondence between the sphere and the plane is Mercator’s projection f 
Meridians on the sphere are represented by lines parallel to the zz-axis in the plane, 
and parallels of latitude by lines parallel to the £c-axis. The whole sphere is 
represented by that strip of the plane which lies between x = —tt and x = +- 77 . Any 
straight line in the plane represents a loxodrome on the sphere, that is a curve which 
cuts all the meridians at a constant angle. 


2’4. Equations of the First Order but not of the First Degree. — An 

equation of the first order and of degree m may be written 






+ 




where Pj, . . P^ are functions of x and y. Theoretically, the equation 
may be brought into the factorised form. 



0 , 


where pi, Ps> • • • » are functions of x and y. 
Let 

^r(«. y, Cr)=0 


be the general solution of the 


equation 
dy 


dx 


— Pr^O ; 


it will also be a solution of the given equation. Conversely if 

0{a>, y, C)=0 

is a solution of the given equation, it must satisfy one or other of the equations 

dii 

^ ~P,=0 (r=l, 2, . . . , m). 


general theory of oonfonnal representation, see Forsyth, Theory of FtmcHons, 

t Gerhani Kremer (Wine Mercator) published his map of the world in 1588. The 
underlying mathematical principles were first explained by Edward Wright in 1594, 
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It follows that every solution of (A) will be included in the solution 

y, c)=0, 

which is therefore the general solution. The one arbitrary constant c is 
sufficient for complete generality, for a particular solution is obtained 
explicitly by solving one or other of the equations 

y, c)=0, 

in which c has any numerical value. 

Example . — 

In the factorised form the equation is 

the two factors give rise to solutions 

2 /=sinh (c±x) 

respectively, where c is a constant. The general solution therefore is 

=J(e2c4-e--2^j-^e2^_e-2a:) 

= J(C~cosh 2<r), 

where C==cosh 2c. 


2'41. Greometrical Treatment. — ^The theory of the differential equation 

V. |)-0 

may also be approached from a geometrical point of view. Replace ^ ^ 


and regard z as the third rectangular co-ordinate in space. Then the equation 

F{x, y, z)=0 

represents a surface S. 

Let 


y=<f>(x) 

be any solution of the differential equation, then the pair of equations 

y=<f>{x), z=<l>'{x) 

represents a space-curve F which, since 

F{x, <f){x\ ^'(^)}==0 


identically, lies upon the surface S. There is not a solution of the differ-, 
ential equation corresponding to every curve which lies on but only to 
those curves at all points of which the differential relation 


dy—zdx^O 

is satisfied. 

Let 

x=x{t), y=yit), z=z{t) 

be the parametric representation of a curve F upon S for wMbh the relation 

dy—zdx—0 


is satisfied. The projection of F upon the (a?, «/)-plane will be the curve C 

x=x(t), y=y{t) 


or 

y==(l>{x). 
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Since at all points of the curve F the equation 

F{x, y,z)=0 

becomes 
the curve C, or 

y=(f)(x) 

is an integral- curve of the equation 

Let the parametric representation of the surface S be 
x=^f{u, v), y=g(u, v), z=-hiu, v), 


then the relation 
becomes 


dy—zdx=0 


dv—h 

du dv 



dv~0 


or, say. 

Any solution of this differential equation is a relation between u and v 
which defines a curve F on the surface S such that the projection of this 
curve on the (a?, 2/)-plane is an integral-curve of the differential equation. 


Consider, as an example, an equation which can be written in the form 

y—g(x,p)^0. 


The corresponding surface S is then representable parametrically as 

y=g{x,p), z=p, 
and the relation dy—zdx^O becomes 


dg dg ^ 


This is a differential equation of the form 

dp 


dx 


==k(x, p ) ; 


let its general solution be 

Z(aj, p, c) =0. 

Then the integral-curves are the projections on the (a?, y) -plane of the intersection 
of the surface 

y—g(x,z)=0 

with the family of cylindrical surfaces 

Z(aj, z, c) =^0. 

The general solution of the given equation is therefore obtained by eliminating p 
between the two equations 

y^g{x,p), Z(aj,p, c)=0. 


Equations in which x or y does not explicitly occur. — When an 
equation of either of the forms 

F{x,p)==0, F{y,p)=0 

can be solved for p, the equation can be integrated by quadratures. On 
the other hand it may occur that the equation is more readily soluble for 
ai (or y as the case may be) in terms of p. Let , 

«=/(p) 
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be the solution, then, on differentiating with respect to «/, 


whence 

say. Then the equations 


P 

y=c+fpf{p)dp 

=c+g(p)> 

‘i>=f{p)> y=^c+g{p) 


may be regarded as a parametric representation of the solution, which is 
obtained explicitly by eliminating p between the two equations. 

If the equation does not involve cc, it is solved for y and then differentiated 
with respect to x. The solution is then obtained in the parametric form 

, y=S{p)> oii=-c+g{p), 

where 

g{p)=fp-Y(p)dp. 

More generally, it may be possible to express the equation 

F{x,p)=0 

parametrically in the form 

x=u{t), p=^v{t), 

then, on differentiating the former with respect to 

whence 

y—c+Jv{t)u'{t)dt. 

The solution is then obtained by eliminating t between the expressions for 
X and y. The equation 

F{y, p)=0, 

if expressible in the form 

y==u{t), p=v{t), 

is solved by eliminating t between 
y==u{t) and 

Example , — Consider the equation 

p3— p2-f-2/2— 0. 

It may be represented parametrically as 

y = t~t^, P"l—tK 

Differentiate the first equation with respect to then 

dx 

- 1 - 8 .., 

whence 

t—1 

‘<’=‘^+jjZ:^dt=c+St+log—. 

Thus X and y are expressed in terms of the parameter U 

2*48. Equations homogeneous in x and — An equation which is homo- 
geneous and of degree minx and y may be written 
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If it is soluble for p, equations of the type 



already eonsidered (§ 2-12) will arise. This case, therefore, presents no new 
features of interest. Consider, however, the case in which the equation is 


soluble for - ; thus 
sc 

!=/(p) 


or 


y=!cf{p). 

Differentiate this equation with respect to ce, then 

Let p be taken as dependent variable, then in this equation the variables are 
separable, and it has the solution 

log oaj-j 


CX=g(j)). 

y=xf(p), cx=g{p) 


or, say. 

The simultaneous equations 

furnish the general solution of the equation. 

Example , — y^yp^-\> 2px, 

Solve for x, thus 


2a?: 


differentiate with respect to then 

2 

V 
or 

whence 




P ^ Jdy 

dy'" y 
py^c. 


Eliminating p firom the original equation gives the required solution 

y^^2cx-\-c^. 


2*44. Equations linear in x and — A general type of equation whose 
solution can be obtained in a parametric form by differentiation is the 
foUowing:* 

The derived equation is 

p=<f^)+{x4>'(p) ; 

* The equations appear to have been integrated by John Bernoulli before the year 1694. 
Its singular solutions were studied by d’Alembert, Bist Acad, Berlin 4 (1748), p. 275. 
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if X is regarded as dependent variable, and p as independent variable the 
equation may, when be written 

dp ~p—^{p) p—<f>{p) 

and is then a linear equation in the ordinary sense. Its solution in general 
involves two quadratures ; let it be 

^=<^f(p)+gip)> 

then X may be eliminated from the original equation, giving an expression 
for y in the form 

y=^(^hip)+giip)- 

The general solution is thus expressed parametrically in terms of p. 

Consider now those particular values of jp, say pi, p^^ • • • > for which 

p—4>{p)=^^; 

for those values of p^ 



Thus there arises a certain set of isolated integral curves such as 

They are straight lines such that if an integral curve of the general family 
meets one of them, it will have, in general, an inflexion at the common point. 
The straight lines furnish an example of singular solutions, that is of solutions 
of the equation which are not included in the general family of integral 
curves, and not obtainable from the general solution by attributing a special 
value to the constant of integration. 

Example . — y:=2px —p 

The derived equation is 

dp 

p=2p+2(a!-p)^= 

whence, if 2 )=j= 0 , 

dx 2x 

The solution of this linear equation is 

c , 2 

which, combined with the original equation, gives the required solution. 

On the other hand, when p— 0, there is a solution 

y=0. 

2*45. The Olairaut Equation. — The Clairaut equation,* 

y=:px+tft{p), 

is not included in the class of equations studied in the preceding section 
because, in the notation of that section, 

identically, and therefore the method adopted fails. 

The derived equation is 


Hist. Acad. Paris (1734), p. 209. 
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it can be satisfied either by p =c, a constant, or by 

£C+^'(p)=0. 

The first possibility, leads to the general solution 

y==cx -+ 1 /^( 0 ). 

The second possibility leads to a particular solution obtained by eliminating 
p between the two equations 

y=px+ils{p), x+ilf'{p)=^0. 

It contains no arbitrary constant, and is not a particular case of the general 
solution ; it is therefore a singular solution. 

Now the envelope of the family of straight lines 

y^cx+t/j(c) 

is obtained by eliminating c between this equation and 

0=:x+ip'{c), 

and is identical with the curve furnished by the singular solution. In the 
case of the Clairaut equation, therefore, the singular solution represents the 
envelope of the family of integrahcurves. 

Conversely, the family of tangents to a curve 

2/=/(«) 

satisfies an equation of the Clairaut form, for if 


is a tangent, then 


y=aa}+p 


aa?+^ =/(«?), a^f{as): 

The elimination of x between these equations gives rise to a relation 

and since, on the tangent, a =p, the tangents satisfy the equation 

y=px+ilf{p). 


Example . — y =px + 1 jp. 

Differentiating, 

p=p+(x~\jp^)^ 

whence either giving the general solution 
or else 


and is 


The singtdar solution is found by eliminating p between 

and y—px-\-llp 


y^=^4!X. 


!]l^e Principle of Duality. — ^There exists a certain transformation, 
due to Legendre, by which a dual relationship can be set up between one 
equation of the first order and another of the same order. Let X and Y 
be new variables defined by the relations 

X=p, Y^xp—y, 


and let 
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Now, assuming that 


dp 

dx 


= 1 = 0 , 


dX~dp, dY —xdp+pdx—dy 

^xdp, 

and therefore 
Also 

yz=:zxp—Y 

=ZP-F. 

Thus the transformation 

X =j?, Y ^xp —y 

is equivalent to 

aj=P, y^XP^Y. 


They are therefore reciprocally related to one another.^ 
By means of this substitution, either of the equations 


F{x,y,p)=(}, P(P, YP— r, X)=0 

may be transformed into the other, and in this sense a dual relationship 
exists between them. When one of the equations is integrable, the other 
may be integrated by purely algebraical processes. 

For instance, let 

^(X, F)=0 


be a solution of the second equation, then on differentiating with respect 
to X, 


dX'^ 


dcf> 


P=0. 


Now X, F, P may be eliminated between these two equations and 

Cc^P, y=:XP-Y, 


thus giving a solution of the equation 

F{x, y, p)=0. 

In particular, an equation of the form 

0{xp —y) =xW{p) 

would become 

^(F)=PP(X). 

The variables X and F are now separable, and the equation is integrable 
by quadratures. 


Example . — (y—px)x=y. 

The transformed equation is 

Y+X’ 

it is homogeneous, and has the solution, 

X 

log ^ y ~ const. 

Differentiate with respect to X, then 

F F-XP 
F ” F2 


* If (Xf y) and (X, Y) are regarded as points in the plane of the variables u, the 
locus of (a?, y) is the polar reciprocal of the locus of (X, Y) with respect to the parabola 
1/3 =2 1 ), and conversely. 
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whence 


and consequently 


Y== • 

X 
Y' 


Y-XP 


y 


1 

‘P 


1 

-1=- 

X 


Hence the solution of the original equation is 

/ y\ 1 

log I const. 

\ X' X 


y—cxe^^^. 


dp 


NoTE.~~In the case of the Clairaut equation the condition that — 4=^ is violated 


for the general solution ; this method therefore leads only to the singular, solution. 


2*6. Equations of Higher Order than the First, — The simplest of all 
differential equations of general order n is the following : 

Its integration is simply the process of n-ple integration and may be carried 
out in successive stages as follows. Let Xq be a constant, chosen at random, 
then 

md^+Co> 

rX rX 

^^ = 1 dx f{x)dx+Co{x—Xo)+Ci, 

J Xq J x^ 


y=l dxj dx . . . I f(x)dx+Co^^r-^~ + . . . +C„-i, 

where Cq, Q, . . C^-i are arbitrary constants. 

The multiple integral may, however, be replaced by a single integral. 
Let 


dY 1 


whence, finally, 


d”~^Y 





F is therefore a solution of the equation which, together with its first (n— 1) 
dmvatives vanishes when x=Xq. It is therefore identified with the multiple 
mtegral. The general solution of the equation is therefore 


nn-l) 


+ • * • +Cn~i. 
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Apart from tMs simple case, and the case of linear equations with constant 
coefficients, which wiU be dealt with in Chapter VI., there are but few equations 
of order higher than the first which yield to an elementary treatment. In a 
number of very special cases, however, the order of an equation can be 
lowered by means of a suitable transformation of the variables, combined 
with one or more quadratures. The main cases of this kind which can arise 
will be dealt with in the three following sections. 


2-61. Equations which do not explicitly involve the Dependent Variable.— 

Consider the equation 

gny\ 


K 


in which y and its first k- 


-1 derivatives do not appear. 
da^ 


The transformation 


reduces the equation to an equation in u of order n—k. If this equation can 
be integrated and its solution is v it only remains to integrate the 

equation * 




which is of the type dealt with in the preceding section. 

More generally, however, the reduced equation has a solution of the 
form 

which is not readily soluble for v. For the method to be practicable it is 
necessary to express x and v in terms of a parameter thus 

Then 

dy(Jc-l) ^v{t)dx=^v{t)x'{t)dt, 

which, on integration, gives The- process is repeated, k times in all, 

until the explicit solution is reached. 

An important particular case is that of equations of the form 

d^y _ f{ d^-^y \ . 

such equations are integrable by quadratures. 


2*62. Equations which do not explicitly involve the Independent Variable. — 

When an equation has the form 

dy d^y d^y \ 


F{y 


= 0 , 


its order may be reduced to n—1 by a change of variables. Let ^ be taken 
as a new independent variable, and p as the dependent variable. The 
formula by means of which this transformation is effected are 


dy _ d^ ^ dp 


r_ 

dx^ % v dy r 


The given equation is thus reduced to one of the form 

dp 

^ 


^(2/. 


un-l)- 


0 . 
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Let it be supposed that this equation can be integrated, and that its solution 
is expressible in the parametric form 

where / and g are functions of the auxiliary variable t, and depend also on 
n— 1 constants of integration. Then m is obtained, in terms of by a 
quadrature, thus : 

J p 

_ (fm 

In particular, an equation of the second order, which does not explicitly 
involve cc, namely 

dx" dx^J ’ 

is transformed into the equation 




which is of the first order. 
An equation of the form 


-U 

dx^ ^\dx”—^) 


is reduced, by the substitution 


dx”-^ 


=/(“)• 


If ^ ~Pi this last equation becomes 


4 =/<”'• 


whence 


and therefore 


p^=zc+f f{v)dv, 
x=f {c+f f{v)dv}-^dv> 


In order that y may be obtained, v must be expressed in terms of x ; 
the solution is then completed by n — 2 quadratures. 

2*68. Equations exhibiting a Homogeneity of Form. — Two classes of 
equations will be discussed, the first class being that of equations which are 
homogeneous in y, y\ y'\ . . yW, and which may also involve x explicitly. 
An equation of this class may, if m is the degree of homogeneity, be written 

^ 

Let M be a new dependent variable, defined by the relation 

yz=:ef^» 
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then 

and in general 


q/n)=^JJ^e^udx^ 


where is a polynomial in u, u\ . . The change of dependent 

variable frona y to u therefore reduces the order of the equation from n to 
n— 1. 

The second class includes those equations which are homogeneous in 
y, xy\ x^y'\ . . and do not otherwise involve x. Let 


F{y, xy\ x^-y\ . . 


be the typical equation, 
stitution 

then 


Change the independent variable by the sub- 
x=e^. 


and, in general, 


d^y _d^y dy 

dx dt ’ dx^ dt^ dt^ ' ’ ' 


dx'^ dt^dt 



Thus the transformed equation is of the form 


dt’ dt^’ 


dt^ / 


and does not explicitly involve x. It thus comes under the heading of 
§ 2 * 62 . 


An equation which comes under the last class, but which can be integrated by 
a simpler method is the following : * 

F(y", y'-osy", y-xy'-jrix^y")=o. 

The derived equation is simply 

where Fj, Eg, Fg are the partial derivatives of F with respect to its first, second, and 
third arguments respectively. It is satisfied by y'"=0, or 

y=A ~\-Bx -h 

where A, B, C are arbitrary constants. This wiU be the general solution of the 
original equation provided that 

F{C,B,A)^0, 


2-7. Simultaneous Systems in Three Variables, — Before the general theory 
of the integration of simultaneous systems of differential equations is 
attacked, it will be convenient to dispose of a simple case in which the equa- 
tions are integrable by the methods which were detailed in the earher sections 
of the chapter. 

Consider the system 

rj and ^ are, in general, functions of a?, y and z. A very special, but 

♦ Dixon, Fhih Trans. B. S. (A) 186 (1894), p. 563. The generalisation to any order 
is obvious. See also Raffy, Bull. Soc. Math. France^ 25 (1897), p. 71. 
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important case is that in which ^ and -q are independent of z. In this case 
the equation 

involves only x and y ; it will be supposed that this equation can be integrated 
and that its solution is 

0 {x> 2/, a)==0, 

where a is the constant of integration. Let this equation be solved for y, 
thus 

a), 

and let and be what ^ and ^ become when y is replaced therein by 
a). Then the equation 

does not involve y. Its solution wiU be of the form 

0 (x, z, a, j8)=0, 

where ^ is the constant of integration. Now let a be eliminated between the 
two solutions 

y, a)==0, @{x, Z, a, ; 
the solutions then take the form 

0 {x, y, a)=0, W{x, y, z, ^)==0. 

2*701. Integration of a Simultaneous Linear System with Constant Co- 
efficients, — The system 

dx ^dy ^dz 

where 

S = a^x + 4, 

is not of the form dealt with in the preceding section. It can, however, be dealt 
with in a siinilar naamier after a linear transformation of the variables has been 
made. To simplify the working a new variable t is introduced such that 

dx dy dz dt 

T*“T“T“T’ 

then, whatever constants Z, w, n may be, 

dt _ Idx -{-mdy -^ndz 
t ‘ 

Let Z, f», n be so chosen that 

la^ 4- ^^3 == Ip, 

lb -\-7nb2 -fnbg =mp, 

Zci+wca+nca^np, 

then 

^ __ d(lx-i~my+nz) 
t p(Z£B-fm2/-fnJS+ry 

where rp=Z 4 i-f-mda 4 -nd 8 . This choice of Z, m, n is possible if p is a root of the 
equation ^ 

Pj o>2> ^3 =0. 

^2 — P ) ^3 

^19 ^29 C 3 P 
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Let the roots of this equation, supposed distinct be i, i , and let the corre- 
al ^2 


spending values of Z, m, n, r be 
then 




(i=l, 2, 3), 


whence 


dt _ X^d(l^x+m^-{-n^z) 


The solution of the system is therefore 

Ci(liX+miy-i-njZ-]-rj)h==C2(hx+m^+n2Z+rz)>^^CQ(l^x+m^-{-n^z+r^)>^ 
and contains three constants of integration, C^, Cg, Cg, of which two are arbitrary. 


2*71. The Equivalent Partial Differential Equation. — Let a? and ^ be 
regarded as independent variables, and as a dependent variable. Let 
p and q be the partial derivatives of z with respect to x and y respectively, 
then 

is a linear partial differential equation of the first order and is known as 
the Lagrange linear equation. If 

y) 

is a solution of the equation, then 





for all values of x, y. This solution represents a surface, known as an integral- 
surface of the partial differential equation. Since the direction cosines of 
the normal to a surface z=f{Xf y) are proportional to 

^ M 

dx" dy^ ’ 

the differential equation expresses a distinguishing proiperty of the tangent 
plane to the integral-surface. 

Now consider the system of simultaneous ordinary differential equations 

^ __dy __dz 

^ ~ ^ ~ V 

and let its solutions be solved for the constants of integration, thus 


u{x, y, ;s)=a, v{x, y, 2 )=^. 

These solutions represent a two-parameter family of curves in space, which 
are known as the characteristics of the system. If ' 37 , ^ exist and are one- 
valued at a point {xq, zf), and at least one of them is not zero at (x^^, ^o)? 

one and only one characteristic passes through that point. 

It will now be shown that the characteristics of the simultaneoxis differ- 
ential system bear an intimate relationship to the integral-surface of the 
partial differential equation. In the first place it will be proved that, if an 
integral-surface passes through {xq, ^), it contains the characteristic through 
that point. Let the integral surface through {xq, yo, Zq) be 

2 =/(». y) 

and, supposing that i does not vanish at (a!o, yo, 3o)> consider the differential 
equation 

dy 7} 
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in which z has been replaced by fix, y). The equation defines y as & 
function of x and is therefore the differential equation of a family of cylinders 
whose generators are parallel to the axis of z. The cylinder through (a3o, Vo^ 0) 
intersects the integral-surface in a curve through {xq, yo, Zq). Along this 
curve 

, T~'~V P^+9V C ‘ 

The curve so defined is therefore a characteristic, and the theorem is proved. 
An immediate consequence of this theorem is the fact that every integral 
surface is a locus of characteristics. In particular if any non- characteristic 
curve in space is drawn, the characteristics which pass through the points 
of this curve build up an integral- surface. 

In the second place, the converse of this theorem will be shown to be 
true, namely, that in general every surface which arises as a locus of character- 
istic curves is an integral-surface of the partial differential equation,'^ The 
tangent line to the characteristic at any arbitrary point {xq^ Zq) is 


X—Xq __ ^0 ^ ^0 

^0 VO “Co ’ 


where tjq, are the values of 77 , ^ at (xq, yo, Zq). The equation of the 
tangent plane at %) fhe surface which envelopes the characteristics 

will be 

(x - xq)pq My ~~-yo)% 


where po and qo are respectively the values of 
(^ 0 . 2 / 0 . ^ 0 ) 

in the tangent plane, and therefore 

ioPo+Vo^oMo- 


dz dz 


on the surface at 


qo diXV/ V '-'i.J' VC*<X»-AV>10 V-ZX ^ , 

Since the characteristic lies in the surface, the tangent line lies 


But {xq, yo, Zq) is any point on the surface ; the latter is therefore an integral- 
surface of the partial differential equation 


2*72. Formation of the Integral-Surface. — The aggregate of character- 
istics form a two-parameter family or congruence of curves. Just as a plane 
curve is formed by selecting, according to a definite law, a one-fold infinity 
of the two-fold infinity of points in a plane, so an integral- surface is formed 
by selecting a one-fold infinity of curves of the congruence. Let 

u{x, y, s)=a, v{x, y, z)=l3 

be the aggregate of characteristics from which a one-fold infinity is chosen 
by setting up a relationship between a and say 

i3(a, j8)=0. 

The equation to the integral-surface is therefore 

Q{u, v)=0, 

and this equation, in which the function £2 is arbitrary, is the general solution 
of the partial differential equation. ^ 

In the theory of ordinary differential equations of the first order, it is 
often required to find that integral-ctirve which passes through a given 
point of the plane. The corresponding problem in the case of partial 


* The exception^ arises when th^ sttrh.ce has a tangent plane parallel to the 
a-axis, for then p and g become infinite and the proof fails. ^ 
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differential equation is to find that integral-surface which passes through a 
given (non-characteristic) hase-cMwe in space. This problem, in its general 
form, is known as Cauchy’s problem. 

Let 

(j>{Xy y, s)=0, y, s)=0 

represent the base-curve, and let 

u(x,y,z)=a, v{x,y,z)=^p 


be the characteristics. If, between these four equations, x^ y, z are eliminated, 
there remains a relation between a and ^ which expresses the condition that 
the characteristics and the base-curve have points in common. Let this 
relation be 

0{a, jS)=0, 

then 


v )=0 

is the required integral-surface. 


Example. — Consider the partial differential equation 

=hx—ay. 

The subsidiary differential system is 

dx dy dz 

cy—bz az—cx hx~ay' 


This system is equivalent to 

{adx-{-hdy-\-cdz=^0, 

\ xdx-\-ydy -\-zdz — 0, 

and therefore the equations of the characteristics are 

{ax-\-hy-\-cz=^a. 


where a and ^ arc arbitrary constants. The characteristics are the intersections 
of all spheres whose centre is at the origin with all planes which are parallel to the 
straight line 


(0 


X y z 
a h c 


that is to say, they are the aggregate of circles whose planes are perpendicular to, 
and whose centres lie on, this line. 

The integral-surfaces have the equation 

x^+y-^z^==f(ax-^hy^cz). 


and are surfaces of revolution which have the line (/) as axes of symmetry. 

Now consider that particular integral-surface which contains the a/-axis ; it 
is built up of those characteristic curves which pass through the y-axis. The 
characteristics are those for which a and ^ are such that the equations 

ax-i-by-\~cz==a, x^-\-y^+z^—p, x=0, z—0 


are consistent. 
y from 

and therefore is 


The condition that they are consistent is obtained by eliminating 
by=a, 


The required integral-surface is 


or 


b%x^-\-y- =^(ax-i-by +cz) ^ 

(a^ ^b^)x^+(c^~-'b^)z^-\~2abxy-+-2bcyz’i-2cazx = 0 . 
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£•73. The Homogeneous Linear Partial Differential Equation, — When I is 
identically zero, the equation has the so-called homogeneous form 

The equations of the characteristics then become 

doa ^dz 

i V 

The last equation gives at once 

z=a, 

and therefore the characteristics are plane curves whose planes are perpen- 
dicular to the z-axis. 

The most important case is that in which ^ and rj are independent of z ; 
the equation of the characteristics is then 

z^a, u(a), 

and the equation of the integral-surface may be written in the form 

z^f{u). 

Now consider the equation 

where f , tj, I are functions of a?, y, z and do not involve /. If 

/(a?, yy z)=c, 

where c is a constant, is a solution of the partial differential equation, then 

and therefore /(a;, y, %)~c is a solution of the simultaneous system 

dx dy dz 

The converse is also true, for if 

u{x, y, s)=a 

is any solution of the simultaneous system, then 


and therefore 


, dUj , du j 

udu . du . ^du 


y> ^)==i8 

be a second, and distinct, solution of the simultaneous system ; it will also 
be a solution of the partial differential equation, so that 


if any other solution 
exists, then 


.dv dv . ^dv ' 

a)(®, y, z)==y 

^dw dw . ^dw 
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and, eliminating 77, 

d ju, V, w) _ ^ ^ I 

8{x, y, z) ' ^ 2 / I 

5 ?; 0c? I 

dx^ dy’ 'dz 
dw dw dw 
dx ’ dy ’ dz 

identically. Consequently w is a function of u and c?,*^ and therefore the 
partial differential equation admits of two and only two distinct solutions. 
From the three equations 

u{x, y, 2)=a, v{x, y, z)=^, w{x, y, z)=y, 

two of the variables, say x and y, may be eliminated, and the eliminant can 
be expressed in the form 

w=(p{u, V, z). 

Now 

0 — 

“ d{x, y, z) d(u, V, z) d(x, y, z)' 

The first determinant on the right is simply ~ , the second is . The 

^ ^ dz . d{pc, ij) 

second of these is not zero, since u and v are supposed to be independent. 
Consequently 

that is to say, ^ is explicitly independent of z, or in other words te? is a 
function of u and v alone. 

The general solution of the partial differential equation 

^ dx^^dy^^dz 

is therefore 

Q(Uy z?)'== const., 

where 13 is an arbitrary function of its arguments, and 


are any two independent solutions of the subsidiary system 

dx _ dy __dz 

^ V 

The extension to the case of n variables is obvious. An exceptional case 
occurs when 77, $ have a common factor ; the result of equating this factor 
to zero provides a special solution of the partial differential equation which 
may or may not be included in the general solution. 

As an example consider the equation 


The subsidiary system 




dx dy dz 


* 5 1 - 22 . 
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has the two distinct solutions 


The general solution is 


y z—x 

- =aj = 

X XZ 


\X XZ / 


2-8. Total Differential Eauations.— An algebraic equation in three 
variablesj of the form 

y, z)=c, 

where is a constant, leads to the total differential equation 

If ^ have a common factor u, and if 

dx dy dz 

the total differential equation may be written in the form 

Pdx+Qdy+Rdz^O. 

On the other hand, if P, Q, and B are arbitrarily-assigned functions of 
Xy y, Zi the total differential equation does not necessarily correspond to 
a primitive of the form 

<f>{x, y, z)=c. 

For if such a primitive exists, P, Q, R are respectively proportional to the 
three partial differential coefficients of a function y, z), which is not in 
general true. The problem therefore arises, to find a necessary and sufficient 
condition that a given total differential equation should be integrable, that 
is to say, derived from a primitive of the form considered. 

It is first of all necessary that functions y, z) and p,(a?, y^ exist such 
that the conditions 

H _..n 


are satisfied. Then * 




that is 


and similarly 


dxdy dX' 


{dP BQ) 


dz By 5 


BR ^ ) p 


* It is, of course, assumed that the change of order of differentiation is valid. 
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The unknown p, is eliminated from these three equations by multiplying 
respectively by E, P, Q and adding. The resulting equation 


\dz dy\ ^\dx dz\ \dy dx\ 


is a necessary condition for integrability.^* 

It is obvious from the above demonstration, and may easily be verified 
independently, that if A is a function of x, y, z and 

Pi=AP, q^=xq, Pi-AP, 

the condition for integrability is satisfied by Qi, Pi. 

It will now be proved that the condition of integrability is a sufficient 
condition, that is to say, when it is satisfied, there exists a solution involving 
an arbitrary constant. The proof incidentally furnishes a method of obtain- 
ing the solution when the condition for integrability is satisfied. 

Let one of the variables be, for the moment, regarded as a constant. If 
the variable chosen is s, the equation reduces to 

Pdx+qdy=0, 

where P and Q are to be regarded as functions of x and y into which s: enters 
as a parameter. This equation has a solution 

u{x, y, s)=const. 

where, if X{x, y, s:) is the integrating factor, 


du 

dx 


=AP=Pi, 


but, of course, it does not follow that 


du 

8y 


— A<2 — Qi> 


Let 


«.=AB_g+5, 


then since, by hypothesis, 

(SQi dRq IdB, dP^l (8P^ 


it follows that 

dS du 
dx dy dy dx 

This relation is not satisfied in virtue of 


= 0 . 


u{X, y^ z)^oonst,^ 

it is therefore an identity. Consequently S and w, regarded as functions of 
X and y are functionally dependent upon one another. The functional 
relationship between them, however, involves also the third variable z, and 
thus S is expressible in terms of u and z alone. 

Now 

\{Pdas+Qdy-{-Rdz)=^dx+^dy+'^dz-\-Sdz 

=du-{-Sdz, 


* Euler, Inst. Calc. Int. 3 (17T0), p. 1. 
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' The oxiginal equation is therefore equivalent to 

du-\-Sdz—(^ ; 

let fi{Ui z) be an integrating factor, then 

Xi^^JPdw '^Qdy ’^Hdz) ==f^{dii-^Sdz)i 
is an exact differential dip. The primitive is 

ip{u,z)=c; 

and if is replaced by its expression in x, z the primitive takes the form 

y, z)^c. 

Similarly it may be proved that a necessary and sufficient condition that 
the equation in n variables 


should have a primitive of the form 

^2, . . Xn)=C 

is that the set of equations 



(A, fx, p=l, 2, n), 

are satisfied simultaneously and identically. The total number of such 
equations is ln{n—l){n-—2) ; of these \{n—l){n—2) are independent. 


The main lines upon which the integration proceeds is illustrated by the 
following example : 

yz(y-\-z)dx ^zx{z +x)dy -i-ccy{x +y)dz =0. 

In this case 

P^yz(y-{-z), Q==:zx(z-i-x), R=xy(x-^y), 

and the condition for integrability is satisfied. 

When z is regarded as a constant the equation reduces to 

yz{y ~\-z)dx -\-zx{z ^x)dy = 0, 
and this reduced equation has the solution 


Now 


so that 

Also 


and therefore 


«=(i±£HLt£)=const. 

txy 

^ ^_^(.^±y) p 

dx ‘ 

^ z(z+x) _ _ 1 _ 

8y ^ 

A-_ JL 

S=XR~~ 

oz 

^ a;+2/+ g 

xy xy '~^ scy 


X(Pdx+Qdy-i-Rdz)^du-^2^^^~ dz. 
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An integrating factor is ^ =2£- \ and 


The primitive therefore is 



t-l 


or, replacing u by its expression in terms of a?, y, z, 

aiyz 


2*81, Geometrical Inteipretation, — When R is not zero, the total 
differential equation may be written 




or 

Since 


dz=Udm-\-Vdy. 

dz—pdx+qdy, 


the total differential equation is equivalent to the two simultaneous partial 
differential equations 

p = U(a}, y, z\ q=^V{cc, y, z). 


The equation of the tangent plan^ at (tco, Zq) to the integral-surface which 
passes through {ccq, yo, Zq) is therefore./ 

2? -5So = Uq(x —Xo) +VQ{ y —y^\ 

where JJq and Vq are respectively the values of U and V at (xq^ t/o, JSo)* 

The problem of integration is therefore equivalent to finding a surface 
such that the direction cosines of its normal at every point (x, y, z) are 
proportional to 

U{x, y, z), V{x, y, z\ —1. 

This problem is, in general, insoluble ; in order that it may be soluble the 
condition for integrability, which reduces to 


dju 

dy 




dv 

dz* 


must be satisfied. 

The general solution of each of the partial differential equations 


— -U 
dx 


dy' 


represents a family of surfaces, such that through every curve in space there 
passes, in general, one and only one surface of each family.* Their common 
solution represents a family of space-curves 

u[x,y,z)^a, u(a?, y, 


depending upon the two parameters a and jS, and such that through each 
point in space then passes one and only one integral-curve. 

An integral-siuface of the total differential equation cuts every curve of 


* This depends upon the fact that a partial differential equation possesses, in general, 
a unique solution satisfying assigned initial conditions. The truth of the und^yii^ 
existence-theorem is assumed. 
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this family orthogonally, that is the tangent plane at any point P of an 
integral-surface must contain the normals at P of the two surfaces u—a, 
which pass through P. Hence 

du , du 8u 

dv dv dv 
^ dx dy dz 

These two equations determine 

p = U(x, y, z), q=V{x, y, z). 

These are consistent if, and only if 

dp dq 
dy~~dx^ 

that is, if the condition for integrability 

dy dz dx dz 

is satisfied. 

2*82. Mayer’s Method of Integration. — The method of integration 
developed in § 2*8 depends upon the integration of two successive differential 
equations in two variables. In Mayer’s method * only one integration is 
necessary. Let {xq, t/o) chosen pair of values of {x, y) and let Zq be 

an arbitrary value of z such that the four differential coefficients 

m djj w ^ 

dy ’ dz ^ dx ' dz 

exist and are continuous in the neighbourhood of (t^o, ^o)* Then if the 

equation is integrable, its solution will be completely determined by the 
initial value Sq. The value of z at (x, y) can therefore be obtained by following 
the variation of x from its initial value Zq as a point P moves in a straight 
line in the (aj, z/)-plane from {xq, y^) to {x, y)* 

There is no loss in generality in supposing that the point {xq, y'o) is the 
origin^ and this will be assumed. On the straight line joining the origin to 

y% 

y—KXy dy=KdXy 

where k is constant. The equation therefore becomes 

dz~{U-i-\-KV{)dx, 

where Ui and Vi are what TJ and V become when y is replaced by kx. This 
equation, in the two variables x and has a solution of the form 

^{x, Zy k)— const. 

or, since z~Zq when 

^{Xy Zy iC)=^(0, ZQy K), 

On replacing k by yjx, the solution 

(f>{Xy Zy ylx)=<l>{Oy ZQy yjx) 

is obtained in a form which indicates its dependence upon the arbitrary con- 
stant Zq, 

* Ma£h, Ann., 5 (1872), p. 448. 
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Example — Consider the equation 

, 7 ^ 1 + 2/2 , . x{z~-x) , 

dz = dy ; 

1 -\-xy 1 -\-xy 

the coefficients of doa and dy are continuous in the neighbourhood of x=0, y=0, 
z^Zot and so are their partial differential coefficients. 

Let 

y—Kx, dy=KdXi 

then the equation reduces to 

dz 2 kx l—Kx^ 
dx~~ 1-i-Kx^^ 

it is now linear, and has the solution 

Z=:X+Zo(l+KX^). 

The solution of the given equation is therefore 

z==x+ZQ(l+xy). 


2* * * § 83. Pfaff’s Problem. — When the condition for integrability is not 
satisfied, the total differential equation is not derivable from a single primitive. 
On this account such an equation was at one time regarded as meaningless.* 
Further consideration, however, brought to light the fact that the total 
differential equation is equivalent to a pair of algebraic equations t known 
as its integral equivalents. In general, when the equations for integrability 
are not all satisfied, a total differential equation in 2n or 2n— 1 variables 
is equivalent to a system of not more than n algebraic equations.^ The 
problem of determining the integral equivalents of any given total differential 
equation is known as Pfaff’s Problem. A sketch of the method of procedure, 
in the case of three variables, will now be given. § 

The first step consists in showing that the differential expression 

Pdx + Q^dy ’•\-Rdz 

can be reduced to the form 

du-\-vdw„ 


where w, w are functions of x, y, z. The two forms are identical if 


(A) 

Let 

then 


„ du , dw ^ du , dw 
dx’ dy dy' 


r 


„ 8u , dw 


8Q 

’ dz 


m 

’ dy' 


^ dx dz' dy dx' 


P' = 


dv dw dv dw 
dz' dy dy' dz' 


, ^ dv dw 
^ ~dx''^' 


dv dw 
dz ' dx ' 


1?' ^ 

~ dy* dx dx' dy' 


* Buler, Inst* Calc, lnt,> 3 (1770), p. 5. 

t Monge, Mim. Acad. Sc, Paris (1784), p. 585. 

I Pfaff, Ahh, Akad, Wiss. Berlin (1814), p. 76. . r 

§ An extended treatment in the general case is given in Forsyth, Theory of .Differential 
EquaUom, Pa,xt I,, md m stcrJ^ FrobUme de Pf<^. 
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It follows that 


P' j- -1- — 0 

^0^ + ^^ + ^ 0«' 


: 0 . 


Thus V and w are solutions of one and the same linear partial differential 
equation ; the equivalent simultaneous system is 


Let 


dec ^dy ^ 

a{x,y,z)==const., y, z)== const. 


be two independent solutions of the simultaneous system, then v and w are 
functions of a and 

Now return to the variable u ; since 




dx) 

it follows that 




But the condition 


+ ^pp' + QQ’ + RR\ 

dx oy cz 

pp'+q,q:+rr'=-o 


is the condition for integrability ; since it is supposed not to be satisfied, 
u does not satisfy the same partial differential equation as v and w. 

Now w may be any function of a and jS ; for simplicity let 


Then if the relation 


zo=a. 

a{x, y, z)=a. 


where a is a constant, is set up between the variables x, y, z, the differential 
form Pdx+Qdy+Rdz reduces to du, and therefore becomes a perfect 
differential. Thus the relation a{x, y, z)=a is used to express any variable, 
say z, and its differential dz in terms of the other two variables and their 
differentials, and when these expressions are substituted for z and dz in 
Pdx+Qdy-{-RdZy the latter becomes a total differential d<f){x, y^ a). When 
a is replaced by a{x, y, z) this differential becomes du. Thus u is obtained, 
and since u and w are known, v may be deduced algebraically from any one 
of the equations (A). The total differential equation 

Pdx-{-Qdy-{-Rdz—0 
is thus reduced to the canonical form 

du~\-vdw=^0. 


The canonical equation may be satisfied in various ways, as follows : 

(i) t4=consL, zc?=:const. (ii) tA=const., z?=0. 

More generally, if w) is any arbitrary function of u and w, an integral 
equivalent is 

(iii) V.(W, «.)=0, 

(iii) includes (ii) but not (i). In each case, the integral equivalent consists 
of a pair of algebraic equations. 
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As an example, consider the equation 

ydx-\-zdy~\~xdz^O, 

In this case 
and thus 

PP'+QQ'+BR'=^0, 

that is, the condition for integrability is not satisfied. 
The simultaneous system is 

dx=dy=dz ; 

one solution is 


a^x—y=a. 

Let w=a, and eliminate x from the given equation, which becomes 

(y~i-z)dy^(y+a)dz==0. 

This reduced equation is immediately integrabie and its solution is 

(f)~iy^ -\~yz+az = const. 

When a is replaced by x —y, <j> becomes u, thus 

u=iy^+yz+(x-~y)z 


Finally v is obtained as follows : 


that is 

Thus 

where 


=iy^-\-xz. 


dw ^ du 
^dx^^~dlK 


v=y—z. 

ydx -^-zdy -\-xdz = du -\-vdw^ 


‘^=^2/^+% v=y—z, w=^x—y. 

Integral equivalents are therefore 

0) 42 ^^ —const., 03— 2 / == const., 

(ii) j2^2+a!z=const.,. z=0. 

dds dlls 

(iii) ^(u,w)^0, v---=0. 

Other integral equivalents are obtained by permuting aj, y, z, cyclically. 


2*84. Eeduction of an Integrabie Equation to Canonical Form. — The 
foregoing reduction to canonical form may equally well be performed in 
the case of an integrabie equation, but since, in this case, 

PP' +qq; +RK 


identically, u satisfies the same partial differential equation as v and w 
and therefore u, v and w are functions of a and j8. 

It follows that 

du+vdw—Ada-^Bd^, 


where A and B are functions of a and jS alone. When a and jS have been 
determined, A and B are derivable algebraically from any two of the three 
consistent equations. 






R=A 


da 


+B 


8z‘ 


Thus the total differential equation is transformed into an ordinary equation 
in the two variables a and )3. 
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This leads to a practical method of solving an integrable equation, as is 
by the following example (cf. § 2‘8) : 

y2;(y +z)£jaj +2a3(z +0!)*/ +a!2/(aj + j/)cfe =0. 

Here 

P'=2a:(s-y), Q'=2g(a;-z), R'=2z(y-x), 


and the condition for integrability is satisfied. The simultaneous system 

dx dy _ dz 

ie(z—y) y(x~z) z{y—x) 

is equivalent to 

dx dy dz ^ 

^ =o, 

^ ^ ^ X y z 

and has the solution 

a = aj-h2/+2J=eonst.5 p~xyz^ const. 

Thus the given equation reduces to 

Ado. -j-jBdjS =0j 

where 

yz(y+z)=A+Byz, 

zx{z+x)=A-\-Bzx, 

xy{x+y)=A+Bxy. 

Hence 

A:=:^^xyz, B=^x-\‘y-^z, 
that is to say, the equation becomes 


and has the solution 


adp — fida—O, 


a_X-\-y-^Z 

p~' xyz 


—const. 


MiscEunANEOus Examples. 


1. Integrate the following equations : 

(i) (l-~a2)te+(l-2/^)%=0 ; 

(ii) x[\-\~y^)^dx-Yy{'l-^x'^)^dy~0 I 

(iii) {x^--\~2xy—y^)dx—{x^—^xy—y^)dy=(^ ; 

(iv) {y^—xy)dx+{x^^xy)dy~0 ; 

(v) x^dx+(x^-^y^)dy=0 ; 

(vi) (x+y)dx — {2x—y^l)dy~0 ; 

(y?i) (a3+2t/+l)c?aj-(2£C+42/H-3)%=0; 

(viii) (2x^-j-6xy-i’y^)dx+(Bx^^2xy+4!y^)dyz=xO ; 

(ix) (x^-j~y^)dx-\-xydy=0 ; 

(x) (i+a 32 )jp 4 -ar^^l ; 

(xi) p-f 2 / tan iC—sin 2ir ; 

(xii) p~{-y cos x—e^ ; 


(xiii) xp—ay—x^; 

(xiv) xp^y=x^ sin x ; 

(xv) p-]-2xy=xe~^ ; 

(xvi) p sin X cos ir— 2/=sin®a3 
(xvii) {y^—xy)dx-\-{x-i-l)dy = 
(xviii) (y~xp)^=z4sp ; 

(xix) y—px+p{p—l)==:0 ; 

(xx) xyp^+(x^+y^)p+xy= 

(xxi) yp^’^2px---y=0 ; 

(xxii) 2 /— ((c+5)p+p3=0 ; 
(xxiii) {x-\-l)p^-^{x+y)p+y= 
(xxiv) y^2px-\-p^==0. 


2. Determine n so that the equation 

ax^+2btx!y+cy^ . , ^ v ^ 

is exact. 

3, Show that the equation 

{y^~2y^)dxn-(Bxy^—4oi!y+y)dy=:0 

has an integrating factor which is a function of xy\ and solve the equation. 
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4. Show that cos x cos t/ is an integrating factor for 

(2aj tan y sec x-\-y^ sec y)d^-{‘{2y tan x sec sec x)dy 
and integrate the resulting product. [Edinburgh, 1915.J 

5. From the relation 

A{x^-\-y^)—%Bxy-\-C—Q 

derive the differential equation 

dx . dy 
V(ai‘-c^) 

where c^—AC(B^—A^). Deduce the addition theorem for the hyperbolic cosine. 


6. Verify that a solution of 

dx 

V(l+»^)“V(l+2/“) 

is x^y^-\- 2axy{x -{■y)+CL\x—yY — 4(aj + y ) + 4a = 0, 

where a is an arbitrary constant. In what way is this result connected with the theory of 
elliptic functions ? ^ 

7. Find the curves for which 

(i) The subnormal is constant and equal to 2a ; 

(ii) The subtangent is equal to twice the abscissa at the point of contact ; 

(iii) The perpendicular from the origin upon the tangent is equal to the abscissa at 

the point of contact ; 

(iv) The subtangent is the arithmetical mean of the abscissa and the ordinate ; 

(v) The intercept of the normal upon the aj-axis is equal to the radius vector ; 

(vi) The intercept of the tangent upon the ^/-axis is equal to the radius vector. 

8. P is a point {x, y) on a plane curve, C is the corresponding centre of curvature, and 
T the point in which the tangent at P meets the ic-axis. If the line drawn through T 
parallel to the ^/-axis bisects PC prove that 

and hence prove that the curve is a cycloid. [Paris, 1914.] 


9. Prove that every curve whose ordinate, considered as a function of its abscissa, 
satisfies the differential equation 

(xy'~y)^==a(l+y'^)V (x^+y"-), 

where a is a constant, has the following property. If TI is the foot of the perpendicular 
from the origin 0 upon the tangent at any point P of the curve and Q is the foot of the 
perpendicular from H upon OP, then P lies upon the circle of centre O and radius a. 

Change the variables by the substitution 

a»=r cos 9, y—r sin 6 

and integrate the equation thus obtained. 


[Paris, 1917.] 



CHAPTER III 


THE EXISTENCE AND NATUBE OF SOLUTIONS OF OKDINABY 
DIFFEBENTIAL EQUATIONS 

3‘1. Statement of the Problem. — The equations of the type 

whose solutions were found, in the preceding chapter, by the application of 
elementary processes, are integrable on account of the fact that they belong 
to certain simple classes. In general, however, an equation of the type in 
question is not amenable to so elementary a treatment, and in^ many cases 
the investigator is obliged to have recourse to a method of numerical approxi- 
mation. The theoretical question therefore arises as to whether a solution 
does exist, either in general or under particular restrictions. Researches 
into this question have brought to light a group of theorems known as 
-existence-theorems, the more important of which will be studied in the present 
chapter.* 

Let {xQy 2/0) be a particular pair of values assigned to the real variables 



(<r, such that within a rectangular domain D surrounding, the point (ccq, yo) 
and defined by the inequalities 

|aj-iBo| <a, \y-yo \ <b, 

f{x, y) is a one-valued continuous t function of x and y. 

♦ See also Chap. XII., where the question is discussed from the point of view qf the 
theory of functions of a complex variable. 

t y)iBz continuous function of a? and y in D if, given an arbitrarily small positive 
number £, a number S can be determined such that j/(aj-f h, y+k)-^f{x, yp <e, provided 
that (a?, y) and (aj+A, y-f A) are in JD and 1 A i<S, i fc i <S. It is important to note that 
A and A vary independently. 
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6 b 

Let M be the upper bound of | /(a?, y)\ in D and let h be the smaller of a 
and hJM. If h<^a, the more stringent restriction 

is imposed upon a;. (Fig. 1.) 

Yet another condition must be satisfied by /(a?, y), namely that, if (aJ, y) 
and {cc, Y) be two points within D, of the same abscissa, then 

!/(a?, Y)~f{a^.y)\<K\{Y^y)l 

where iT is a constant. This is known as the Lipschitz condition.'^ 

Then, these conditions being satisfied, there exists a unique continuous 
function of x, say y{x), defined for all values of x such that |’a?— a?o which 
satisfies the differential equation and reduces %o y^ when x—x^^ 

Two entirely distinct proofs of this existence theorem now be given, 
known respectively as the Method of Successive Approximations and the 
Cauchy -Lipschitz Method, 

3* * * § 2^ The Method of Successive Approximations. f — Suppose for the 
moment that a solution y{x) is known, which reduces to when a?=a7o ; 
this solution evidently satisfies the relation 

«/(*)— 2 / 0 - 1 - /{«> 

This relation is, in reality, an integral equation,% involving the dependent 
variable under the integral sign. Let the function y{x) be now regarded as 
unknown ; the integral equation may then be solved by a method of successive 
approximation in the following manner. 

Let X lie in the interval § {xq, Xo-fh) and consider the sequence of functions 
2/i(^)j , 2/»(^) defined as follows : 

2/1 W =2/0 H- 1 Myo}dt> 

,2/2{») =2/0 -H f /{*> 


2/n(«) =2/0-1-/ S{t, yn-x{t)}dt. 

J Xq 

It will now be proved 

{a) that, as n increases indefinitely, the sequence of functions ytfx) 
tends to a limit which is a continuous fimction of aj, ; 

(&) that the limit-function satisfies the differential equation, and ^ 

{c) that the solution thus defined assumes the value yQ "when x =Xq and*^ 
is the only continuous solution which does so. 

* It will be seen, as the theory develops, that it is only necessary that the Lipschitz/ 
condition should hold in the smaller region \x — XqIOi, \y — yo\<M |£c-~aJol. 

t This method, though probably known to Cauchy, appears to have been first published 
by Liouville, J, de Math. (1) 2 (1838), p. 19 ; (1) 3 (1838), p. 565, who applied it to the c^e 
of the homogeneous linear equation of the second order. Extensions to the linear equation 
of order n are given by Caqu6, J. de Math, (2) 9 (1864), p. 185 ; Fuchs, Annali di Mat. 
(2) 4 (1870), p. 36 [Qes, Werke, X. p. 295] ; and Peano, Ma«h. Ann. 32 (1888), p. 450. In 
its most general form it has been developed by Picard, J. de Math, (4) 9 (1893), p. 217 ; 
Traiti dAnalyse^ 2, p. 301 ; (2nd ed.) 2, p. 340 ; and B6cher, Am, J, Math, 24 (1902), 
p. 31L 

J Bocher, Introdmtion to the Theory of Integral Equations; WTiittaker and Watson, 
Modern Analysis, Cho.p, XI. 

§ This restriction is a matter of convenience, not of necessity, and will shortly be 
removed. 
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In the first place, it will be proved by induction that, when x lies in the 
interval considered, Suppose then that ( I l 

it follows that | /{^, I consequently 

J 

i 2 ?o) 

^Mh 

But evidently 

it is therefore true that 

for ah values of n. It follows that f{x, yn{^)} when x^cxcixo+h. 

It will now be proved, in a similar way, that 

I yn{«^)-yn-l{x) I < 

For suppose it to be true that, when x ^Xq 

then 


I «/«(«) I < / lf(t> yn-l(t)}—f{i, yn- 2 .{t)} I dt 

-'“o 

< f -S’ I yn-i{t)—yn-2{t) i dt, 

J Xq 

by the Lipschitz condition, so that 

\yn{o^)-yn-i{^) I < 1 




1 x—Xq I’^. 


But the inequality is clearly true when n==l, it is therefore true for all values 
of n. In the same way it can be proved to hold when XQ—h^x^X(^, it is 
therefore true for \x—Xq j A. 

It follows that the series 

00 

yo+X{yr{x)~yr--i{x)} 

r=l 

is absolutely and uniformly convergent when ] x — x^ | h and moreover 

each term is a continuous function of x. But 

n 

yJ,‘«)—yo+'X{yr(ie)—yr-i{x)} ; 

r=l 

consequently the limit-function 

y{x)=may^{x) 

n-^oo " 

exists and is a continuous function ofxin the interval {xQ—h, JCo+fe)-* 

* Biomwich, Theory of Infinite Series, ^ 4,5, 
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NoMM it is true that 


Hm ?/„(«) = 2 / 0 +lim f f{t, 

>co n“-^coJ Xq 


= 2 / 0 + liin/{i, 2 /„-i(«i}<*!, 

d Xq n— >00 

it will that y{x) is a solution of the integral equation 

2/(^)=2/o+f f{Uy{t)}dt. 

J Xq 

That th^^toverSion of the order of integration and procedure to the limit 
is legitissSR^ may be proved as follows : 

f y{i)} —f{il yn~i{t)}¥i 1 <K f I y(t) -yn-i{t) I dt 

J Xq J Xq 

<K€^ 1 x—Xq I KKeJif 

where is independent of x and tends to zero as n tends to infinity. 

The function /{i, y{})} is continuous in the interval 5 

consequently 

=/{«, y(x)}. 

The limit-function y{x) therefore satisfies the differential equation ; it also 
reduces to yQ when x assumes the value Xq, 

It remains to prove that this solution y{x) is unique. Suppose Y(x) to 
me a solution distinct from y(x)^ satisfying the initial condition E(aJo)=2^o> 
and continuous in an interval (xq^ Xq+H') where h' ^h and h' is such that the 
condition 

1 y{ce)-yo i <b 

is satisfied for this interval. Then, since F(a?) is a solution of the given equa- 
tion, it satisfies the integral equation 

y(^)=2/o+ Cm Yitm 

J Xn 

and consequently 

y(®)-2/„(»)= r U{f, yn-iimdt. 

‘J Xq 

Let n=l, then 


Y{x)—yx{oi)= f [/{t, yo}]di, 

J Xa 


and it follows from the Lipschitz condition that 

I Y¥)—yi (®) 1 <Kb{x-^Xo). 

Similarly, when n=2, 

i Y{x)-y^{x)\ < 1 f [f{t, Y(t}}-f{t, 2/1 (i)}]d< i 


KkT \Y(t) ~y,(t)l dt 
■' *0 

<K f Kb(t—a!o)dt=iE:^b(x~a!o)‘‘ 

J 
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and in general 




K^I{x—poq)'^ 

^ n\ 


whence 


y(®)= lim y„{ie)=yix) 

^—^00 


for all values of a? in the interval {osq, Xo+h'), and therefore the new solution 
is identical with the old. There is therefore one and only one continuous 
solution of the differential equation which satisfies the initial conditions. 


3*21. Observations on the Method of Successive Approximation, — The 

two main assumptions which were made regarding the behaviour of the 
function /(^, y) in the domain D, namely the assumption of continuity and 
that of the Lipschitz condition are quite independent of one another. The 
question arises as to the necessity of these assumptions ; it is therefore well 
to look a little more closely into them and to enquire whether or not they 
may he unduly restrictive. 

In the first place, it will be seen that the continuity of f{x^ y) is not 
necessary for the existence of a continuous solution ; in fact all that the 
previous investigation demands is that /(^, y) be bounded, and that all 
integrals of the type 

[ I f{t> yJf)} I ^ 

exist. In particular, f{x, y) may admit of a limited number of finite dis- 
continuities.* 


Thus, for instance, the differential equation 
dy 

-T = 2/(1 -^2aj) when a!>0, 
ax 

= y{2x—‘\) when a?<(> 

admits of a continuous solution satisfying the initial condition 2/==l when = 
This solution is 

when a? > 0, 
when ir <0, 

and the solution is valid for all real values of x, moreover it is unique. 


On the other hand, the Lipschitz condition, or a condition of a similar 
character, must be imposed in order to ensure the uniqueness of the solution. 
It is not d^cult to construct an equation for which the Lipschitz ‘condition 
is not satisfied, and which admits of more than one continuous solution 
fulfilling the initial conditions, j 
Thus, for instance, in the equation 


dx 


== V 


the Lipschitz condition is violated in any region which includes the line 2 /= 0 , The 


* These may be discrete points or lines parallel to the iz-axis : any other lines of dis- 

Lipschitz condition throughout an interval of finite 
43 (1898), p. 553, has shown that solutions exist whenever 
^ ^ ^ <hseontmuous but integrable (in Riemann’s sense) with 

T6 f m^p. P- 182; Mle, loc. ciu, ante; Perron, MaOi. Ann. 



EXISTENCE AND NATURE OF SOLUTIONS 


67 


equation admits of two real continuous solutions satisfying the initial conditions 
aj=0, 2/=0/vi2;. 

(1") 2/=0, 

(2®) when aj>0, 

= — when x <0. 

Another example is given by the equation 


where 




y) = 


x^+y 


when X and y are not both zero. 


= 0 when x~y—0. 


It is easily proved that f(x, y) is a continuous function of x and y. On the 
other hand 

/(». Y) -/(®. y) +2/2)(a:4 + y 2 ) ( ^ 

If y=px^f y=qx^, ‘ 

\f(x,Y)-f(x,y)\ -.4 


and therefore the Lipschitz condition is not satisfied throughout any region con- 
taining the origin. 

The equation admits of the solution 


c being an arbitrary real constant, and thus there is an infinity of solutions 
satisfying the initial conditions aj=0, ^=0. 


The question has been placed on a firm basis by Osgood,* who proved 
that, if /(a?, y) be continuous in the neighbourhood of (xq, there exists 
in general a one-fold infinity of solutions satisfying the initial conditions. 
These solutions lie entirely withiri the area bounded by two extremal solutions 

y~YTix\ 

A necessary and sufficient condition that there be a ufiique solution is that 
Yi{x) and Y2{^) be identical. This is the case when the Lipschitz condition 
is satisfied, but it is also true when the Lipschitz condition is replaced by one 
or other of the less restrictive conditions 

\f(x, Y)-f{x, y)\<K^\ Y-y \ log 

I /(®. Y)-/(a!, y).\ < Kz \ Y-y | log ry^i Y-y f 


in which jBTi, • • • are constants. 

The constant K which occurs in the Lipschitz condition determines, fot 
any given value of x, the rapidity with which the comparison series 


^ nl 


X—Xq I" 


converges, and therefore gives an indication of the utility of the series 

n 

yo+Xiyr(<*>)—yr-l(.^)} 

r«l 

as an approximation to the limit-function y{x). Thus if R were small, 


. ♦ Monatsh. Math, Phys. 9 (1S98), p. 331. 
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yj^x) would tend to the limit y{x) more rapidly than if K were large. Now' 
in most cases occurring in practice K is the upper bound of 

y) 

dy 

in the domain D. To make use of this fact, consider the family of curves 

y)=Cy 

for all values of the constant C. The typical curve of this family is such that 
it intersects each integral curve in a point at which the gradient of the latter 
curve is C, For this reason the curves are known as the isoclinal lines. Let 
the isoclinal lines be plotted for a succession of discrete equally-spaced {e.g. 
integral) values of C, and let a line be drawn parallel to the ^/-axis. Then 
the intervals along this line m which the points of intersection with the 
isoclinal lines are densely packed correspond to large values of isT, whereas 
those intervals in which the intersections are more widely spaced correspond 
to smaller values of K. This brings out the fact that the regions in which 
the method of successive approximations may most successfully be applied 
as a practical method of computation are those in which the isoclinal lines 
tend to run more' or less parallel to the 2 /-axis.'|’ 

The method of successive approximations leads to a solution which was 
shown to converge in the interval \x—X(^\ <Ji, where h is the least of a and 
hjM. But, as was remarked in passing, the assumption originally made that 
certain conditions are satisfied throughout the region \ix}’^Xq \ <a, \y—yo\ <6 
was unnecessarily restrictive. If a region |ir--cro| \y—yQ\<,M\x—XQ\ 
can be found such that/(tr, y) satisfies the necessary conditions in that region, 
andM is the upper bound of \f{x, y)\, then k will certainly not be less, and 
may quite conceivably be greater, than h. Several writers have succeeded 
in thus extending the range in which the solution can be proved to converge, { 
but no general method of determining the exact boundaries of the interval 
of convergence has yet been discovered. 


3*22. Variation of the Initial Conditions. — Let the given initial condition 
that 2 /~ 2 /o when x=Xq be replaced by the new condition y=yQ+7] when x=XQf 
where {xq, 2 / 0 +'^) is a point within the domain D such that [t; | <8. Then, in 
place of the sequence of functions 

yn{x), 


as defined in § 3‘2, there now arises the sequence 

YM, , Y„(cc), 

defined as follows : 


Yx{x)=yo-h}-i- f f{t, j/o +r]}dt, 

.^0 

Y z(x) =yo +rj-\-( f{t, Y x{t)}dt, 

J 


Yni>»)=yo+r)+ f f{t, r„-i(<)}* . 


* The term is due to Chrystal, see Wedderbum, Proc. Roy. Soc. Mdin. 24 (1902), p. 400. 
t Practical methods of approximate computation based upon the method of suc- 
cessive approximations have been devised by Severini, Rmd. 1st. Lombard. (2) 81 (1898), 
pp. 657, 950; Cotton, C. R. Acad. Sc. Paris, 140 (1905), p. 494; 141 (1905), p. 177: 
146 (1908), pp. 274, 510 ; Math, Ann. SI (1908), p. 107. ' 

t Lindelof, C. R. Acad. Sc. Paris, 118 (1894), p. 454 ; J. de Math. (4) 10 (1894), p, 117. 
See Picard, Traiti Analyse, 8, p. 88 ; (2nd ed.) 2, p. 340 ^ and also § 8*41 below. 
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The existence and uniqueness of the solution 

Y{x)=lim Y^{x) 

then follow as before. Now 

I 1 < 8+ 1 r U{t, yo+v}-M yo}]dt \ 

< S+KS 1 X'-Xq |, 

i Y^{x)^y,^{x) i < S+ 1 r [fit. Y^it)}~-M 2/1 mdt 1 

<! S— j ^ — ^0 j i ^ 

and, by induction, 

1 Yn(‘0)-yn(^) I < 8+^8 1 X-Xo | + . . . + ^ ^^-8 | X-Xo h 

SO that, in the limit. 

Consequently, when \x~XQ\<,h, the solution is uniformly continuous in the 
initial value t/o- To bring out this fact, it may be written in either of the 
forms 

y{x, yo) and yix—Xo, yo). 

Moreover, 

1 yo +ri)-y^x, yo) I ^ I I ^ ^^K^icc-xol^ 

and consequently 

<1+K\x-Xa\+ . . . +^K’>lx-Xa\”. 

oyQ . n I 

from which it may be deduced that the series 

8y(^. Vo) ^ S{yJ,x, ^o)-^„_i(a;, yp)} 

8yo Syo 

is absolutely and uniformly convergent. Therefore y{x, yo) is uniformly 
differentiable with respect to t/o when |t23— a7o|<A. 

A proof proceeding on similar lines to the above shows that if the 
differential equation involves a parameter A, that is to say if 

%=f{x,y ; A), 

where f(Xy y ; A) is single-valued and continuous and satisfies the- Lipchitz 
condition uniformly in D when yli<A</l 2 , then the solution depends 
continuously upon A, and in fact is uniformly differentiable with respect to 
A when \x--Xq\ <^. 

3*23. Singular Points. — ^A singular point may be defined as a point of 
the (< 27 , t/)-plane at which one or other of the conditions necessary for the 
establishment of the existence theorem ceases to hold. In fact if for the 
initial value-pair (xq, yo) the solution 

(a) is discontinuous, (b) is not unique, or (c) does not exist, 

then the point (xq^ yo) is a singular point of the equation. As illustrations 
of the diverse ways in which the solutions of an equation may behave at or 
in the neighbourhood of a singular point, the following examples may be 
taken. 
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(U) 


dx x' 


The conditions requisite for the existence of a unique and continuous solution 
are fulfilled except in the neighbourhood of aj=0. The solution corresponding to 
the initial value-pair (Xq, y^) is 


when a?o=|=^* the solution reduces to 

a?— 0. 


The only exceptional case is when XQ—yQ=^0 ; the only singular point in the finite 
part of the (a?, t^l-pl^ne is the origin. Now every integral-curve passes through the 
origin, which is a node of the integral-curves. 


(20) 


dy y 

dx X 


In this case also, the only singular point is the origin. To any other point 
(ojo, ^o) corresponds the solution 

/aj\m 

The family of integral curves corresponding to all possible values , of {x^, y^) touch 
the aj-axis at the origin if m>-l and the t/-axis at the origin if Thus if 

w>0, every integral-curve passes through the origin. 

On the other hand, if m<0, say = — p, the solution is 

yaP=y^/. 

The family of integral-curves is asymptotic to the x- and 2 /-axes. The degenerate 
curve 

yx^=0 


passes through the origin, but no other integral-curve does so. The origin is a 
saddle-point, for in its neighbourhood the integral-curves resemble the contour 
lines around, a mountain pass. 




dy^^ x-\-y 
dx X 


The origin is the only singular point ; to any other point 2^o) corresponds 


the solution 




( 40 ) J = -*. 

^ ^ dx y 


The origin is a node of the integral-curves. 

The solution is, in general, 

a?2 4-2/2 =3.^2 +^^2^ 

No real integral-curve, except the degenerate curve passes thron^h the 

origin, which is a Socal point 

(50) ^ «^+y 
^ ' dx x—y* 

This equation is most effectively dealt with by means of a transformation to 
polar co-qrdmates 


It then becomes 


aj=r cos 6, sin 6, 

dr 

dS 


the integral-curves are the famfly of logarithmic spirals 
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One curve of the family goes through each point of the plane except the origin. No 
integral-curve passes through the origin, which is a focal point of every curve 
of the family. 

It will be noticed that all these examples are particular cases of the general 
form 

dy ax-\-by 
dx~~ cx+dy' 

which may be integrated by the method of § 2*12. It will be found that, from 
the point of view of the behaviour of the integral- curves in the neighbourhood 
of the origin, the equation is of one or other of three main types according as 

1. (b-^cy+4ad>0, 

11. (b — cy-j~4iad<^0, 

III. (6— c)2-f-4ad=0 

In Case I. the origin is a node ^f ad—bcdO, and a saddle-point if ad-~bc'>0 ; in 
Case II. the origin is a focal point, and in Case III. a node. 


3*3. Extension of the Method of Successive Approximation to a System of 
Equations of the First Order. — Let the system of equations be 

Vii *9 ym)i 

^ =k{oo, Vi, Vz, ■ • •.«/«*). 


2/1. 2/2 2/m)> 

then, under conditions which will be stated, there exists a unique set of cou'- 
tinuous solutions of this system of equations which assume given values 
2 / 2 ^ • • • yrn vohen x—Xq. a bare outline of the proof will be given; the 
method follows exactly on the lines of the preceding section. 

The functions fi, are supposed to be single- valued and con- 

tinuous in their m+1 arguments when these arguments are restricted to 
lie in the domain D defined by 

1 X—Xq 1 <a, 1 I < 6i, . . .,1 I < 

Let the greatest of the upper bounds of /i, / 2 , . . /^. in this domain be 

M; if h is the least of a, bijM, .. . ., b^jM, let x be further restricted, if 
necessary, by the condition | x — Xq | 

The Lipschitz condition to be imposed is 

|/r(«. 5^1. Yi i^m)— /X®.2 /i. 2/2. • • •.2/m) I <-8^1 1 Yi—yi i I Ys-y^l 

+ . . . +K„ I Y^-y„ |, 

for r=l, 2, . . m. 

Now define the functions 2 / 1 " 2 / 2 ” • • •» 2/m” (^) ^7 relations 


2/r”(®)=2/r°+ [ Sr[t, 2/l”~^ (0. 2/2”“^ (0. • • •> 2/m”~^ (0]<*. 

J 

then it can be proved by induction that 

\yr^ {x)-yr^-^~KX) I <. Mgl+.g2+^^- • 


and the existence, continuity, and uniqueness 
immediately. 

Since the differential equation of order m 
dx”^ ■’{ ’ ix’ • ’ 


of the set of solutions follow 
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is equivalent to the set of m equations of the first order 


dy 


dm 




dym-2 . 

rim 




=/(*> y> f/l. ■ 2/m- 1 ) 

it follows that if / is continuous and satisfies a Lipschitz conation in a 
domain D, the equation admits of a unique continuous solution which, together 
with its first m — 1 derivatives, which are also continuous, will assume an 
arbitrary set of initial conditions for the iiiitial value x=osq. 


3‘31. Application to a System of Linear Equations. — Consider the set of m 
linear equations 

^■=f'il2/l+Pi22/2+ +Pim 2 /m+n (2 = 1 , 2 , . . ot), 

in which the coefficients pij and are continuous functions of x in the 
interval a^ccKb. The right-hand member of the equation is therefore 
continuous for all values of yi, t/w when x lies in the interval {a, h). 

No further restrictions are necessary ; the set of continuous solutions 

2/l(«). 2/2(;»). • • •= 2/m(®) 

exists and is unique in the interval [a, b). 

If, moreover, the coefficients are continuous for all positive and negative 
values of x, then the set of solutions will be continuous for all real values 
of X. This is the case, for instance, when all the functions and are 
polynomials in x. 

Suppose now that the coefficients and r^, in addition to being con- ' 
tinuous functions of x in {a, b), are analytic * functions of a parameter A in 
a domain A, The moduli | | are therefore bounded ; let K (a number 

independent of A) be their upper bound. 

Now the integrals such as 

2/iM^^, A)=2/i0+j^ A)+ . . . +pUt)ym”-Kt> >^)+nmdt 

are continuous in x and analytic in A. Also 


I A) | 


\X—Xo 


Thus the comparison of the series 

«/i°+]f {yi^ix. A)— A)} 

with the power series 


n=«l 


M+2 




1-1 


fl=l 


n ! 


\x—Xq I 


shows that the functions yjf{x. A), tend respectively to their limits yi{x, A) 
uniformly in {x,^ A), when a^x^b ^d A is in A. Consequently the solutions 
A) are continuous in x and analytic in A. In particular, if the coefficients 

* It ine^dient to restrict the discussion to real values of A, as it so frequently 
happens that unagmaiy or complex values have to he considered. Let A, then, be a com- 
p ex nymber restricted to such a region A of the Argand diagram (or A-plane) that the 
coefficients are analytic in A, that is to say, they are single-valued, continuous, and admit 
^ independent of the direction of approach), at each 
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are integral functions (or polynomials) of A, the solutions yi{x. A) will them- 
selves be integral functions of A, and may be written in the form 

yi{x^ A) -[-MiiA + . . . +w^yA^+ . . . 

(i=l, 2, . . m) 

uniformly convergent for all values of A when If the initial con- 

ditions do not themselves involve the parameter A, %o niust alone satisfy 
the appropriate initial conditions, whilst each (i>0) reduces to zero for 
the initial value of x. 

Frequently a convenient method of obtaining a series-solution of an 
equation, or set of equations, involving a parameter A is to assume a solution 
of this form and then to proceed by a method of undetermined coefficients. 


3’32. The Existence Theorem for a Linear Differentia! Equation of Order n- 

It has already been pointed out (§ 1*5) that the linear differential equation 






is equivalent to the system of n linear equations of the first order 
I dx 


=2/1: 


I _ 


dx 



^yn—2 

dx 

dx 

r{x) pj^x) 


Pq{x) Po{x) ^ 

Poi^) 


Poi^) 


Vn-l- 


It follows from the preceding section that if Pq{x), piios)> . . Pn(^) 

^{x) are continuous functions of x in the interval a<a?<2> and Pq{x) does not 
vanish at any point of that interval, the differential equation admits of a unique 
solution which, together with its first (n— 1) derivatives, is continuous in {a, h) 
and satisfies the following initial conditions : 

yi^o)=yo^y'{^o)=yo', • • 
where Xq is a point of {a, h). ^ 

A direct prpof of this theorem wUl now be ^ven, but in order to abbre- 
viate the work, it will be restricted to the equation of the second order 

associated with the initial conditions 

y{o)=r, y'{c)=yf, 

where c is an internal point of the interval (a, V) in which p, q and r are 
continuous. 

As a preliminary, consider the equation 

a solution which satisfies the initial conditions is 


y—j {x—t)v{t)dt-]ry'[oa—c)-\-y, 
and this solution is unique. 

Let yoix) be any continuous function of x such that yo{x) is also con- 
tinuous in (a, h), and form the equation 

^ =r(«) -qy^{as) 

See Poincar^, Les Mithodes nouveUes dt la Mecanigue celeste, I., Chap. II. 
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Let y==yi{x) be the solution of this equation which satisfies the initial 
conditions yi{c)='y, yi{c)—'y\ form the equation . 

^ =r{x)-qyiix)—pyi{x), 

of which the solution which satisfies the initial condition will be denoted 
by ^ 2 (^)* 

By proceeding in this way, a sequence of functions 
yi{x), y^ios), . . . . . 

continuous and differentiable in (a, b) and such that 

yn{c)=y. yn(c)=-y' 

is obtained. It will now be proved that this sequence has a limit, and that 
the limit function is the solution required. Write 


then 

and since 

?^„(c)=0, uj(c)=^0, 

it follows that 

“n'(®) = [^ { -$(*)Wn-l(0 —P{t)u' n-x{t)}dt. 

The coefficients p{x) and q{x) are finite in (a, &), so that 

b(») 1+ 1 ?(a!) I < M, 


also, a number A exists such that 

I Wi(a3) 1 < ^, I I < A, 

Let L be the greater of 1 and h —a. Then it follows by induction that 

{n^[ 


I I 


and i u^{x) | satisfies the same inequality. 
The series 


and 


ya{<x)+{yx{x)-yo(x)}+ . . . +{«/„(«) -«/„_!(«)}+ . . . 


2/o'(®)+{«/i'(*)— yo'(»)}+ ■ • - +{S'«'{a;)— 2/'n_i(«)}+ • • ^ 

axe therefore absolutely and uniformly convergent in (a, b).' Consequently 
y(x)—]im y„(x), y^(x) =lim y„'(x) 
exist and are continuous in (a, b). Now 


q(x)y(x) +p(x)y'(x) =g(x)yo(x) +p(x)yo'(x) + f {q(x)u„(x) +p(x)Un'(x!)} 

n~l 

=r(x) -yi^ix) — § u„''(x) 

n=>2 

=r(x)—y"(x), 

since the senes which represents y''(x) is uniformly convergent in (a, h). 

^ The hmit-function y{x) therefore satisfies the differential equation ; it 
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remains to show that it is the only solution which fulfils all the conditions 
specified. 

Suppose that two such solutions y(w) and F(<») exist, and let 
Then sy(£») would satisfy the homogeneous differential equation 

together with the initial conditions 

z;(c)=0, n'(c)=0. 

Now this is impossible, for if Vi(iv) and ^ 2 ( 0 ?) are any two distinct solu- 
tions of the homogeneous equation, then 

^i(^){^2"(^) +p(^W(^) +g(os)v(a})} —V2((^){vi'Xa)) -i-p(iv)vi'(a^) +g(a;)vi(iv)} —0, 
whence 

^{Vi(x)v2'(a}) -V2(ir)vi(a:)} +p(aj){t>i(^)i72'(^) 
a linear differential equation of the first order whose general solution is 

— p(x)dz 

Vi(^)v2'(a^)-V2(cc)vi'(a!)==Ce * " 

where C is a constant determined by the initial values of V 2 (cc)t 
V 2 '(ic). This is known as the Abel identity,^ 

Now let Vi{x) be the solution which satisfies the initial conditions 

»iW=»i'(c)=0, 

then C=0 and 

—V2(00)Vi(x) =0 

identically. 

If 5 ^ 1 ( 0 ?) is not identically zero, this identity may be written 

%(«) ^i(«) ’ 

which implies that V 2 {x) is a constant multiple of Vi{x), or that the solutions 
Vi{x) and V 2 {x) are not distinct. This contradiction proves that Vi(x) is identi- 
cally zero, and therefore the solution y{x) is unique. 

If the coefficients p(x)f q(x) and r{x) depend upon a real parameter A, and 
are continuous for all values of x in (a, b) when A ranges between Ai and 
.42, then y{x) can be proved to depend continuously upon A when A lies within 
a closed interval interior to (Ai, AA* For it is sufficient to assign such a 
value to the number M that the inequality 

IpC®) I + 1 g(®) 

holds for all values of A in {Ai, A^). Then the subsequent inequalities 
prove the uniform convergence of the series 

yo(l^)+{yi(^)—yo{!^)}+ • * *. +{2/nW— 2/n-lW}+ • • • 

and of its derivative for all values of x in a<,x<fi and for any closed interval 
of A in (Aif /I 2 ). The existence and uniform contiauity of the limit-func- 
tions y{x) and y'{x) follow immediately. By a slight change of wording the 
theorem may be extended to cover the case of a complex parameter A. 

3*4. The Gauehy-Lipsehitz Method. — This method of proving the existence 
of solutions of a differential equation or system of equations is essentially 

♦ Abel, J.filt Mean, 2 (1827), p. 22 [OSuvres complUes (1880) 1, p. 98 ; (1881) 1, p. 251]. 
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distinct from the method of successive approximations. It js m reality a 
refinement of the primitive existence theorem invented by Cauchy.* 

Let (£Kb, yo) be the initial pair of values to be satisfied by the solution of 


^ — 


dx 


=/(®> y ) ; 


dividing the interval (ccq, x) into n subdivisions 

(®o. ®i)> (®i» * 2 ). • • •’ ®) 


such that 


consider the sequence • • •> 2/n~i» Vn defined as follows : 

yo)(p^i ^o)j 

2 / 2 = 2 / i +/(%9 2 / i )(^2 ^ 1 )? 


yn=yn~l+f(^n~l^ 2/n~l)(^— 

Then the sum 

2/n=2/o+/(^05 2/o)(^l~^o)+/(^l> 2 /i)(^2 ^i)+ • • • +/(^n-l> ^w-l) 

offers a close analogy to the sum which leads to Cauchy’s definition of the 
definite integral. This sum will now be generalised in a way which exhibits 
the closest possible analogy with the more general Riemann definition.! 
Consider the triangle ABC (Fig. 2) formed by the three straight lines 

X=Xo+h, Y=yQ+M{X^Xo), Y=yo-M{X--Xo)> 



* The original method was developed by Cauchy in his lectures at the ^cole poly- 
techmque between the years 1820 and 1830 ; it is summarised in a memoir, Sur rintigration 
des eg[uaUons differentieUes, lithographed Prague, 1835, reprinted Exercises Analyse, 
1840, p. 327 [CEumes completes, (2) 11, p. 399]. In a fuller form, it was preserved by 
Cauchy s pupil, Fabb4 Moigno, Legons de calcul, 2 (1844), pp. 385, 513. The essence of 
the method, however, goes back to Euler, Inst. Calc. Int. 1 (1768), p. 498. The improve- 
ment due to Lipschitz was given in BuU, Sc. Math. 10 (1876), p. 149. 

t This generalisation is due to Goursat, Cours dAnalyse, 2 (2nd ed.), p. 375. A generali- 
sation on different lines is given by Cotton, Acta Math. 31 (1908), p. 107. 
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where h is as defined in § 3 ‘ 2 . Then if a continuous integral-curve passing 
through the vertex A exists, this curve will lie below AB and above AC, 
because for any x such that the gradient of the integral-curve 

is less than that of AB and greater than that of AC. Now let the triangle 
be divided up into strips by the lines X=a?i, X=X2, . . parallel to 

BC. The first of these strips is the triangle Ab^Ci, the second the trapezium 
and so on. 

In the triangle AhiCx let the upper and lower bounds of /(a?, y) be Mi and 
mi. then 

—M <mi <Mi <M. 

Let jPi and _pi be the points on the line X^x^ whose ordinates are 
respectively Y i^yQ-^Mi{x:^~-XQ) and 2 /i== 2 /o+Wi(i»i— ^o)- Draw PiQg and 
parallel to AB and AC respectively, to meet the line X^x^ in Q2 and 
q^. Let M2 and upper and lower bounds of f{x, y) in the trapezium 

'PxPiQ^y.p then since this trapezium lies entirely within the trapezium Cibib2C2 
it follows that — M<m2<M2^-^* Det P2 and p2 points on the line 
X =a?2 o'f ordinates F 2 = -^-^2(^2 —^1) and =2/1 —^1) respectively. 

The process is continued from one trapezium to the next until points P^ 
and Pn on the X^x are reached, whose ordinates are 

r„=r„_i 4 -M„(a!— «„_!) and 

Thus two polygonal arcs APiP^ . . . P„ and • Pn are defined 

and lie entirely within the angle CAB. 

The sums 

Yn=yo+Mi{Xi—Xo)+M 2 {X 2 -OSi)+ . . . +M„(£C — a?„-i) 

and 

2 /n =2/0 +^1(^1 —^0) +^2(^2— ^l)+ • • • 

are exactly analogous to the sums and in the classical Riemann theory 
of integration. To take full advantage of the analogy, will be written 
for Y^ and for y^- Ifs then, Sp and Sp are the corresponding sums 
arising from a new mode of subdivision of the same range (xq, x) into v 
intervals, 

As the number, n or v, of subdivisions increases by the addition of new 
points of subdivision, the existing points being retained, and Sp do not 
increase, nor do and Sp decrease. Let the lower bound of and the 
upper bound of be Y and y respectively, then 

S^'^Y, s^<y, Y^y. 

Now 

S^^s^={S^-Yn(Y^y)+{y^s^), 

and each of the three bracketed terms is positive or zero. If, therefore, it 
is proved that, as 00 , 

it will follow that 

s^^y, Y=y, 

since Y and y are independent of n. Hence 

Mm Sn and lim 
will both exist and will be equal. 

♦ For a full explanation of the stepff which are here merely outlined, see Whittaker 
and Watson, Modem Analysis, § 4*11. 
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It is therefore sufficient to prove that, e being assigned, N can be deter- 
mined such that 

when n>N, 

This is true if, in ABC, 

(i) f{w, y) is a uniformly continuous function of x, Le, given A, arbitrarily 
small, a number c, independent of x and y, may be found such that 

y)—S(p''> y) I I x’—x" 1 < 0 -. 

It will be supposed that the subdivision of {xq, x) has been carried so far 
that the length of every interval Xr-iXr is less tjban a. 

(ii) The Lipschitz condition, 

l/(®. 2/')-/(®= y”) I I y'-y" i. 

is satisfied for all pairs of points in the triangle ABC which lie on lines 
parallel to BC. 

In any given mode of subdivision with a pre-assigned value of A, let 

8r=Yr—yf, 

then 

S,= Vi 

Bnt 

Mr-m,=f{xr', y/) -/(*/', y/) 

={/«. yr')~A<, yT)}+{f{00r", yr)-f(x/, y/)}, 


where (x/, y/) and {x/, y/) are the co-ordinates of two particular points in 
the trapezium Pr-iPr^iQr^r- Hence 


But 

and therefore 


Mr-mr<X+K I yr'—y/ |. 
\y/^y/\ <8r<Sr^i+2M{Xr--Xr.l), 
Mr — m^<A +2MK{Xr —ccr^i) , 


Let the intervals be taken so small that 


for r=:l, 2, . . 

whence 
and therefore 


' '2MK{Xr—Xr.^l)<X_ 

n, then 

— m,.<2A 

+2A(aJ^— 

<(^r-l + |l 4--K'(»r— 

-t- j) 


< 


K 


e^<®r— *o>. 


K 


.2A 

K* 




Consequently 
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that IS 

provided tlaat A, and therefore cr, is sufficiently smalL Now A is quite 
arbitrary ; if therefore n is sufficiently large, and each interval sufficiently 
small, 

But or is independent of x and consequently a number N, independent- of a?, 
exists such that this inequality holds forn>iV and for all x in the interval 
{xq, XQ-\-h), The expressions and s^ therefore tend uniformly to a common 
limit F(x). 

Let the two polygonal ares and Ap^p^ • • • Pn 

continued right up to the line J5C, and let F{x) be the ordinate of a point on 
the upper, and Q{x) the ordinate of the corresponding point on the lower 
arc. Then 

F{x)—Q{x)<e. 

The two polygonal arcs therefore tend uniformly to a limit-curve U, namely 
the curve 

y=F{x). 

But F{x) and Q{x) are continuous, therefore F{x) is continuous and U is a 
continuous curve. 

Now any other continuous polygonal arc which lies below AF 2 F 2 , . - . 
and above Ap-^p^ , . . has the same limit-curve F, In particular the 
polygonal arc A, the angular points of which have ordinates defined by the 
relation 

Zr-i)(Xr—Xr~i), 

is so situated (Fig. 3) and its limit is the curve F. If therefore {Xf\ yf) is 



any point on the curve F lying in the trapezium pr-i F^^iF^Pr, then the 
difierences 

Xf Xf — 1 , 1 2/f ^ — 1 1 

may be made arbitrarily small by assigning a sufficiently small upper bound 
to 

Xi — jTq, X 2 •• *9 
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and therefore 

{ fi^r 9 yr) fi^r — Is — l) { 

may be made arbitrarily small. Consequently the gradient of T at {a)\ y') 
is f{x\ y') and therefore F is an integral-curve of the differential equation. 
Moreover F passes through the point {ojq, z/q). Thus the limit-function 

y^F{x) 

is a solution of the differential equation and satisfies the initial conditions. 

The integral-curve F is the only continuous integral-curve which passes 
through the point A. For if another such integral-curve existed, the sub- 
division of the interval (xq, Xo-\-h) could be carried to such a degree of fine- 
ness that this integral-curve would pass across one or other of the polygonal 
arcs corresponding to this mode of subdivision. Suppose, for instance, that 
it crosses the arc P,.— i Pr at the point M, and let M' be the point in which it 
cuts pr—iPr—i (Fig. 4). Then the gradient of the chord M'M is equal to the 
gradient of the curve at a point (xf, y/) of the arc M'M. But the gradient 
of the integral-curve at {xf, yf) is yf) which is by definition less than 
the gradient of P^—i P^, thus leading to a contradiction. 

Consequently there exists one and only one continuous solution of the 
dijfereiiticd equation which satisfies the initicd conditions. 

3-41. Extended Range of the Cauchy-Lipschitz Method. — The method of 
successive approximation and the Cauchy-Lipschitz method lead to a demon- 
stration of the existence and uniqueness of a continuous solution in the 
minimum interval {xq, XQ+h). .The ideal method would be one which leads 
to a solution which converges uniformly throughout any greater interval 
{xq, XQ+k) in which the solution, defined by the assigned initial conditions, 
is continuous. The advantage of the Cauchy-Lipschitz method is that it 
does actually furnish a solution which converges in a maximum interval. 

To show that such is the case, let 

y=F(x) 

be the solution such that 2/o=^(^o)* ^ fhe strip bounded by the two 

straight lines 

X=Xo, X—Xq+Jc, 

and by the parallel curves 

y=F{x)—7], y=F(x)+r} 

where tj is an arbitrarily small positive number. It will be supposed that 
k is such that F{x) is continuous in a^Q+k) and that tj is so small that a 
Lipschitz condition is satisfied by f{x, y) throughout S. 

Let the interval {xq, XQ-\-k) be subdivided by points whose abscissm, in 
increasing order, are 

^09 ^l9 • • •? 

where 

let 

yo> Vii • * •i yn—i9 yn 

be the corresponding ordinates of the integral-curve P, and let 

2/o> ^l9 • • -j 1? 

be the corresponding angular points of the polygonal line A defined by the 
recurrence formulae 

Zr =Zr - 1 

with So = 2/0 (Fig- 3). 
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.It will now be proved that if the subdivision of the interval is 

sufficiently fine, then the polygonal line A will be wholly within the strip 
S, and if dr=\ |, then df<€ where e is arbitrarily small. Let it be 

supposed that the angular points up to and including the point (asr—x, ^r—i) 
are within the strip S. Then, by the mean- value theorem, 

2/7*=2/r^l+/(a3r'. yr){^T—i^r^l)y 

where yr) is a point of F lying between the points 
{oSn yr)- 

Consequently 

But 

2//)={/(^r~l. ^r-l) yr-^l)} yr-^l) yr)h 

and by the Lipschitz condition, since {Xf^x, yr—x) are both in S, 

Also since /(a?, y) is continuous in S, it is a continuous function of x along jT, 
and therefore, if A is arbitrarily assigned, cr may be chosen sufficiently small 
that 

I 2/r-l) Vr) 1 <2A if | 07^— O^r-i 1 <cr> 

Thus if the sub-interval (Xr, i) is sufficiently small, 
dy<Cd^_i+(t»r — ‘r7._-[)(2A"|-E^d;._i), 
whence, as in the preceding section, 

c\\ 

8, < 

If, therefore, A is so chosen that 

then it follows by induction that 

\di\<r], . . ., \d„\<ri, 

that is to say all the angular points of A he within the strip S, 

Let A' denote the polygonal line formed by joining the successive points 
of abscissse Xq, a7„ of the integral-curve F ; let P{x) be the ordinate 

of any point of A and Q{x) be the ordinate of the corresponding point of A\ 
Then, if the difference between the greatest and least values of F{x) in each 
sub-interval Xr) is less than Je, 

\Q,{x)~F{x)\<h. 

Now 7] is arbitrary ; let then 

“lP(«)-Q(a;)l <ie, 

and since 

Fix) ^F{x) ^{P{x) -Q{x)} +{Q{x) -F{x)}, 
it follows that, throughout the interval (xq, x^+k), 

I P{x)--F{x) 1 <e. 

Thus if the equation possesses a solution 

y^F{x) 

continuous in the interval {xq, XQ+k)^ and e is an arbitrary positive number ^ the 
Cauchy-Lipschitz method will, for a sufficient fineness of subdivision of the 
interval, define a function Fix) such that 

1 P(a!)-P(a;) |<e 


for 


XD<X<,Xo+k. 
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8*5. Discussion of the Existence Theorem for an Eauation not of the First 
Degree. — Consider a differential equation of the form 

in wMch jp is a polynomial in and is single-valued in a? and «/. Let 

(wq, ifo) be any initial pair of values of (x, y). Then if the equation 

F{x, y, p)=0 

has a non-repeated root p=Po when x—Xq, y=yo 9 it will have one and only 
one root 

y)^ 

which reduces to Pq when x=Xq, and f{x, y) will be single-valued in 

the neighbourhood of {xq^ 

Now if f{x, y) is continuous and satisfies a Lipschitz condition throughout 
a rectangle surrounding the point {xq, yQ), the equation 


will possess a unique solution, continuous for values of x sufficiently near to 
Xq, and satisfying the assigned initial conditions. This solution clearly 
satisfies the original equation for the same range of values of x, and thus in 
this case the problem presents no new features. 

On the other hand, when the given equation 

F(x,y,p)=0 “ 

has a multiple root p^po tor x^Xq, y=yQ^ th.exi p is a non-uniform function 
of {x, y) in any domain including the point (xq, yo) and therefore the existence 
theorem is not applicable. - 

If p :=Pq is a root of multiplicity p at (xq, yo), then 
dF_ df^-^F d^F , 

dpo^ ‘ ’ 

so that if 

x=Xo+X, y=yo+Y, p=Po+P> 
the equation F{x, y, p)—0 takes the form 


Let 

then 


and therefore 


dF d^FPi^ 
dxo dyo 8po^ P* I 


= 0 . 




Fo+J°=33== 


dFi 

dX dX’ 

P-^i 

dX' 


Since X and P' are small, is of a higher order than JS 
only terms of lowest order. 




dpgi^ fl! 

from which, with the assumption that 

8F , . dF 


1 + 


0 , 


Thus, retaining 
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it follows that 




'\dxJ 


--KX + 


where jK’ is a constant, not zero, whence 


Yt_=K^X^+\+ . . 


where depends upon K and /x and is not zero. Thus whm the equations 
dF 


y,p)=o. 


dp 


= 0 , . 


SM-IJ ^ a? . 

’ di^p^’ dx^^dy^ 


are simultaneously satisfied for 


y=yo, P=JpQ, 

the solution which assumes the value y^ when x—Xq is, in the neighbourhood of 
(^a» 2 / 0)9 of the form 

1,1 

2/=2/o+i?o(^— ^o)+^i(^— ^ 0 ) 

and is a function having fx values which become equal when x=Xq, 

The most general case in which F~0, Fp—0 are satisfied simultaneously 
is when F—0 has a double root p =pQ for x=Xq, y=yo, and therefore fx=2. 
In this case the solution is of the form 

• • • 

and therefore in the most general case the integraUcurve has a cusp at (xq, 


3*51. The jp-discriminant and its locus. — A triad {xq, y^, po) for which 

F=0, Fp=:0 

is said to be a singular line-element. The corresponding pair of values 
{xq, yf) must satisfy the equation obtained by eliminating p between 

F{x, y, p) =0, F^{x, y, p) =0. 

The eliminant * is termed the p-discriminant t of the differential equation 
and is denoted by 

y, p) ; 

the curve which the equation 

^:pF{x, y, p)=0 

in general defines is known as the p-discriminant locus. 

Assuming for the moment that Xq— 0, yo—^u the differential equation 
can be written 

y^P)^Uo + Ui{p—po)+ . . • +U,r,{p—po)^=^0, 

where the coefficients are developable in series of ascending integral powers 
of X and y, and since F(x, y, p) is to be of the second order in p—pa when 
£C=0, z/==0, Uq and Ui must be of the forms 

Uo=cioir+^o2/+ • • *5 Ui=aiaj+^i2/+ . . .• 

Then the approxim-^tion to the ^-discriminant at the origin is p=po 

aoX-\-PQy==^0, 

* It should be observed that in the process of elimination no variable factor is to be 
discarded. The use of a general method such as Sylvester’s dialytic method of elunination 
(Scott and Mathews, Theory of DeterminantSy Chap. X., § 10) is therefore to be recommended, 
t For references, see § 3*6. 
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But the integral curve has the equation 

and is therefore not, in general, tangential to the _p-discriminant locus (Fig. 5). 
In general the ^-discriminant locus is the locus of cusps on the integral-curves 
of the differential equation. 



Fig. 5. 

[The jp-discriminant is the broken line, the integral-curve which meets the 
;p-discriminant at the origin is the fiill line.] 

At a point on the ^^-discriminant locus, the equation 

•?’(*> y> p)=^ 

has at least two equal roots in p. This is in general owing to the presence 
of a cusp of an integral-curve at the point in question. When more than 
two roots in p become equal, there is in general a multiple point with coin- 
cident tangents. The preceding theorem thus becomes still more general 
if the term locus of cusps is understood to mean locus of multiple points with 
coincident tangents. 

But the p-discriminant locus is not necessarily only a locus of cusps, 
because equal roots in p may occur through circumstances other than the 
presence of a cusp. The most important case of all is when consecutive 
members of the family of integral-curves have the same tangent, that is to 
say at points on the envelope of the family of integral-curves. The p- 
discriminant therefore includes the envelope in all cases in which an envelope 
exists. Moreover, the envelope is an integral-curve, for the line-elements of 
the envelope coincide with the line-elements of the integral- curves at the 
points of contact, and thus the envelope is built up of continuous line- 
elements which satisfy the differential equation. But the line-elements on 
the p-discriminant are, by definition, singular ; the envelope is therefore said 
to be a singular integral-curve. An example of an envelope singular solution 
has been met with in the Clairaut equation (§ 2*44). 

A siagular integral-curve is not, however, necessarily an envelope ; the 
exceptional case arises when the singular integral-curve touches every 
member of the family of integral-curves at a point which is the same for 
all curves. In this case the singular integral-curve is a member of the 
general family of integral-curves and is obtained by assigning a particular 
value to the parameter of the family. It is generally known as a particular 
curve. 

As an example, consider the equation 

{2aj --P) ~(24 -.aj2)3 == 0 , 
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whose general solution is 2/=^^ + 

1 -\-cx 

The p-discriminant of the equation, as well as the c- discriminant of its solution, 
contain the factor y—x^, and yet the curve y=x^ is not an envelope. In fact this 
curve does not have any finite point in common with any integral-curve for which 
c=\-0. It is therefore a particular curve, and corresponds to c=0. 

There remains one other possibility, namely that two non-consecutive 
integral-curves have the same tangent at a point on the p-discriminant locus. 
Such a point is said to be a tac-point ; the locus of tac-points is a tac4ocus. 
In general the common tangent to the integral-curves is not a tangent to 
the ^-discriminant locus, and therefore the tac-locus, like the cusp-locus, is 
not, except in very special cases, an integral-curve of the differential equation. 


3*52. The c-discriminant. — When the differential equation can be in- 
tegrated, and its solution is 

0{x, y, c)=:0, 

the envelope, if it exists, is given by the c-discriminant equation 

Ac0{x, y, c)=0, 

obtained by eliminating c between the two equations 

30 


0 = 0 , 


dc 


= 0 . 


But, as will now be proved, the c-discriminant does not furnish the envelope 
alone. 

Let the equations 0=0, 0^=0 be solved for x and y, thus giving the 
c-discriminant in the parametric form 

then the direction of tangent at any point of the c-discriminant locus is 

ncwic). 

Since 

30 j 30 , ^ 

-da> + ^dy=0, 

the tangent at any point of the integral-curve c=Co has the direction 

_ 30{x, y, Cq) i 30{x, y, Cp) ^ 

3x / 3y 

Let {xq, 2/o) be the co-ordinates of a point of intersection of the two curves 

30 

€>{x, y, Cq)=0, 

and if the functions <p and tfi are many-valued let them be so determined 
that 

^(co)=a%. >/'(Co)=«/o- 

Then the parametric equations 

x=4>{c), t/=0(c) 

represent a branch of the c-discriminant locus through (a^o? ^o)* 

Now at any point of the c-discriminant locus 

30 3x .30 3y ^ 
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and therefore, at (xq, yo), 

Thus the integral-curve through (®o> Vo) and the c-diseriminant locus have a 
common tangent miless 

^80\ 


VSa;/n 


vawV 


= 0 , 


that is to say, unless the integral-curve has a singular point at (xq, y^). 

Thus the branch of the c-discriminant locus through (a^p, s/o) is either an 
envelope or a locus of singular points. In general the c-discrim'inant locus 
breaks up into two distinct parts, of which one furnishes, the envelope, whilst 
the other furnishes the locus or loci of singular points. In the most general 
case the singular points are cusps and nodes, so that the c-discriminant locus 
includes the cusp- and node-loci. As in the example of the preceding section, 
a particular curve may also be included. The c-discriminant and ;p-dis- 
criminant loci, therefore, have in common the envelope and cusp-locus and 
possibly also a particular curve. 

It is not always possible to obtain the explicit general solution of an 
equation and therefore it is necessary to investigate criteria for the dis- 
crimination of the various curves which may occur in the _p-discriminant 
locus without having recourse to the solution. These criteria will be obtained 
after the foregoing ^scussion has been illustrated by examples. 


3'521. Examples o£ Discriminant-loci. — 

(i) The curves of the family 

(2/ +c) 2 =aj(a? — a)(a? —yg), 

where c is the parameter of the family and a and ^ are constants (;0>a>O), are 
integral-curves of the differential equation 

4ip^x{x—o.){m—p) =^{Sx^—2{a+^)x +ayS}2. 

The p-diseriminant equation is 

x(x —a)(x— — 2(a P)x -j- a^} ® = 0, 

and the c-discriminant equation is 


The three lines 


— a) (aj — ^) = 0 . 
x—Oy a?=a, x—^ 


are common to both discriminant loci, each line touches every member of the 
family, and therefore the three lines form the envelope. The remaining part of 
the p-discriminant locus breaks up into two pairs of coincident straight lines 


2x==:a-h^-hV(a^-al5+P), 

3a?=a-i-^ — A/(a2-~ayS+^®). 

These are tac-loci ; the former is the locus of imaginary, and the latter of real, 
pointe of contact of non-consecutive curves of the family. 

(ii) Now let ^==a>0 ; the differential equation of the family 

(p-fc)a=a?(i»— a)^ 


..... 4p2a?=(3£B— a)2. 

Tne p-discnminant equation is 

-. . . «(3a?--a)^=0, 

and the c-discrmimant equation is 

aj(aj— a)2=0. 

The common ocus x=0 is the envelope. The p-discrim|nant locus also contains 
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the line a!=i^ which is the tae-loous, and the c-discriminant locus contains the 
line ce—a which is the no3e locus. 

(iii) Finally, let p—a=^0 ; the differential equation of the family 


is 


(y+c)^=x^ 

4sp^=9x, 


The ^-discriminant locus is x=0 and the c-discriminant locus is Every 

member of the family of integral-curves has a cusp on the t^-axis, which is therefore 
a cusp-locus. 


3*6. Singulax Solutions. — When a continuous succession of singular 
line-elements build up an integral-curve of the equation, that integral-curve 
is singular, and the corresponding solution is known as a singular solution.* 
Since singular line-elements exist, by definition, only at points on the p-dis- 
criminant locus, a singular integral-curve must be a branch of the jp-dis- 
criminant locus. 

To obtain the direction of the tangent at any point of the p-discriminant 
locus, differentiate the equation 


with respect to oj, thus 


F{x,y,p)=0 

,dF ^,^F dp 
^ dy dec dp dx 


But at any point on the jp-discriminant locus 

dF ^ 


and therefore the direction of the tangent is given by 

dF dF dy 
dx dy dx^ 

But since the tangent to the p-discriminant locus now coincides with the 
tangent to an integral-curve, 

dx 

and therefore a necessary condition for the existence of a singular solution is 
that the three equations 

F{X, y,p)-=o, 

8F(x, y, p) 

8p 

dF{x, y,p) dF(x, y, p) _ 
dx dy 

should he satisfied simultaneously for a continuous set of values of (re, y). 


* The first examples of singular solutions were given by Brook Taylor in 1715 (see 
Appendix A). The earlier attempts at a systematic treatment of the subject, such as 
Lagrange, Mem. Acad. Sc. Berlin, 1774 [(Eutyres, 4, p. 5] ; De Morgan, Trans, Camb. Phil. 
Soc. 9 (1851), p. 107 ; Darboux, C. B. Acad. Sc. Paris, 70 (1870), p. 13S1 ; 71, p. 267 ; 
Bull. Sc. Math. 4 (1873), p. 158 ; Mansion, Bull. Acad. Sc. Belg. 34 (1872), p. 149 ; Cayley, 
Mess. Math. 2 (1873), p* 6 ; 6 (1877), p. 23 [Coll. Math. Papers, 8, p. 529 ; 10, p. 19] ; 
Glaisher, ibid. 12 (1882), p. 1 ; Hamburger, J.f Wr Math. 112 (1898), p. 205, are not altogether 
satisfactory. The first complete direct treatment of the p-discriminant is due to Chiystal, 
Trans. Boy. Soc. Edin. 38 (1896), p. 803. Other noteworthy papers are : HIU, Proc. 
London Math. Soc. (1) 19 (1888), p. 561 ; 22 (1891), p. 216 ; Hudson, ibid. 33 (1901), p. 380 ; 
Petrovitch, Math. Ann. 50 (1898), p. 103. See also Bateman, Differential Equations, 
Chap. IV. The theory has been extended to equations with transcendental coefficients 
by Hill, Proc. London Math. Soc. (2) 17 (1918), p. 149. 
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Conversely suppose that the equations 

F(«, A)=0, 
d F{x, y. A) _ 

SA ’ 

dF{x , «/, A) . dF{x, y. A ) _ 
dm" % 

-where A is a parameter, represent a curve. Then by differentiating the first 
equation and simplifying the derived equation by means of the second, the 
direction, p, of the tangent at any point of the curve is given by 

dF{x, y,X) dF{x, y. A) _ 

and therefore, in view of the third equation. 

Consequently, if Fy is not zero at all points of the curve, 
and therefore the curve is an integral-curve of the differential equation 
Thus the conditions 

F=0, Fp=0, F^+pFy=:0, 

together with the condition Fy^O, are sufficient for the existence of a singular 
solution,^ 


3-61- Conditions for a Tac-locus. — It was seen in § 3*5 that if 


dx 



+0 


at all but a finite number of points of a branch of the p-discriminant locus, 
that branch is a cusp-locus or locus of multiple points. At any point at which 

dF dF 

two distinct integral-curves touch one another. If, in the notation of the 
preceding section, A4=p, the integral-curves do not touch, and therefore are 
both distinct from, the p-discriminant locus, or in other words a tac-point 
occurs. Necessary conditions for a tac-point are therefore 


dF 

dx 


dy 


= 0 , 


which implies that at a tac-point a double-point of the p-discriminant locus 
occurs. 

In order that the p-discriminant may furnish a tac-locus it is necessary 
that every point of some particxilar branch should be a double-point, which 
is impossible u^ess that branch is a double-line. The p-discriminant must 
therefore contain (as in § 3*521, (i) and (ii)) a squared factor, which, equated 
to zero, gives the equation of the tac-locus. 

It follows that a necessary condition that the p-discriminant should furnish 
a tac-locus is that the four equations 

should he satisfied for a continuous set of values of {x, y). 


Fy = 0 


* The examples of.§ 8*521 show that an envelope may exist when 
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then 
that is 

The solution now is 


0,2 —4t{ — ay — -[-4^), 


/b=(a + 27 ) 2 — 16/3. 


+1^ log {u—X)—(^±^^ —1^ log (m— ju.)+log a:2=iog c^, 

whence 

r N -via/ Vi* 

where 

u= ±V^ (y~ — — 4at/tJ3~2j, 

Thus, assuming that a, jS and y are rational numbers, a necessary and suffi- 
cient condition that the general solution be algebraic is that or 


(a+2y)2^16p, 


be the square of a rational nuiiiber. 

But when this condition is satisfied, the condition for an envelope singular- 
solution, namely 

ay +y2 — 4j8 =0, 

is not necessarily satisfied. On the other hand, when this condition is 
satisfied, 

(a -f-2y)2 — 16^ =(a +2y)^ — 4(ay -f-y^) 

=a2, 


and the general solution is algebraic. 


The equation 

has an algebraic primitive, namely, 

(a? 2 -|- 1 2y) c 2 — 2x(x 2 -f 92^)c + (a? 2 _{_ Sy) 2 = 0 . 

The c- and p-discriminants are effectively y^ and y respectively. The negative 
half of the i^-axis is a locus of real cusps. There is no true envelope because the 
point of ultimate intersection of consecutive curves is the same, namely the origin, 
for all curves of the family. 


Miscellaneous Examples. 


1, Modify the method of successive approximations so as to prove the following existence 
theorem. If ajp, 2/o» ^ have the meanings attributed to them in § S I, but M 

now signifies the upper bound of | /(a, t/o) j for values of « in the interval ajo+a), then 
there exists a unique solution of the equation 

y'=f(x, y), 

which reduces to y,, when x—x^ and is continuous in the interval (x,,, x^+p), where p is 
the smaller of the two numbers a and log (1-j- 

[Lindelof, J. de Math, (4) 10 (1894), p. 117.] 


2. Investigate the behaviour, near the origin, of solutions of 

(i) y'—y’^i (ii) xH/—y; 


(iii) y'= 


a? +20!® 


y+2y^ * 
(v) xy'+y^=(i ; 


(vi) 
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3. Discuss the p- and c-disciiminants of the equations ; 

(i) Primitive: (3t/4-2c)2==4ca;3; 

(ii) 2?3_„4a^p_}. 82/2=0, Primitive: y=^c{x—cY; 

(iii) 03^2 _ 22/p 4-4® =0, Primitive : cy~c^x^+l ; 

(iv) ^52(2— 82/)2=4(1— i/), Primitive: y^—y^={x—cYi 

(v) 4ap+2/=0, Primitive: 3aj2t/^-f-2ca3(32/2— 8aj2)-j-r2=0 ; 

(vi) Sp^a;— 2/(12p2— 9), Primitive : 3ct/2=(a3+c)2. 

4. Integrate the equation (2/+prc)2==4aj2p and discuss the discriminants. 

5. Show that the equation 

(I-a?2)p2=l-2/2 

represents a family of conics touching the four sides of a square. 

6. Let 2/, c)=0 be a general family of integral-curves. Then <|>(aj, y,z)~Z repre- 
sents a surface, and the c-discriminant locus is the orthogonal projection on the («, y)~ 
plane of the curve of intersection of the two surfaces 

0<l> 

<J>(a3, 2/, 2!)==0, ^=^0. 

By considering the section of $=0 by a plane parallel to the 2-axis, prove that in general 

y, c)^EN^C\ 

where jB= 0 is the envelope, N~0 is the node-locus and C=0 is the cusp-locus. 

[Cayley, Hill, Hudson ; see Salmon, Higher Plane Curves, 3rd ed., p. 54.] 

7. Show that the locus of inflexions on the orthogonal trajectories of F(x, y, p)=0 
is a branch of the curve 

F(x,y,p)=0, pFx-Fy=0. 

Discuss the case in which this curve has a branch in common with 

2/,p)=i([), [Chrystal.] 

8. Show that an irreducible differential equation of the first order, polynomial in x, y 

and p, whose degree in £c, p and p collectively does not exceed the second, can have no 
tac-locus. [Chrystal.] 



CHAPTER IV 

CONTINUOUS TRANSFORMATION-GROUPS 

4*1. Lie’s Theory of Differential Equations. — The earliest researches in the 
subject of differential equations were devoted to the problem of integra- 
tion in the crude sense, that is to say to finding devices by which particular 
equations or classes of equations could be forced to yield up their solutions 
directly, or be reduced to a more tractable form. The next stage was the 
investigation of existence theorems, which served as criteria to settle, in a 
rigorous manner, the question of the existence of solutions of those equations 
which were not found to be integrable by elementary methods. Thus on 
the one hand, there exists a number of apparently disconnected methods 
of integration, each adapted only to one particular class of equations, whilst 
on the other hand, the existence theorems show that, except possibly for 
certain very unnatural equations, every equation has one or more solutions. 

This heterogeneous mass of knowledge was co-ordinated in a very striking 
way by means of the theory of continuous groups.* The older methods of 
integration were shown to depend upon one general principle, which in its 
turn proved to be a powerful instrument for breaking new ground. In the 
following sections this co-ordinating method will be explained in its simplest 
aspects and with reference only to equations of the first order in one inde- 
pendent and one dependent variable. 

4*11. The Transformation-Group of One Parameter. — Consider a trans- 
formation 

(T) xi=(f>(x, y), 2 /), 

by means of which the point {oc, y) is transferred to the new position y-i) 
in the same plane and referred to the same pair of rectangular axes. If the 
equations which represent the transformation are solved for x and y in terms 
of Xx and yi, thus 

a!=0{!Ci, 2/i), y=^'i'[xx, t/i), 

they represent the inverse transformation (Ti), namely the operation of 
transferring the point t/i) hack to its original position The result 

of performing the transformations T and Ti in succession, in either order, is 
the identical transformation 

yi=y- 

Now consider the aggregate of the transformations included in the family 

y ; a), 2 / 1 — y ; a), 

* Klein and Lie, Math. Ann. 4 (1871), p. 80 ; Lie, Forhcmd, ViU.-Selsk. Christiania 
(1874), p. 198 ; (1875), p. 1 ; Math. Ann. 9 (1876), p. 245 ; 11 (1877), p. 464 ; 24 (1884), 
p. 537 ; 25 (1885), p. 71 [Lie’s Ges. Abhandlungen, iii. iv-] See also Lie-Scheffers, Vork- 
sungen Uber Differentialgleichungen mit Bekannten Infinitesirnalen Tramformationen (1891) 
and Page, Ordinary Differential Equations (1896). 
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where a is a parameter which can vary continuously over a given range.* 
Any particular transformation of the family is obtained by assigning a parti- 
cular value to a. Now, in general, the result of applying two successive 
transformations of the family is not identical with the result of applying 
a third transformation of the family, for in general cannot be found such 
that 

y ; y ; y 5 ^i) ? ^2}? 

or in particular, taking 

^ {x, y; a)=a—x, y; a)=^y 

it is not true that ci^ can be so chosen that for all values of x, 

—^x —a^ “(% —x). 

When, however, any two successive transformations of the family are 
equivalent to a single transformation of the family, the transformations 
are said to form a finite continuous group. It will be assumed that every 
group considered contains the inverse of each of its transformations, and 
therefore also the identical transformation. Since the transformations 
which form the group depend upon a single parameter a, the group will be 
referred to as a or group of one parameter. 

4 T 11 , Examples of (?i- — 

(а) The group of translations parallel to the x-axis 

Xi=x-i-a, 2 / 1 = 2 /- 

The result of performing in succession the transformations of parameters 
and is 

Xi=x-i-ai+a2, 2/i=2/» 

and is the transformation of parameter ai+a2. The inverse of the transformation 
of parameter is 

Xi=^x—ai> 2 / 1 = 2 / ; 

its parameter is — 

( б ) The group of rotations about the origin * 

aJi=£c cos a—y sin a, 2/1=^ sin a-j-y cos a. 

The result of performing successive transformations of parameters osj and a 2 is 

cos 02— y sin ag) a^—(x sin <22+2/ ^2) sin 

~x cos (ai+ag) —y sin 

yi={x cos 02— y sin sin a^-^{x sin a2+2/ ^2) cos a-^ 

=03 sin (ai+a2)+2/ cos (aiH-ag), 

and is the transformation of parameter ax+aa. The inverse of the transformation 
of parameter is 

m^^x cos ai+ 2 / sin y^—~x sin a^+y cos Oi ; 
its parameter is — aj. 

(c) The group 

a?i=ao 3 , y^^a^-y. 

The transformations of parameters and ag applied in succession are equivalent 
to the transformation of parameter The inverse of the transformation of 

parameter is the transformation of parameter l/a^. 

4*12. lofiiiitesimal Transformatioiis.— Let oq be that value of the para- 
meter a which corresponds to the identical transformation, so that 

4>{x,y; 00 )=®, flo)=2/> 

* It will be assumed that ^ and xjs are differentiable with respect to a in the given range. 
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then if € is small, the transformation 

ao+^), yi^^{oo,y; ^ + €) 

will be such that Xi differs only infinitesimally from x, and yi from y- This 
transformation therefore differs only infinitesimally from the identical trans- 
formation, and is said to be an infinitesimal transformation. It will now 
be shown that every Gi contains an infinitesimal transformation 

Let a be any fixed value of the parameter a, and jS the parameter of 
the corresponding inverse transformation. Thus 

Xi=<l){x,y; a), yi=ip(i^, y ; a), 

03 ==#^!, yi; ^), y==fi{xi, yi ; / 3 ). 

Let Si be small, and consider the transformation 


x' =(j){<f>{x, y ; a), ijjix, y; a) ; ^ -fSi}, y' :=ift{(f>{x, y ; a), fiix, y; a); ^ +Si}. 
By the mean-value theorem, if and are positive and less than unity, 

=x+^{x, y; a) St, 


y'=iP{<j>{x, y; a), 4s{x, y\ a); p}- 

=2/ +^(^5 y ; cL ) St , 


dip{(p{x, y; a), i[f{x, y; a); ^-\-e^U} 
dp 


8t 


where i(x, y ; a), ri{x, y ; a) do not in general vanish identically and are 
independent of Si if terms of the second and higher orders are neglected. 
These equations represent an infinitesimal transformation. Every in 
two variables contains therefore an infinitesimal transformation ; the 
method is evidently apphcable to the case of any number of variables, with 
the same result. 

Geometrically, this infinitesimal transformation represents a smaU dis- 
placement of length 

V{(a;'-a;)2+(j/'-2/)2}=V(^2+rj2) U 
in the direction Q where 


cos e = ilV(i^+T)% smd=7]lV{^^+T]^). 

Two transformation groups are said to be similar when they can be 
derived from one another by a change of variables and parameter. It will 
be shown that every G^ in two variables is similar to the group of transla- 
tions. To prove this theorem, write the equations of the infinitesimal trans- 
formation in the form 

Sa? = i{x, y)Bt, By =7j(aJ, y)Bt, 

then the finite equations of the group are found by integrating the equations 

dx ^ dy 
^{x, y) 7]{x, y) 

The solutions are expressible in the form ‘ 

y ) y ) =^2 

where Ci and are constants. Let ^=0 correspond to the identical trans- 
formation, then 

yi)=^Ffi,x, y\ F4xx,yx)===^F^{x, y)+t. 

Let u=Fx{Xy y)^ v^F^ix^ y) be taken as new variables, then 


* It will be proved later that no contains more than one infinitesimal transformation. 
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Thus the given group has been reduced to the group of translations. It 
is clear that this group has one and only one infinitesimal transformation, 
namely 3v=St Since ^ and 77 are uniquely determined in terms of 

u and V it follows that the original Gi has only one infinitesimal transformation. 


4T21. Examples. — (a) The identical transformation of the rotation group 
defined by 

cos a—y sin a, y-^^x sin a-\~y cos a 
is given by a=0. The infinitesimal transformation is therefore 
x-i^x cos bt—y sin dt^ y^—sc. sin bt-\~y cos 
or to the first order of small quantities 

oji ~ydt, 2/1 ==2/ 

This transformation represents a rotation, in the positive sense, through the 
small angle bi, 

(b) The equations 

y^=a^y 

define a group ; the identical transformation corresponds to a = 1 . The infinitesimal 
transformation therefore is 

031 =(1 +< 50 ^^ 


or, to the first order of small quantities, 

Xi=x+xbt, yj^~y-i-2ybt. 

To reduce the group to the translation group it is necessary to solve the equations 


whence 


dx dy _ 

— =— 

X 2y 

Vi V 

= log«i=loga!+<. 


The required new variables are therefore 

u==ylx^i v~logx. 


4*13. Notation for an Infinitesimal Transformation. — Consider the variation 
undergone by given function f{cc, y) when the variables x, y are subjected 
to the infinitesimal transformation 

Xi=x+Sx=x+i(x, y)8t, 
yi=y+^y=y+'n{is, y)U. 

The change in the value off(x, y) is: 

Sf{x, y) =/(®i, ^ 1 ) -f(x, y) 

=f{x-\-8x, y+hy)—f{x, y) 

retaining only small quantities of the first order. Conversely, if the increment 
y) is known, which a given function/(aj, y) assumes under the infinitesimal 
transformation of a (ri, then z/) and y) are known and therefore the 
mfmitesimal transformation itself is known. Thus the infinitesimal trans- 
formation is completely represented by the symbol 
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Thus, for example, the symbol 




represents the infinitesimal rotation 


dy 


x-i^=x~y6t, y-^—y-\-xdt. 

In particular 

Ux=i{x, y), Uy=^rj(x, y), 

so that 

It is obvious that if in a Gi operating on variables x, y, these variables are 
replaced by x\ y\ where y' are any functions of 07, y, the group property 
is maintained. Now since 


y') _ ^ M 

dx dx' dx dy' dx ’ 

S fjx', y') ^ 8f{x', y ') _ df(x\ y') dy' 
dy dx' dy dy' dy ’ 

it follows that 




tdx' 


. Syl 

by dy' dy) 


= Ux'-^, + Uv'-^,. 

dx ^ dy 


Now, let the finite equations of the be 

xi =<f>{x, y ; t), 2/1 =i}s{x, y ; i). 


and let t=0 give the identical transformation. The function /(iTi, yi) may be 
regarded as a function of x, y and t ; regard x and y as fixed and let the function 
be expanded as a Maclaurin series in t, thus 

yi)=fQ+fo'i+iio"^^~^ • • •> 

where 

/o =[/(«!. yi)](=o=/(®> y)> 


f > 2/1)1 =r^.^ .%il 

L dt Ji=:o dt it=Q 

y) y) = 2/)’ 


y). 


Consequently the expansion of /(a^i, yi) is 

/(^i» 2/)+ ft + ft + • • -9 

where TJ^f symbolises the result of operating n times in succession on f[x^ y) 
by the operator 

V=^{x,y)^^+ri{x,y)^. 
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In particular, 

• • •, 

and these are the finite equations of the group. It may easily be verifiied that, 
regarding x and y as fixed numbers to which Xi and yi reduce when ^ =0, these 
equations furnish the solution of the simultaneous system 

^(«i. Vi) ’?(»!. 2/i) 

The infinitesimal transformation therefore defines the group, which may 
therefore be spoken of as the group U/. 


4T31. Emoiples of the Deduction of the Finite Equations from the Infini - 
t^amal Transformation. — 

(a) Given the infinitesimal transformation 

to find the corresponding G^, It may be verified that 

Ux=—y, Uy=x, 

U^m=—Xs TJ^ — —y, 

XJ^x^y, TJ^y=--x, 

U^x=x, U-^=2/> 


Thus U is a cyclic operation of period 4, with respect to x and y. It follows that 

t 


fi \ /i P \ 

=^v- 2 i+i\- ■ • •)“2'(r!-r!+ • • •) 

=x cos t — y sin f, 

, t t3 t* 

yx^y+-x--y--x+-y+ . . . 

“(ri-s‘,+ •••)+»(' -fi+ji----) 


—X sin t‘^y cos t. 

Thus the corresponding Gj is the rotation-group. 
(b) In the same way, if 


it is found that 


Vf=x^l + y^, 
dx 8y 

, t t* <3 

a^x=x+-x + -x+^^x+ 

, t t* (3 

yi=y+;^y + -y +—y+ 






K «« fa itplaced by the new parameter a, the eqxiations become 

Xx=ax, yx=ay, 

snd define the group of uniform magnifications.' 
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4*2. Ptmctions Invariant under a Given Group, — As before, let the finite 
equations of the group, 

y ; t), yi==H^p y \ 

be such that the identical transformation corresponds to it—O, and let 

denote the infinitesimal transformation of the groifp. 

A function Q{Wy y) is said to be invariant if, when yi are derived from 
cc, y by operations of the given group, 

y\ 

for ail values of t. 

Now the expansion of Q{cci, y^) in powers of t may be written in the form 
fi(®.2/)+fjC^i3+^,l7{C7i3}+|jU2{t7fl}+ . . . 


If, therefore, Q{x, y) is invariant under the group, this expression must be 
equal to Q{xy y) for all values of ^ in a given range. For this it is necessary 
and sufficient that TJQ should be idenMcaUy zerOy that is. 


, dQ 


= 0. 


The function z=£2{Xy y) is therefore a solution of the partial differential 
equation 



_L A 

+ ’!» = »• 


and consequently, 


£3(^cc, 2 ^)=constant 


is a solution of the equivalent ordinary differential equation 

dx _^dy 

I~v' 

Since this equation has one, and only one, solution depending upon a 
single arbitrary constant, it follows that every Gi in two variables has one 
and only one independent invariant. In other words, there exists one 
invariant in terms of which all other invariants may be expressed. 


4*201. The Invariants of the Group of Rotations. — The infinitesimal trans- 
formation of the Gi of rotations is 

By 


The equation to determine Q is 
and has the solution ic^-j-t/^^zconst. Hence 


y ^ X 


Q{x,y)^x^-\-yK 

It is, of course, geometrically evident that circles whose centres are at the origin 
are invariant imder the group. To verify this' fact analytically, note that the finite 
equations of the group are 

a?! =aj cos t —y sin i, yi==x sin t-^y cos t. 


Then 


(a? cos t-^y smty+(x sin t+y cost)* 
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whatever value t may have. The invariance of is therefore established. 

Any other invariant under the group must be a function of and conversely, 

any function of is invariant under the group. 


4*21. lavariant Points, Curves and Families of Curves. — If, for any point 
in the (a?, «/)-plane, y) and ri{oo, y) are both zero, that point is a fixed point 
under the infinitesimal transformation 




and is consequently fixed under all transformations of the group. Such 
points are said to be absolutely invariant under the group. 

A point (^ 0 , yo) which is not invariant under the group is transferred, by 
the infinitesimal transformation, into a neighbouring point Vo+^y) 

such that 

Sy^ji 


If the infinitesimal transformation is repeated indefinitely, the point P, 
originally situated at {xq, y^), wiU trace out a curve which will be one of the 
integral-curves of the equation 

dx i’ 

The family of integral- curves 

2 /)=const, 

is such that each curve is invariant under the group. 

But a family of curves may also be invariant in the sense that each curve 
is transformed into another curve of the same family by the operations of the 
group. Thus the family of curves may be invariant as a whole although the 
individual curves of the family are not invariant under the group. Let 

i3(£C, y) =const. 

be such a family of curves. If, under any transformation of the group, 
{x, y) becomes (a^i, y-^), then 

Q(xx, 2 /i)=const. 
must represent the same f amil y of curves. But 




and therefore, if the two families of curves 


^i)=const., Q{x, 2 /)==const. 
are identical, the expression 




must be a constant for every fixed value of that is, for every curve of the 
family 

Ufi=const. 

Thus a necessary and sufficient condition that Q[x^ y) = const, should represent 
a fanmy of curves invariant, as a whole, under tjie group, is that 17.0= const, 
should repr^ent the s^e famfiy of curves, that is XJQ should be a certain 
fonc^on of O, s^y P(0). When P{0) is zero, the individual curves of the 
lamily are invariant curves. 
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Thus, for instance, under the rotation group 

=x cos t —y sin t, =y cos t -j-x sin t, 

y 


the family of straight lines 
becomes 




• + 


(‘+S)‘+(;+S)‘’+ ■ ■ 


where a and ^ are the parameters of the families. But 
Vx _y cos i + a? sin i y 
X cos t —y sin t 

y 

If the family - =a is invariant, the family 

14--.=y 

x^ 

must be identical with it. This is, in fact, the case ; the parameters a and y being 
connected by the relation 

y-a2 + l. 

Now 

y ^ dQ 

=“ +l==^32-f-l. 

X dx dy x^ 

This is the form which the condition XJQz=P(Q) takes in this case. 


4*3. Extension to n Variables. — The Gi in n variables X 2 , . . 
defined by the transformations 

^2’ * * *5 5 ( 1 ^ = 1 , 2, . . tl) 

may be proved as above to admit of, and to be equivalent to, a unique 
infinitesimal transformation 

Uf{Xi,CCz, . . = . . .,x„)-^+ . . . +$„{Xi,X2, . . .,x^)^. 

Let t be the parameter of the group such that the infinitesimal transforma- 
tion is 

=0Si + ^i{Xx, X 2 ,, . . ; (^==l, 2, . . w), 

then if F{xi^ . •? ^n) is a function which can be differentiated any 

number of times with respect to its arguments, 

cc^’)=F{‘^i, a!n)+^fVF+^^U^F+ . . . 

Let (xi, X 2 , . * .5 be considered as the co-ordinates of a point in space 
of dimensions, and i as a parameter independent of these co-ordinates; t 
may, for instance, be regarded as a measure of time. As t varies, the point 
(^I'j Xn) describes a trajectory starting from the point (xi, x^). 

Every trajectory is evidently an inv'ariant curve under the group. 

As before, a necessary and sufficient condition that Q{xi, x^, • . Xn) 
should be an invariant function is that XJQ be identically zero. A curve 
^==0 is a trajectory and therefore an invariant curve if UQ=0. The family 
of curves 

i3=const. 

is, as a family, invariant if JJQ is a definite function of Q above. 

Lastly, an equation ^ 

®2j - - -J »n)=0, 

is invariant if TJQ is zero, whether identically or by virtue of the equation 
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In the former case the equation is invariant, and in the latter 

case not invariant, for all values of the constant a. 


Examples of invariant equations are as follows ; 

(a) the equation where c is any constant, is invariant 

under the rotation-group, for 

17/^ 4-a? 4-2/^ --c®) = -i-2aJ2/ =0, 

(b) the equation is invariant under the group 


for 




On the other hand, the equation 2 /— a;4-c==0, where c is any constant not zero, 
is not invariant under the group. 


4*4. Determination of all Equations which admit of a given Grroup. — 

An equation is said to admit of a given group when it is invariant under that 
group. Let the group be 

Xz, . . + x^, . . . 

Let 

^(®i, Xz x„)—0 

be an equation which admits of the group so that UQ=^0, It will be supposed 
that 13 is not a factor common to all of the functions 5 iw 

instance, be not zero when i3=0. Then if 

— I'l . ^/ j [ in—i . I 

|7‘I3=0, and therefore Q is invariant imder the group F/. 

tfii 2/tt-i he an independent set of solutions of the partial 

diSerential equation 

F/=0; 

since they are also solutions of CTf—O they are functions of the original 
variables x^y ajg, . . aj„. Now adjoin to yi, y^, . . yn^:i the function ; 
the functions of the set thus formed are also independent, for if not there 
would be a relation of the form 

x^^W[y^y y^y . . yn__f)y 

and therefore would be a solution of the linear partial differential 
equation Fjf=0, which is manifestly untrue. 

On the other hand Xi^ are expressible in terrns of the n vari- 
ables yp t/ 2 , . . and aj,^. When this change of variables is effected 

let the mvariant equation I3==0 become 

Vn^x, a?„)=0. 

Apparently W involves ; in reality it does not. For if a is any constant, 

y2» - • 19 ^n) 

Trar/ S 

=^Wi. tfz, • • Vn-i, “)+^ V(j/i, yz, . . y„-i, x„). 
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Since VW{yx, a) is identically zero and VW{yx, y^, . ■ ce^ 

is zero either identically or because of the equation ¥'’=0, it follows' that 

af- 

that is to say, ^ is effectively independent of Thus W and consequently 
Q is expressible in terms of t/i, Vn-x alone. 

Thus if the equation /3=0 is invariant, Q must be expressible in terms of 
the n—1 indepen^nt solutions of the partial differential equation Uf=0, In 
other words, every invariant equation Q=0 is a particular integral of the 
equation Uf=0, 

In particular, if u and v are two independent solutions of the equation 

Ufix,y,z)^^f^+y^+^g=0, 

the most general equation, invariant under the group Uf has the form 

Q(u^ v)=0, 

or the equivalent form 

v—F{u)=0, 

This result is the foundation upon which most of the following work will be 
based. 


4*6. The Extended Group. — Let 

xi=4>{x, y ; a) V ; «) 

define a in two variables. Consider the differential coefficient p as a third 
variable which under the group becomes p^ where 

dx-i d(j> 

8x^ dy^ , 

Let a and p be two particular values of a, such that 

Xx —<f>{x, y ; a), yx=’p(.a!, y ; a), 

ocz^4>(ocx,yi',§), 2 / 2 =</'(® i . 2/1 

then the resultant transformation 

2 / ; y). yi=ifi(x, y ; y) 

is the result of eliminating Xx, yi between the equations of the two component 
transformations. In the same way, 

_ dxP(x,y; y ) 
d4>{x,y;y} 

is the result of eliminating yx between 

_ dif>ix,y, a) , _ d4,{xx, yx ; P), 

d4{x, y; a) Vi ; P) 

Thus in general the transformations 

xi=f>(x,y; a), yj^=i/;{x, y ; a), Pi=x(^^y^Py “)> 

acting on the line-element (a?, y, p), form a group. This group is known as the 
extended group of the given group. 
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The finite equations of the given group may be developed in the form 




=a;+ ^ y)+Y\ %y 


and hence 


Vi = 




8y 

=i>+<[S+(g-S>-5H 

==p'+tC{x, y,p)+ 


+ 


When ^{x, y, p) is thus defined, the infinitesimal transformation of the 
extended group is 

The group can be further extended in a similar way by considering as new 
variables the higher differential coefficients y'\ . . 


4-6. Integration of a Differential Equation of the First Order in Two 
Variables. — It has been proved (§ 2T) that an exact differential equation of 
the first order in two variables is immediately integrable by means of a 
quadrature. When an equation is not exact, the first step towards its integra- 
tion is the determination of an integrating factor by means of which the 
equation is made exact. It will now be shown that when an equation is 
invariant under a known group, an integrating factor may, at least theoreti- 
cally, be found,. and the equation integrated by a quadrature. 

Let it be supposed, then, that the differential equation 

¥{ 00 , y, p)=0 

is invariant under the extended group 


derived from 


u'f=p ^ +7} 4-r 

^—^Bx^^dy 


Then the necessary and sufficient condition for this invariant property is 
^tisfied, namely that U'F is zero either per se or in virtue of the equation 

It is proposed to determine, and to integrate, the most general differential 
equation which admits of the given group V'f. The problem is therefore to 
determine two independent solutions of the partial differential equation 


dy dp ’ 


^d this, in turn, depends upon finding two distinct solutions of the simul- 
taneous system 


doo ^dy dp 
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Let u=a be the solution of 

dx __ dy 

then since ^ and rj are independent of u is independent of Let be 
a solution of 

_dy _ dp 


distinct from u =a ; v must necessarily involve p. Then if H{u) is an arbitrary 
function of w, f=v—H{u) satisfies the partial differential equation Uy=0, 
that is • 


U'{v~^H{u)}=0. 


Consequently, 


v^H{u)—0 


is the most general ordinary differential equation of the first order invariant 
under U\ 

It will now be shown that, when u is known, v can be determined by 
a quadrature. It has been proved that any group is reducible to a translation 
group. Let the change of variables from {x, y) to (xj, j/i) reduce Uf to the 
group of translations parallel to the t/^-axis, namely Uif. Then 

from which it follows that 

U{a;,)=0, 


Thus Xi, yi are determined as functions of y by the equations 

^ 8x ' ^ dy ’ ^ By 

The first equation has the solution 

Xi=u{x, y), 

the second equation is equivalent to the simultaneous system 


One solution of this system is 


dx __dy __ dy-i 
i ~ V ~ 1 ■ 

u(x, y)=a; 


if this solution is used to eliminate x from the equation 


dy 


= y ) . 


yi is obtainable, in terms of x and a, by a quadrature. By eliminating a, yi 
is obtained in terms of x and y. Thus the necessary change of variables has 
been found. 

It is easily verified that U^'/, the extended group o£ Uif, is identical with 
Ui/ itself. The most general equation invariant under Uifis found by solving 
the simultaneous system 

dxx _ dyi ^ dpx 
0 1 O’ 


Since two solutions of this system are 

aj^== const., pi=const,. 
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the most general invariant differential equation of the first order may be 
written in the form 

and is integrable by quadratures. In the original variables this equation 
has the form 

v=II{u). 


But since pi is necessarily a function of v alone, and since H is arbitrary 
there is no loss of generality in taking =v> 

Thus when one solution of the equation 

dm _^dy 


is known^ the most general differential equation of the first order invariant 
under the group Uf 
tegrable by quadratures. 


+ 77 ^ can he constructed^ and this equation is in- 


4*61. Integration of a Differential Equation invariant under G^. — Let the 

given differential equation be 

dm dy 

yV 

and let 

<f>{m, y):=::C 

be its solution. Then y) is an integral of the partial differential equation 

^ 1 + «!=''■ 

It will be assumed that, for at least one value of c, the integral-curve ^(a?, y) =c 
is not invariant under the group. As a family, however, the integral curves 
are invariant, so that 

where F(^) is a definite function of <f> not identically zero. Now if 0 is a 
function of ^ alone, the family of curves 0=0 is identical with the family 
<h=c. Let 


then 


^=/. 


m' 




Thus ^ is an. integral of the two partial differential equations 


ftom which it is found th.j- 


T>0^ , ^80 „ 

^80 80 

^8x 8y~^’ 


8^ _ -q 80 _ P 
^ . 8y ~P'n-Q^ 
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and therefore 


d0 


30 , , 30 , 


Consequently 


Pv-Qi 

The solution of the equation 


_Pdy—Q,dx 

is an integrating factor for the differential equation 

rdy—Q/ix^a. 


is therefore 


doe 
P '' 


Q 


J Prj 


-Qdx 


= K, 


Pri-m 

where is a constant. 

When every individual integral-curve is invariant under the group, 
XJ^ is identically zero, that is 

and therefore 

The infinitesimal transformation then takes the form 




^ 2/3 

and conversely, when it is of this form it does not furnish an integrating factor 
of the equation 

Pdy—Qdx—Q, 

Such an integrating factor is said to be trivial with respect to the equation 
in questioil. 

4*62. Differential Equations of the First Order invariant under a Translation 
Group. — It is now proposed to investigate the most general differential 
equations which are invariant under particular groups of an elementary 
character. To begin with consider the Gi of translations parallel to the 
aj-axis, 

In this case the extended group U'/ is identical with Uf. The simultaneous 
system to be considered is therefore 

dx dy dp 

T 

it possesses the solutions * 

y =const., p =const. 

JThe most general differential equation invariant under the group is therefore 
where F is arbitrary. 

Similarly, the most general equation invariant under 

rr.-S/ 
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us 

p=F{x). 

In these two cases the variables are separable. 
The general translation group is 

"a dx h dy^ 


m 


where a and b are constants. UJ is again identical with Vf. 
taneous system is 

adx=^—hdy=^i 


The simnl- 


and hence the most general differential equation invariant under the group is 

p=^F{ax+by). 

It is integrated by taking ax+by as a new dependent variable. 


4‘6S. Differential Equations of the First Order invariant under the Affine 
Group.* — 


xjm4- 

dx 


In this case i—x, C== — p, and hence the extended group is 


The simultaneous system 


has solutions 


U[f=x 


dl 

dx 



dir _ ^ _ dp 
X ^ 0 ~p 


xp^const, t/=const. 


The most general equation which admits of the group is therefore 

xp=F{y). 


Similarly it is foimd that the general differential equation which admits 
of the afiBne group 


Uf=y 


sf 

dy 


is 

p=yF(x). 

In both cases the variables are separable. 


4‘64. Differential Equations of the First Order invariant under the Magnifica- 
tion Group.t — 


u/=.|+i, 


dy^ 


* ^ affine tramfcmnatim is a projective collineation which transforms the Euclidean 
plane into itself. It pr^erves the parallelism of straight lines and may be represented by 

Xi=iax-\-by-{-c^ (a¥ -~a'b=^0). 

An afflm group is a group of such transformations, and is a one-parameter group if a, Z>, c, 
a,d,cBxe functions of a single parameter (Euler, 1748 ; Klein, Erlanger Programm, 1872). 
t Ur group of perspective transformations. 
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Here and U'f is identical with Uf. The simultaneous system 

dx __dy _ dp 
cc y 0 


has solutions 


jo=const., -=const. 
cc 


The invariant differential equation of general form is therefore 

it is of the type known as homogeneous (§ 2*12). 

If the equation is written in the form 


dy-JFi^'jdce^O, 


\x/ 

it has for integrating factor the reciprocal of 

y-^KD- 

Example . — {y^—2x^y)dx —2ocy^)dy —0. 

The integrating factor is the reciprocal of 

{yi—2x^)x-{-{x^^2xy^)y=^ 


Now 


y^-~2x^y)dX’-\~{x^-’2Q!^y^)dy _ d(x^-\-xy^) d(x^-}-y^) 

x^-i-y^ 


x^y-j-xy^ 

The solution therefore is 


x^-i-oey^ 


x^y-i~xy^ 


const. 


(x^+y^)^ 

x^-\-y^—cdsy. 

Consider now the more general group 


The extended group is 


T7f=^.^l 4-U.?l 

a dx'^ b by' 

u'f=- 

‘'—a 8x^b 8y^ ab ^ 8p' 


T"he simultaneous system 


has the solutions 


adx ^ bdy _ ahdp 
X y ~~ {a—b)p 


p—^x^ 


where a and p are constants. The typical invariant differential equation is 
therefore 


p=zx^ 




Particular examples are : 

(i) TJf 3/^’' Equation: a)(^ =F(asy)ydx, 

Integrating factor : xy. 
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(ii) ljf=2x%+y^; Equation: ydy=F(^-\ 

cx ox \ X / 


Integrating factor : 




(iii) Equation: dy 


Integrating factor : 


f-MK)' 


Similar types : 


+!• k = ^^=1 +< l > 

Integrating factor; dxlxF{^. 
.(V) Uf=x^^+!ey^y-, Equation: xp-y=^F(^, 
Integrating factor : 


4'65. DifCerential Equations of the First Order invariant under the Rotation 
Group. — 


The extended group is 




The first equation of the simultaneous system 

dx __dy ^ 

has the solution 

^2^2/2=a2, 

where a is a constant. The last equation may therefore be written 

dy __ dp 


its solution is 


arc sin| — arc tan p==j 8 . 


where ^ is a second constant. This solution is equivalent to 


^ V(a2-y2) tan jj=p 


arc tan - — arc tanp^^z^ 
and therefore may be written 


= tan jS. 
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The most general differential equation which admits of the group is therefore 


aip—y 


=P(a;2+^2). 


x+yp 

When this equation is written in the form 
{x —yF)dy —{y -{■xF)dx = 
it admits of the integrating factor 


= 0 , 


Similar examples are ; 

Sf 


x^+y^' 


(i) Vf—y^; Equation: — — -=F{y), 

OX p 


or {x—F{y)}dy—ydx=^Q^ 
Integrating factor : ~ . 




(ii) Uf=xj^; Equation: xp—y=F{x), 

or xdy~{y-{-F{x)}dx==^0j 
Integrating factor : — . 


4’66. Differential Equations of tlie First Order invariant under the Oroup.- 
The extended group is 


Xjf=eS'Hx-)dx^L, 

dy 


The simultaneous system is virtually 

dec dy dp 

0^1 

one solution is 

X — etj 


where a is a constant. In view of this solution the last equation becomes 

dy __ dp 

1 

whence 

p— 

where j8 is a second constant. The invariant equation is therefore 

p—y(j>{x)=F{x), 

that is, the general linear equation of the first order. When it is written 
in the form 

dy +F{x)}dx==0, 

it has the integrating factor 


4^7. Integrcd-Curves which are Invariant under a Group of the Equation. — 

The family of integral-curves is invariant, as a whole, under any group which 
the differential equation admits, but unless the group is trivial sJL in^vidual 
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curves of the family are not invariant under the group. It may, however, 
occur that particular integral-curves are invariant, and it is important to 
note the special properties which these curves enjoy. 

If 

ij , ^)=0 


is a differential equation invariant under the group 


and if any integral- curve is invariant under the group its gradient at any 
point {x, y) will be Hence any such integral- curve is found by substi- 

tuting 7}j^ ioT p in the differential equation itself ; all such curves, if any 
exist, are included in the equation 



But this equation may include xurves which are invariant under the group 
and have equations which are solutions of the differential equation, but are 
not particular integral- curves. An instance arises when the integral-curves 
have an envelope ; the envelope itself is invariant under the group which 
transforms the family of integral-curves into itself, has an equation which 
satisfies the differential equation, but is not in general a particular integral- 
curve. The equation of such a curve is a singular solution of the differential 
equation. 


Example . — ^The differential equation 

p 3 ~- 4 ixyp -f 82/^ = 0 


admits of the group 




If a singular solution exists, it is obtained by replacing Syjx for p in the dif- 
ferential equation, which becomes 


27y^~4x^y^=0, 

whence either 2/==0 or 27y—4x^. 

The general solution of the equation is 

y-=c(x—cy, 

and thus t/=0 is a particular solution. On the other hand, 27y~4x^ is an envelope 
singular solution. 


Miscellaneous Examples. 

1. Find the general differential equations of the first order invariant under the groups : 

(_) 


b/=:-— 4-aj™; 
df dij 


(ii) 




S/ 

dx 


Sf 

sy’ 


and determine the corresponding integrating factors. 


% 

Vf=xf+ayf, 
OX By 


(hi) 


(iv) 


2, Show that each of the equations 

(i) ; 

(ii) 2 /— 

(hi) . 

admits of a group of the form 


(iv) p^-x^~-y=:=0 ; 

(v) p^—4y(xp — 2y)^^0 ; 

(vi) p^-\~2a^p--4x^y^0 


ay 

Integrate the equations and examine them fbr solutions. 
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8. Show that if 


+1?— + • • . 

dy ^ dy' dy('^) 


df df 

is the n times extended group of TJJ~ then 

ox dy 

^ ^ dy(r-l) . 


(r=l, 2, . . ., re). 


4. Prove that if w=a, zcJ=y (a, j8, y constants) are distinct solutions of the system 

dx dy dy' dy" 

^ y y' dy" 

such that u involves only x and i/, v involves y' but not y", and w involves y", then the 
most general differential equation of the second order invariant under the twice extended 
group 

2/ a/ d! 

XJ /=|- }ry -^ — !■’? ^” 7 ; 

dx dy dy' dy" 

is of the form 

w=:0(u, n), 

where 0 is an arbitrary function of its arguments. 

Show that there is no loss of generality in taking a) = du/dw, and that therefore the 
second order equation zv = 0(u, v) is equivalent to the first order equation 

dv 

_ = 0(W, 0). 

du 

Verify this theorem in the case of the following groups and corresponding invariant 
differential equations, and in each case show how a first integral may be obtained : 


df 

(ii) 

(iii) Vf=S, 

df 

(iv) Uf^y£, 

dy 

df df 


y"=F(y,y’)[ 


y’'=F(x, y') ; 


xy"=y'F{y, xy') ; 


y"==yF(x, y'ly ) ; 


!ey"=F{ylx, y ') ; 


(Vi) Vf = mi 


y"=p(x)y'-frq{x)y+T(_x). 


[Page, Ordinary Differential Equations, Chap. DC.] 



CHAPTEE V 

THE GENERAL THEORY OP LINEAR DIPFERENTIAL EQUATIONS 

S’L Properties of a linear Differential Operator.—The most general linear 
differential equation is of the type 

which may be written symbolically as * 

(A) I(y)={PoJ5»+PiIl”-H . . • +Pn-tD+Pn}y=r{o=). 

It win be assumed that the coefficients po, px p„, and the function 

t{x) are continuous one-valued functions of x throughout an interval «<«<&, 
and that po does not vanish at any point of that interval. Then the funda- 
mental existence theorem of § 3 proves that there exists a unique continuous 
solution y{x) which assumes a given value «/o at a point «o within {a, b), and 
whose first 1 derivatives are continuous and assume respectively the values 

yo'>yo"- • 

The expression 

L=poD''+pxD’^-^+ . . . +p„-xD+p^ 
is known as a Umar differentid operator of order n. The differential equation 

(B) L(m)=0 

is said to be the hmogeneous equation corresponding to (A). It is so called 
because L{u) is a homogeneous linear form m u,u', It is also 
known as the reduced equation. 

The following elementary theorems bring out clearly the nature of the 
operator L : 

L If w=Wi is a solution of the homogeneous equation (B), then u=Cux 
is also a sohMon, where C is any arbitrary constant. 

This follows from the fact that 

If'Cux—CIPux. 

For then, 

l{CxUx)=Xpriy^-^Cux 

fswO 

n 

=C '^pfD^~^ux ~CL{tix) =0. 

n. If u—Uif u^f . . , are m soluiions of the homogeneous equation (B), 

tten u=CiUi+CiUz-{- . +CnU„ is a sohition, where Cx, C^, . . . , aUte 
arbiirairy constants. 

♦ ^ notion oi a ^boJio operator has betai traced back to Brisson, J.ilc. PoM. 
(1) Cah. 14 (180S), p* 197* Its use was extended by Caucby * 

114' ' 
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This follows in a similar way from the fact that 

D^{Ci%+C2%+ . . . +C^W^}=CiD^Wi+C2D%2+ - • • 

If n linearly-distinct solutions Ui^ of the homogeneous equation 

are known,* then the solution 

ti(t»)=C'i%+C2%+ . . . 

containing n arbitrary constants, is the complete primitive of the homo- 
geneous equation. The constants Ci, C 2 , . . C„ maybe chosen, and in one 
way only, so that 

(C) ^(^o)==2/o» ^^'(^o)=2/o^ • • 

III. Let y=yQ{co) be (my solution of the non-homogeneous equation (A), 
then if u{x) is the complete primitive of (B), will he the most 

general solution 0 / (A), f 

Since the operator is distributive, L is distributive, that is to say, 

HVoioc) ^u{x)} =L{ 2 /o(£c)} +L{u{a}]} =r{x), 
for 

^yoi^)} ==o- 

But the solution 

2/=2/o(^)+^^) 

involves n arbitrary constants ; it is therefore the most general solution of (A). 
If u{(c) is chosen so as to satisfy the conditions (C), and 2/o(«) is such that 

which is possible provided that.r(ir) is not identically zero, then the solution 

y^yo{^)+u{^) 

also satisfies the conditions 

y{^)=yQ^ 2/'(^o)=2/o'» • • 

This general solution of (A) may be considered as consisting of two parts, 

viz. 

(1°). The complete primitive of the corresponding homogeneous equation, 
which is of the form 

u{x)=C-^l+C^U2,’\- • • • 

containing n arbitrary constants — ^this is known as the Complementary 
Function. 

(2°). The Particular Integral, which is any particular solution of (A), 
and contains no arbitrary constant. It may, for definiteness, be that solution 
of (A) which, together with its first n—1 derivatives, vanishes at a point hcq 
in the interval (a, b). 


Thus, for instance, if the equation considered is 


dx 


2 


then the complementary function is A cos sin x, in which A and B are arbi- 
trary constants ; the particular integral may be taken as y~x. The general 
solution is therefore 

y=A cos aj+B sin a-fa?. 

Any special solution is obtained by assigning to A and B definite numerical values. 

* Conditions for Hnear independence follow in § 5*2. 
t d’Alembert, Misc. Taut., S (1762-65), p. 681. 
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5% The Wronsidan.— Let ui, -Wn bd n solutions of the homo- 
geneous equation of degree X( ) 0 

then the most general solution or complete primitive of this equation is 

provided that the solutions Up are linearly independent , that is 

to say, such that it is impossible so to choose constants ^ i^*^t 

all zero so that the expression 

Citii+^2^2“h « • • 

is identically zero. Conditions that the fi functions 

which are supposed to be differentiable n— 1 times in (a, &), be linearly 
independent will now be obtained. 

In the first place, if these n functions are not linearly independent, then 
constants Ci, Cg, . . C'n ^^7 he determined so that 

identically. Since this relation is satisfied identically in the interval {a, b) 
it may be differentiated any number of times up to n—1 in that interval, thus 

+C2'W2^"h * • • =0, 

There are thus n equations to determine the constants Ci, Cg, if 

these equations are consistent then 

zl(%, Un)= j ==^* 

W-l', U2. 

The determinantis known as the Wronshian * of the functions Ui, 

Its identical vanishing is a necessary condition for the linear dependence oft 
Ui, tAgj • • Un ; therefore its non-vanishing is sufficient for the linear inde- 
pend^e of %, u^. 

Conversely suppose that A is identically zero. It may happen that 
the Wronskian of a lesser number of the functions, say Ui, • • -s is 
also identically zero. It will then be proved that, when U 2 > • . % are 

solutions of the differential equation, they are linearly dependent. 

In the first place, let Ui(x% %(a?) be functions whose first A;— 1 

derivative are finite in the interval a<a!<h, and such that their Wronskian 
vanishes identically m (a, b). Then if the Wronskian of Ui{x), 

does not vanish identically there is an identical relationship of the 

form 

%(®)==:CiWi(a?)+c2iA2(aj)+ . . . 

* After WronsM (c, 1821). The identical vanishing of the Wronskian is not a 
tile linear dependence of the n functions. See Peano, Mathesis, q 
(3.889), pp. ^5, UOj Bend. Accad. ZMcei (5), 6 (1897), p. 413; Bortolotti, ibid. 7 (1898), ^ 
yivaati, i&id. 7, p. 194; B5cher, Tram. Am. Math. Soc, 2 (1901), p. 139 ; Curtiss, 
M£ah.Arm.miimS),p.2S2. 
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where C 2 , . . c^i are constants.* To prove this theorem, denote by 
^25 • • •? "the minors of the elements in the last line of the Wronskian 

^ 1 ? ^29 

'^19 ^^2 9 

then there follow the k identities 

(r= 0 , 1 , - . k 1 ). 

If each of the first k—1 of these identities is differentiated and the next 
identity subtracted from the result, it follows that 

+ (r= 0 , 1 , - . k 2 ). 

Multiply the rth of these k—1 identities by the co-factor of in the 

determinant TJ^, and add the products. Then 

and since is not identically zero in (a, h) it follows that 

In the same way it may be proved that 

^ 2 “ — ^2^k9 


From the identity 


TJjc. -_i = Cjfc -iL'a- 

+^ 2^2 4" • • • 


it therefore follows that 


^k{— Ci%-C2W2- • • . 


which proves the theorem. 

Now let Uiy U 2 , . . .5 be such that their first n — 1 derivatives are finite 
m {a, b), and such that no non-zero expression of the form 


.^ 1 %+ 52 ^ 2 + • • • +gn'^n9 

'here gi, g 2 , . . gn are constants, vanishes together with its first n — 1 
derivatives at any point of (a, b). Then if the Wronskian of 
vanishes at any point jp of (a, &), these functions are linearly dependent. f 
For the vanishing of the Wronskian for m~p implies that constants c^, 

. . ., not all zero, can be found such that 

Ciw 4 ^)(p)+C 2 W 2 ^^>(p)-I- . . . +CnW^>(:p )=0 {r= 0 , 1 , . . ., n— 1 ), 

that is to say the function 

Cl'U'i{x)+C2U2{x)+ . . . +CnU^{x) 

vanishes, together with its first n—1 derivatives, at x—p, and is therefore 
identically zero. Thus the theorem is proved. 

Now let Uxr W 25 . . % be functions of x which at every point of the 

interval (a, t) have finite derivatives of the first n—1 orders and which 

are such that , no non-zero function of the form 

gl%-hg 2 %+ * • • 


♦ Frobeaius. Math. 76 (1873), p. 238. 

f This and the following theorem are due to Bdcher, loc, ciL 
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(where g* are constants) vanishes together with its first n—l 

derivatives at any point of (a, h). Then if the Wronskian of 
vanishes identically, the functions are linearly dependent. 

To prove this theorem, consider fii*st the case in which the Wronskian of 
%_i does not vanish identically in {a, h). Let p be a point of the 
interval in which it does not vanish. Then since the Wronskian is continuous, 
it will not vanish in the immediate neighbourhood of p, and from what has 
already been proved it follows that constants Ci, C2, . . will exist such 
that the function 

is zero in the neighbourhood of p. The first n—l derivatives of this function 
therefore also vanish in the neighbourhood of p, and thus, by hypothesis, 
the function must be identically zero. 

Now consider the general case, and let the Wronskian of 
vanish identically (l<m<^), whilst that of u-i^ does not vanish 

identically in (a, 5 ). Then it follows that Wg, . . are linearly 

dependent and the theorem is proved. 

These theorems may now be applied to the solutions 

of the differential equation. Since any solution which, together with its 
first w —1 derivatives, vanishes at any point of the interval (a, h) is identically 
zero, it follows that : 

I. If the Wronskian of Ui, U2, . . vanishes at any point of (a, h) these 
n solutions are linearly dependent. 

II. If the Wronskian of the k solutions Ui, ^ 2 ? • * -j (k<Zn) vanishes 
identically in (a, 5), these k solutions are linearly dependent. 

lfvi^V 2 i* . are derived from W2 j • • -j by the linear transforma- 
tion : 

Vr^ariUx+a^2'ih+ • * • +G^rnUn (^= 1 , 2 , . . ??), 

then it is easily verified that 

^(Ol. P2 V„)=^AA{Ui, Mg M„), 

where A is the determinant | a^s |- Consequently A{vi, v^) 

is not zero, and therefore z^i, V2i • • are linearly independent provided 

(I"*) that the determinant A is not zero, that is to say, the transformation is 
ordinary, { 2 *^) that %, are linearly independent. 

Let Ui, %, . . Unhen linearly independent solutions of the equation 

L{u)=0^ 

then the WronsMan A{uiy U2, . . u^) is expressible in a simple form which 

will now be obtained. In the first place, 

dA 

^ 'Wi, Un 

Ui% U2\ . . Un' 

2 )^ . . 

U2^”'K . . 

for all the other determinants which arise in the differentiation have two 
rows alike, and therefore vanish. Then since 
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I When the fundamental system is taken in the form 
U2=Vifv2dx, . , ,, Un=Vifv2j . . . 
the equation becomes ^ 

^ ^ ^ jd_ . _ Q 

dx v^dx v^^jdx ’ * ‘ V2dx 

Symbolically, the equation L(ti)=0 may be written in the form f 
Ln^n—l * • • 

where the symbol Li represents the operator D—ai, in which 
d 1 d ^ . . 

This follows from the fact that 

Aj ^ _ A 1 4t 

cZA A-i / dx ^ dz 

It is to be noted that the order in which the factors {JD—a^ occur 
must in general be preserved, for it is not true that for any two suffixes 
i and 'j 

{D —ai){D —aj) ={D —a^){D — a^). 

In other words, the factors of the differential operator are not in general 
permutable. 


5*32. Depression of the Order of an Equation. — If r independent solu- 
tions of the equation of order n, 

L{u) =0, 

are known, then the order of the equation may be reduced to n—r. For let 


^l> ‘^2? • * "> 

be the known solutions, and let 


V2 


dx^U2^^ ^ dx^V2 dx^VxO 


and so on as before. Then since the equation is known to be ultimately 
of the form 

d d d d d 


dx v^dx 


it may be written as 
where 
(A) 


V = 


Vjj^-^dx v^dx 
P{v)^0, 
d d 


v^dx Vy.-xdx 


V2dx Vi 


d u 
V2dx t?!* 


= 0, 


i and P is a linear operator of order n—r. 

If any solution of P{v)—0 is obtainable, the corresponding value of u 
may be obtained directly from (A) by r quadratures, 

! * Frobenius, J,fur Math, 76 (1873), p. 264 ; 77 (1874), p. 256. 

j t Floquet, Ann, j^c. Norm, (2) 8 (1879), suppl. p. 49, 
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The actual -way of cairying out the process may be illustrated by the caf I 
of the equation of the second degree 

+ = 

Suppose that one solution of this equation is known ; let it be denob ? 
by yj and write i 

Then 

ytfudx+2yiu+yiu' +p{yifudix)-^yiu}+qyiJudQs=0, | 

and this reduces to i 

yiu'+{2yi'+pyi)u=^0. I 

This is a linear equation of the first order in u whose solution is 

u==Cyi~^e I 

and therefore the two distinct solutions of (B) are ^ 

yi and yif{yi-^e-fv^}dx. \ 

5’23. Solution of the Non-homogeneous Equation. — Consider now tb 

general equation 

(A) L{y)=r{x), 

it being supposed that a fundamental set of solutions Ux{x), Uzioo), . . «„(£ 

of the reduced equation 

L(u) =0, 

are known. 

Then the general solution of the reduced equation is 

in which C^, C 2 , . . are arbitrary constants. Now just as in the case ( 
linear equations of the first order (§ 2*18), so here also the method of variation 1 
parameters * can be applied to determine the general solution of the equatio 
under consideration. Let ^ 

y^VjUi+V2U2> + . . +r^U^ 

in which F 2 , . . F„ are undetermined functions of x, be assumed 1 1 
satisfy the equation (A). The problem is to determine the functions | j, 
explicitly. Since the differential equation itself is equivalent to a sing k 
remtion between the functions F and r(x), it is clear that n—1 other relatioi 
may be set up provided only that these relations are consistent with 01 
another. The set of n — 1 relations which will actually be chosen is 

V 1 U 1 +V 2 U 2 + . . . 

^B) ^ ^i'%'+F2'%'+ . . . +V'nUn=0, 

As a consequence of these relationsdt follows that 
2 ^"=Fi%'-[-F2W2'+ . . . +VnUn% 

i/"=Fi%"+F2«^"+. . . +r^u^'\ j 

PP 0 5 (1774), p. 201 ; 6 (1775), p. 190 [CEuvrei^ 


I 



GENERAL THEORY OF LINEAR DIFFERENTIAL EQUATIONS 123 
whilst 

= 

. . . . +F„'«„<»-«- 

inus the expression 

y = VlUi+V 2 U 2 + . . . +V^u^ 
satisfies the differential equation 

L(y)=^r{x), 

in which the coefficient of is supposed to be unity, provided that 

(C) ... +F„%J^-i)=r(a;). 

Since the solutions ^1(03), u<2,{x)^ . . Un{oc) form a fundamental set the 
n equations in (B) and (C) are sufficient to determine Vi, • • •> 
uniquely in terms of and r{w). Then F^, Fo, . . ., F« are 

obtained by quadratures. 

In particular, if the equation is of the second degree. 


■=-/: 




-r(x)da), V2 


I A{ui, U2) 

where A{ui, U2) is the Wronskian of and ^2* 




5-3, The Adjoint Equation. — The conception of an integrating factor, 
which plays so important a part in the theory of linear equations of the 
first order, may be brought into use in the theory of linear equations of 
higher order, and leads to results of supreme importance. Let 

... y , , d^u , , , du , 

(A) L(u) = po^+Pi ^ + . . . +p„-i ^ +P„u, 


and let a function v be supposed to exist such that vL{u)dx is a perfect 
differential. Then the formula 

VUW=?'-^{i7(»— i>F— U'— 2)F'+ . . . +(— lX-iUF<’-«}+(— IfUF'f’-) . 
^ dx 


applied to vL{u) in its extended form gives 

(B) vL{u) = -^{u(-'^-'‘-^PoV—u<-”’-^^{povy+ . ■ ■ +(— 

CLX 

+ . . . . 

+^{u'p„-sP—'i4p„-zvy} 


vhere 


■C, .r(,)=(-i).^:^+(-i)-‘^=^+ ■ ■ ■ 

The differential expression L(v) is said to be adjoint to L{u), and the 
mation _ 

L(o )=0 
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is the adjoint equation * corresponding to 

L{u)^0. 

The relation (B) may be expressed in the form 

vL{u)—uL{v)=-^{P{u, v)}, 


and is known as the Lagrange identity. The expression P{u^ v), which is 
linear and homogeneous in 

u, u\ . . 


as well as in 




is known as the bilinear concomitant. 

In order that v may be an integrating factor for I^u) it is necessary and 
sufficient that v should satisfy the adjoint equation Z(z;)=0. If v is taken 
to be a solution of this equation, then the equation 

L{u) =0 

reduces to the linear equation of order 1, 

B{u, 

where C is an arbitrary constant. 

If r distinct solutions of the adjoint equation are known, for example, 


Vi, V2, . . 

then there will be the r distinct equations 

P{u, P{u, Vr)=Cr, 

each of order n—1. Between these r equations, the r — 1 quantities 

r+i) xnay be eliminated ; the eliminant '^1 be a linear 
equation of order n—r whose coefficients involve the r arbitrary constants 
lu particular, if r=n all the derivatives ^ ^ 

may be eliminated ; and the result is an explicit expression of u in terms of 
v^, . . zj„ and C^, C 2 ,. . C^. In other words, the equation is then 

completely integrable. 

It will now be proved that the relation between L{u) and L{v) is a reciprocal 
one, that is to say if L{v) be adjoint to L{u), then L{u) is adjoint to L{v), 
For if not, let be adjoint to L{v) Then there exists a function Pi(u, tj) 

such that 

vL^{u)-^{v) = ■~{P^{u, V)}. 

But 

vL{u)—'uL{v)=~{P{u,v)}, 

and therefore 

/.(«)} =^{Pi(u, v)~P{u, w)}. 

Now Pi(u^ v)-~P(% v) is homogeneous and linear in u, u', . . i)^ But 

— Zr{tA)} does not involve and therefore the coefficient of i) in 
P{u^ v)-—Pi(u, v) is zero. The argument may be repeated, and proves that| 


jr<wr. a (1762-65), p, 179 [CBiwres, 1, p. 471]. The term adjoint is 
due to J./£r Math. 76 (1876), p. 183 [Gcs. Math. Werke, 1, p. 422], 
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v)—P{u, v) is identically zero, and therefore that Li{u) is identical 
with L{u), 

When an equation is identical with its adjoint it is said to be self-adjoint/^' 
Now let L{u) be factorised after the manner of the preceding section, 
thus let 

Y / \ d dr d u 

Then since f 

rr/w— ^ d d d u 

... ^ 




d 


d 


. . . -4.“)<fc 

J\dx Vn + l ^V^dx Vn-idx V^dx Vi'' 

d Y ^ 

7) dm t 1 / \ ‘ 


d u'^ 


. . if. ^dx, 

v^dx Vi'' 


d 


d 

V2dx 


and so on ; if 

P{u, V)-- 


V^dx Vn + l^^Vn + ldx Vn-<2.dx 

f{A ^ ^ Y ^ 

J^dx V^dx VnJ^iAvn-idx Vn- ^dx 


d u \j 
v^dx Vx^ 


V d d d u 

'%+i "o^dx Vn^idx v^dx Vi 

d 

Vn-2.dx 


and 

then 


/ d ^ V Y" d _ 

^V^dx VnJrlAvn-ldx 

+ • • * • 

+ (_l)«-2(_^ . 

\v^dx v^dx 
^ v^dx v^dx 


v^dx 


■-) 


i(t;)=(-l)' 


_d ^ 

v^dx v^dx 


•— ')( - 
V^dx Vn^x^^'^^dx Vx^ 

d 

v,jix u„+l^l’ 

d 

V^dx Vn + \’ 


wi(«)=^{-P(w= v))^uL{v). 

In particular, if the expression jL{w) is self-adjoint, then 


Thus if L{u)=0 is a self-adjoint linear differential equation of even order 2m, 
it may be written as J 

d d d d d d u 

Vxdx v^dx * 'v^dx v^+xdx v^dx v^dx Vx ” 

* An early example of a self-adjoint equation is given by Jacobi, J./?2r Math, 17 (183*^, 
p. 71 [Werke, 4, p. 44], who proved that when the order is 2m the operator is of the form PP, 
where P and P are adjoint operators of order m. See also Jacobi, J. far Math. 32 (1846), 
p. 189 (Werke, 2, p. 127], Hesse, iUd. 54 (1857), p, 230. 

t Frobenius, J. far Math, 76 (1873), p. 264 ; Thom4, ibid, 76, p. 277. See also Frobenius 
ibid. 77 (1874), p. 257 ; 80 (1875), p. 328. 
t Frobenius, ibid, 85 (1878), p. 192. 
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or _ 

FP(u)== 0 , 

where P is the differential operator 

d d d 1 

Vid^ v^dx * ’ * 

and P is its adjoint. t ^ 

Similarly, if the equation jL(w) =0 is self-adjoint, and of odd order 2m— 1, 
it may be written as * 

d d d d ^ 

v^dx'v^dx' ' * ■ v^dod v^dx ' ' ‘ v^dx v-y 
or 

p|P(»)-o, 

where P is the operator 

_d d^ d 1 

v^dx V2dx ‘ * * Vm^idx 

and P is its adjoint. 

5 * 4 . Solutions common to two Linear Differential Equations.^ — If it is 

known, a priori, that the equation 

L(u)= 0 , 

of order n, has solutions in common with another homogeneous linear equa- 
tion, of lower order, then the order of the first equation may be depressed, 
even though the common solutions may not explicitly be given. Let 

L=poD^+PiD^-^+ . . . +pn^iD+p^, 

and let 

L^=qoD^+qjD^-^+ . . . +qm-iD+qn. 
be an operator of order m, less than n. Consider a third operator 
Bx=rQD^-^+r^IF-^-^+ . , . 

in which the coeiBficients r are to be determined in such a manner as to depress 
the order of the operator 

Zf — RiLi 

as far as possible. By choosing the coeMcients r so as to satisfy the relations 
Pq=Mq> 

Pi =^mn+ro{in-m)qQ' +51}, 

P2 =^2^?o +ri{(n— m — l)go' +S^i} +ro{i(w — m)(n — m — l)go' ' +(^ ~ +^f2}. 


it is possible to clear the operator L— of terms in D^, I>^+\ . . ., IF. 
Now these relations are sudBScient to determine in succession Tq, Tx, . . Tn—m> 
and when these coefficients have been so determined, the operator I — 
is reduced to the order m— 1 at most. 

It should be noticed. In passing, that the functions r are derived from the 
functions p and q by the rational processes of addition, subtraction, multipli- 

* Daibofoc, Tk6orU des Surfaces, 2, p, 127. 
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cation, division, and differentiation. If, therefore, the coefficients of L and Li 
are rational functions of x, then so also are the coefficients of 
Thus 

Jj -|“L2s. 

where L^, is an operator similar to L and hut of order not exceeding 1 . 
Consider the case in which the equations 

L{u) = 0 , L^{u) =0 

have a solution in common. Then this solution will also satisfy the equation 


L2{u)=0. 

If every solution of Li(tf )— 0 were a solution of L{u)~0, and Lg were not 
identically zero, the equation L^{u)=0, whose order is at most m— 1 , would 
be satisfied by the m solutions of which is impossible. would 

therefore be identically zero, and L would be decomposable into the. product 
The converse is also true. 

Suppose, on the other hand, that Li(w )=0 has solutions which do not 
belong to jL(w)= 0, then would not be identically zero. Then operators 
3-^3 Z 3 , where the order of L 3 is less than that of L 2 , exist, such that 


and so on until, finally. 


Li — RJL12 

Lp^i=IlpL -\-Lyji^i. 


In this last equation is either identically zero, or else an operator 
of order zero, for in any other circumstance the process could be advanced 
a stage further. 

In the first case, every solution of Ly{u)—0 is a solution of jLp_i(ti)= 0 , 
and therefore also of 


Then 


Lv-. 2(^)=0, . . ., Li(w)— 0, L(w)==0. 

L +-^ 3 ) 4*L2 

=(-® 1-^2 + 1 )'^2 

= {ItiRJRz +-^s)^3 +(^1^2 +1 )Z/4 


— RZ/v, 

and thus L has been decomposed by rational processes into the product of 
two operators. 

K, therefore, the change of dependent variable 

v=Ly{u) 

is made, the equation L{u) =0 becomes 

R(u)=0, 

where R is an operator of order n —k, if k is the order of Ly, 

Let u=F be the most general solution (involving n—k arbitrary constants) 
of 'R(v) = 0 , then the general solution of 

L{u) =0 

is obtained by solving completely the non-homogeneous equation 

Ly{tt)^V; 

this solution will contain, in all, n arbitrary constants. 

In the second case, is either a function of a; a constant, not zero, 
which shows that 

Ly^i{u) = 0 , Ly{u) —0 

have no common solution, not identically zero. 
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When an equation with rational coeflGicients has no solution in common 
with any other equation of lower order than itself, whose coefficients are 
also rational, it is said to be irreducible. This idea may be extended very 
considerably by appealing to the concept of a field of rationality. The 
independent variable x and certain irrational or transcendental functions 
of X are taken as the elements or base of a field [i?]. Then any function 
which is derived by rational processes * from these elements is said to be 
rational in the field [i2]. If an equation whose coefficients are rational in 
[R] has no solution in common with an equation of lower order, whose 
coefficients are also rational in [i2], that equation is said to be irreducible 
in the field [jK]. 

5*5. Permutable Linear Operators. — Any differential equation of the type 

may be expressed in a factorised form as 

{D -\-a2(x)}{D -\-o.x{(e)}y=^0, 

for it is only necessary to determine the functions ai and a 2 by the equations 
ai(x) -\-a2(x) =2p, ai{x)a2{x) +ai(x) 

which may, at least theoretically, be solved, f The given equation is there- 
fore satisfied by the general solution of 

{D+ai{x)}y=^Q, 

but not, except in a very special ease, by the general solution of 

{Z)+a2(flj)}2/=0. 

It will be satisfied by the general solution of the latter equation as well as 
by that of the former if, and only if, the two operators 

I)-\-ai{x) and D+a^ix) 
are permviabU or commutative) that is to say if 

{D +ai(a7)}{D +a2{x)}u ={D +a2{x)}{D +ai(a?)}w, 

whatever differentiable function u may be. A necessary and sufficient 
condition that the operators be commutative is that 

a2{x)=ai{x) 

or 

a2{x) =ai{x)-+A) 

where A is an arbitrary constant. The differential equation is therefore 
of the form 

iP+A)Py=0, 

where P represents the operator D+ai{x). Also, the equation 

d/u 

^ o2)y=0, 

where a is an arbitrary constant, may be factorised into 
(Z) -j-p _a)(D -\-p J^a)y =0, 
and is completely integrable. 

* ^ rational processes include tUffereniiation. 

t Cayley. Quart. J . Math. 21 (1886). p. 831. [CoU: MaOt, Papers, 12, p. 403.] 
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It is not difficult to prove that the operator 

D+a((2?) 

is permutable with the operator of the second order 

D2+2pD4-gr 

when, and only when, the latter is expressible in the form 
{JD 4-a(a?) -\-a{x) +^ 2 }, 

where Ai and are constants. In general, if P and Q are operators of orders 
m and n respectively, P and Q are commutative if 

P={I)-\-a{x)-\-A-^ - - • {D+a(a7)+^w}> 

Q=={D-^a{x)^A^j^^ . . . 

but this condition, though clearly sufficient, is far from necessary. Thus, 
for instance, the operators 

D^—2x~^ 

and 

—Sar'^D +3ir~3 

are commutative, but cannot be expressed in the above product-forni. 
This at once suggests the problem of determining a necessary and sufficient 
condition that two operators P and’Q be permutable, when these two operators 
are not themselves expressible as polynomials in a differential operator R 
of lower order. 

5*51. The Condition for Permutability.* — Let P and Q be linear operators 
of orders m and then if P and Q are permutable, and h is an arbitrary 
constant 

iP-h)Q=^QiP^h). 

Consequently, if 

yi9 * • *5 2/m 

is a fundamental set of solutions of the equation 
(A) P{y)—hy=0, 

then 

Qiyi), Qiyz), ■ ■ Qiyn) 

are likewise solutions of (A), and there exist relations of the form 
Q(2 /i)=%i2/1+%22/2+ • • • 

$(2/2) =<^212/1+^222/2+ * • • +<^ 2 m 2 /mJ 


Q(2/m)— <^ml2/l+<^m22/2+ - * * +<^m»n2/w 

Now let 

F=Ci2/i+C 22/2+ • • • +Cw2/m> 

then 

Q(F)-^F, 

provided that h and the constants c satisfy the equations 

ayjLCi4-a^2^2+ • • • +^rw<^m (r=l, 2, . . w). 

In order that these equations may be consistent it is necessary that k be 
determined by the relation 

CL’t-i — /j, Ctf^M =0, 


an — k. 

%2j 


<^21> 

^^22 ^9 


^t»i» 

^m%9 



* BurchnaU and Chaundy, Froc. Lmdon Math, Soc, (2) 21 (1922), p. 420. 
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Tiius corresponding to each h there exist tyi values of the constant h (not 
necessarily all distinct) such that the equations 

{A) 

(B) 

have a common solution. « , n 7 . . , . 

Similarly, corresponding to each k of (B) there exist n values of h in (A) 
such that (A) and (B) have a common solution. Thus, when (A) and (B) 
have a common solution, h and k are related by an algebraic equation 


F{h fc)= 0 . 


of degree n m. h and m in 
by eliminating 


k. This expression may be obtained explicitly 

2 /, 


between the m+n equations 

F{y)—hy=^ 0 , 

DP{y)-hy'= 0 , 

B^-^P(y) — = 0 , 


Q(2/) 

DQ{y)—ky'=-0, 
D'^-'^Qiy) ==0. 


Now since 

P{y) = 0 . Qiy) 

it follows that 

F{P, Q)y^F{h k)y^ 0 , 

and therefore y is a solution of the equation 

L{y)=F{P, 


which is of order mn. 
Now let the numbers 

be all distinct, and let 
be common solutions of 


Yi, F2, . 



P{y) —hy =0, Q{y) --ky =0, 


for these values of h and corresponding values of k. These functions 
Yj, F2, . . F,. are linearly distinct, for if there existed an identical relation 

of the type 

C1F1+C2F2+ , . , +C,F,= 0 , 

then by operation on the left-hand member of this identity by P, P^, . . P^^i, 

further relations 

C^h{F^+C^Ji^Y^+ . . . +CAY,=0, 


. . . +CA"”^Y,.=0 

are obtained. But these relations are inconsistent unless C^, C2. . . ., 
are all zero. This is true no matter how many distinct numbers h are 
chosen. 

Thus there e:^ts an u n li m ited set of linearly distinct functions F^, F2, . . - 
all of which satisfy the equation 

P(P.Q)t^=0. 
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But the order of this equation is mn, and therefore it cannot possess more 
than mn linearly distinct solutions. It follows that 

F(P, Q)=0 ' 

identically. 

This leads to the fundamental theorem that if P and Q are perm/utable 
operators of orders m and n respectively^ they satisfy identically an algebraic 
relation of the form 

P(P, Q)-o 


of degree n in P and of degree n\ in Q, 

Thus, for instance, if 

P = i)2_2aj-^ 

then 


and the equations 
have common solutions if 


P^ = QK 

iP-h)y=0, {Q-k)y=0 


A3-.A;2=0. 


Miscellaneous Examples. 


1. If the equation 




is transformed by the substitution aj=Q(f) into 


prove that 
Hence integrate the equation 


+ = 




2. Verify that and ar-® are solutions of 

and obtain a particular integral of 


dx’‘ ’ 


5 i/=aj log X, 

dx^ a.a» . e 


3. Integrate the equation 

+2a!(2-a!)^ +2(l+a!)s;=a!* 

given that the reduced equation has a particular solution of the form aj«. 

4. Prove that any homogeneous self-adjoint equation of order 2m may be written in 
the form 

+ . . . + ^^ = 0. 

Investigate the corresponding theorem for the equation of order 2m +1, 

[Bertand, Hesse.] 



1S2 


ORDINARY DIFFERENTIAL EQUATIONS 


5. Prove that if the general solution of the equation 


dH 




is known for ail values of A, and that any particular solution for the particular value h=hi 
is u==f(x), then the general solution of the equation 


for h4=^i IS 


dx 


y=U'{,S0)-u{xyj^. 


[Darboux, C. R. Acad. Sc. Paris, 94 (1882), 
p. 1456 ; Theorie des Surfaces, II. p, 210.] 


6. By considering, as the initial equation. 


dht, , 
T-- = hu. 


with hi=0, integrate the equation 


dx^ 




By repeating the process, integrate 


dx^ I iB* 


where w is an integer. [Darboux.] 

7. By considering the same initial equation, but taking ^1 = — 1, integrate 


^ f ) n{n—l) 


I 


sm2 X cos^ X 


+ 


y 


where m and n are integers. 


[Darboux.] 



CHAPTEE VI 

luteak equations with constant coefficients 


6*1. The Linear Operator with Constant Go^cients. — The homogeneous 
linear differential equation ivith constant coefficients 


(A) 






+ 




was the first equation of a general type to be completely solved.* But 
apart from its historical interest, the equation has important practical 
applications and is of theoretical interest because of the simplicity of its 
general solution. The corresponding non-homogeneous equation f 


(B) 








has also many important applications. 

It is assumed that Aq is not zero ; the remaining coefficients may or may 
not be zero. Equation (A), which may be written as J 

F(D)y=(AoD-+A^D^-^+ . . . +A,_^D+A,)y=0, 

has an operator which may be factorised thus : 

AQ(D—ai){D—a2) . . . (D—an)^ 

But now <22, a2, . . ., are Constants, namely the roots of the algebraic 
equation 

(C) . . . +A„_ii+A,=0, 

and therefore the factors 

JD— D—a^j . . 

are permutable. It follows that the given homogeneous equation is satisfied 
by the solution of each of n equations of the first order, namely, 

{D—ai)y=0, {D~-a2)y-=0, . . 

6T1. Solution o! the Homogeneous Eguation.— Let be the general 

solution of 

{D-ar)y=0, 


* It appears that the solution was known to Euler and to Daniel Bernoulli about the 
year 1739. The first published account was given by Euler, Misc, Berol. 7 (1743), p. 193 ; 
see also InsL Calc. Int. 2, p. 375. 

t D'Alembert, Misc. Taur. 3 (176^65), p. 381. 

t The symbolic notation JP(D) is due to Cauchy, see Exercises math. 2 (1827), p. 159 
[CEuvres (2) 7, p. 198]. 
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then 

and therefore the general solution of (A) is 

where Ox, O2, . . are arbitrary constants. It has been tacitly assumed 
that ai, «Z2> . • .5 are unequal ; the case in which the algebraic equation (C) 
has equal roots will be set aside for the moment. 

Now let it be assumed that the coefficients Aq^ Ai^ . . ., A^^ are real 
numbers, so that ai, . . ., either real or conjugate imaginaries. The 

preceding solution is, as it stands, appropriate to the case in which ax, . . 
are real, but requires a slight modification when one or more pairs of conjugate 
complex quantities are included. For instance, let and Ug be conjugate 
complex numbers, say 

Uj . =a ag =a — 

Then the terms 

CrC^f^+CgeV 

may be written as 

^os-\-i siiL psc)+Cs(cos ^x—i sin jSa?)} 
==e^{C/ cos fix+Cg' sin ^x), 

where 

Cj. =Cr-}-Cgf Cg =i{Cj. Cg), 

The number of arbitrary constants therefore remains as before. 


As an example, consider the equation 

dy 


The roots of 
are 


I* +5^ —7^ -15=0 


3, -2+i, -2-t, 
and therefore the general solution is 

. y=C^e^+e-^{C^ cos x+C^ sin x). 


6‘12. Eepeated Factors. — Now let the operator 
A>D^+AiD^~i+ . . . 

have a repeated factor, for example, the factor 

{D—ay. 

Then the general solution of 

{!>— a)P«/=0 

win be inelud^ in the general solution of (A). One solution corresponding 

to this factor is known, namely, 

y=c^, 

where C is a constant ; to determine all the general solution, the method of 
variation of parameters is applied. Write 

where u is a function to be deteimined, then 
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(H ^aYef^v =(I) •-aY^'^^Dv 
=(D^a)^^e^D^v 
= . . . =e^D^v. 

Consequently y—e^v is a solution of 

(D--aYy=0, 

provided that i? is a solution of 

BPv=0, 

and hence v is an arbitrary polynomial in x of degree p—1. Thus the solution 
required is 

2/=(Ci-|-C2^c+ * . . 

and contains, as it theoretically must contain, p arbitrary constants. 

Lastly, if two conjugate imaginaries occur, each in a factor repeated p 
times, for example, 

(D -a +i^Y{J^ -a -iPY> 

the solution which corresponds will be of the form 
y={Ci+C2X+ . . . +C^-^)e^cos^x+{Ci'+C2'a}+ . . . 
with the correct number, 2jp, of arbitrary constants. 


For example, the general solution of 

diBi+2^2 +y- 


is 


y =( Cl + C 2 X} COS x-l-(Cs+ C^w) sin x. 


6’13. The Complementary Function. — The complementary function of 
any linear equation has been defined as the general solution of the corre- 
sponding homogeneous equation. Now that all possible cases which may 
arise when the coefficients are constants have been discussed, it is importent 
to determine whether or not the solution obtained is the most general solution. 
Consider, first of all, the case in which 

and the numbers a^, • • which may be real or complex, are distinct. 

In this case, if 

the value of the Wronskian of the solution is 

^ =^Yl{cn—aj), 

On 


e** 1, 1, 


Uin-l, ■ ■ ■> o„”--^ 

and cannot be zero since ai=f=%. The n functions 

e%i® 

are therefore linearly distinct, and 

y=Ci«“i®+C2e“*®+ . . . -\-C^eM‘ 
is the general solution. 
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In tke next place 
all equal. Then 


consider the. extreme case in^hich the numbers a are 


If, for any particular values of the constants C, y is identically zero, then 
C1+C2X+ . . . will be identically zero, which is impossible unless 

C2=C2= . . . =C„=0. In this case also the solution is general. 

In any other case the solution would be of the form 

P:^e^i^+P2eV+ . . . +P^e^m^, 


where Pi, Pg, , . ..P^, are polynomials in x, and the numbers ai, 
axe distinct. It will be shown that a function of this kind cannot be identically 
zero unless the polynomials P are themselves identically zero. Assume then 
that 


identically. Let 


Pi(?«x®+P2^2^+ * • • 


then the identity may be written 

Pi+PgA^d- . . . 

Let ri be the degree of the polynomial Pi, then if the identity is differentiated 
Vi+l times it takes the form 

$2^2^+ . . . 


where polynomials whose degrees are the same as the 

degrees of P2J - • P^;^ respectively and the numbers &2> • • •> 

If this process is continued, a stage is arrived at in which 

R^eV=0 


identically, where is a polynomial whose degree is equal to that of P^^, 
Hence must vanish identically, which is impossible. If follows that 

is not identically zero. 

The investigation of the complementary function may therefore be 
regarded as complete. 

6T4. The Case of Repeated Factors regarded as a Limiting Case. — A very 
powerful method of attacking the case in which the operator 

has a repeated factor is due to d’Alembert.* As the scope of the method 
extends beyond the case in which the coefficients are constants, it will be 
convenient to suppose for the moment that the equation is of the form 

dv 

where po, . ... depend upon certain parameters 

<^25 • • •» 

and possibly also upon a?. Let /(ip, r) be a function which for certain values 
* £ris{. Acad, Berlin 1748, p. 283* 
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of r, depending upon the parameters ai, satisfies the equation. 

Let 

Ti, H, . . Tv 

be such a set of values of r, so chosen that functions 


/(«> »•!). /(®. J'a)* ■ • ‘Ty) 

are in general distinct. The functions are thus a set of v particular solutions 
of the equation. For particular values of a^, ag, . . however, two or 

more of the quantities r, say and and the corresponding functions 
f{x, ri) and f{x, r^) become equal, and therefore the number of solutions of 
the equation represented by the functions f{x, r) is reduced. In such a case, 
however, the limiting value of 

fix, h)-S{,!c, ri) 

9 


when that limit exists, is a solution of the equation. But this limit is 



The case in which Ti, r 2 and become equal may be treated in the same 
way. The function 


f f(x, rs)-j 


fix, rf) fix, rf)-fix, ri) 




rz-ri 


I / irz-ri) 


satisfies the equation, and if its limit exists, this limit, namely 

r a^/(a?, r ) 1 

^ L ar2 

is a solution of the equation. 

In general if, for particular values of the parameters a^, . . .5 a^. 


ri=r2= 

the equation has the {jl solutions 


I ll9 




Consider, as an example, the equation 

replace it by the more general equation 

The latter equation, when has the general solution 

cos aaj+^g jSaj+Ag sin ax+A^ sin px. 
When a— ^==1 this solution ceases to be general, and reduces to 

y=C-i_ cos x+Cq sin x. 


But the functions 

cos oicl = —OJ sin aj, f sin aan ==^x cos x 
da . Ja=l LSa Ja«i 

are particular solutions not obtainable by attributing particular values to and Cg. 
The general solution of the given equation is thus 

^==(Ci+C2aj) cos x+(C^-^C4x) sin x. 



ISS ORDINARY DIFFERENTIAL EQUATIONS 

6-2. Discussdon of the Non-Homogeneoiis Equation.— The determination 
of a particular integral of the non-homogeneous equation depends upon the 
properties of operators inverse to D, D—a, etc., for the problem really 
amounts to attributing a value to the expression * 

. . (D^a,)-ifix). 

The operator inverse to D is and is the operation of simple indefinite 
integration ; similarly is the operation of jp-ple integration. A signifi- 
cance must now be given to the operators (D—a)~^ and (D— where a 
is a non-zero constant. 

In order to make these operators as definite as possible, it will be 
stipulated that the arbitrary element which they introduce is to be 
discarded. Just as the operation introduces an arbitrary additive 
constant, and, more gener^ly, the operation introduces an arbitrary 
element so also (D— brings in an arbitrary 

element Ce^, and introduces • • . +Cpcc^^). These 

expressions are already accounted for by the complementary function ; they 
are therefore discarded in determining the partic^ar integral. 

When f(x) is a function of a simple type the effect of operating upon 
/(a?) by (D— a)”-! or by (D— is as follows : 

Let 

f(^x) k a constant. 

Operating upon both sides of the identity 

(D — 

by (ft— gives 

{D — a)~’i^^=(ft — • 

provided that k=^a ; this exceptional case is treated below. 

Similarly , ^ 

provided that ai, . . <Zp are distinct from ft. In particular 

{D —a)^^e^—{k —ay^e^. 

Thus if F(D) IB a polynomial in D such that F(ft)=|=0, then 

where F~i(D) is the operator inverse to F(D). 

2°. Let 

f(x)=:e^6(xy 

In the identity 

{D-^a)^X^e^iD+k--a)X, 
where X is an arbitrary function of a;, write 

(P+k —a)X =6(x), 

then 

and hen<^ 

{D^ay^<f>(x):=^{D+k--a^ 

♦ I^batto, Thkrrie des car€tctinsi£ques (Amsterdam, 1887) ; Boole, Camb, Math. J., 
2 (1841), p. 114. 



LINEAR EQUATIONS WITH CONSTANT COEFFICIENTS 139 


Similarly it may be proved that in general 

(D— ai)“i . . . (I>+^— 

In particular, taking A;=< 2 i=a 2 = . . . =aj 5 =a, <j>{x)=^l^ it follows that 
(Z) . 1 


and thus the exceptional case left over from above is accounted for. 

S\ Let 

f(x)=sm ax* 

If F(D) is an even polynomial in R, write F{D) — 0 ( 1 ) 2 ) so that 0 ( 1 ) 2 ) is a 
polynomial in D^. Then 

0(D^) sin ax—<P{—a^) sin OiC, 

and hence 


F^‘^(D) sin ax~ 


0(-a2)‘ 


In the most general case, the polynomial F{D) is not even ; if it has an 
even polynomial factor G{D), let F{D)=G{D)II{D)* Then 

P-^D) sin aa: = g( 2 ))H(jD) 

H(-D) 

~ G{D)H{D)H(~D) 

Now G{D)H(D)H{ — R) is an even polynomial in R and may be written K{D^), 
thus 

F“i(R) sin ax = sin ax 


H{-D) 


sin ax, 


and thus F~^(D) sin ax and similarly F^^D) cos ax may be evaluated provided 
that A:(—a 2 ) 4 = 0 . 

By combining this case with the previous case, particular integrals of 
the form 

7 ^i(R)e*^ sin ax, cos ax 

may be evaluated. 


Example . — 

A particular integral is 


(3R2+2R— 8)2/=5 cos x. 


"3R2+2R — 8 

5(ap^-aD-8) 

■ (3D2+2D— 8)(aD'2_2Z)— 8) 

S(8D^—2D~8) 

. — 5 cos X 

9D*— 52D2+64 

5(8D^-2D-8) 

- i cos X 

9+52+64 

= -^{(8D^—8)—2D} cos sin as — 11 cos *). 



140 


ORDINARY DIFFERENTIAL EQUATIONS 


4°, Let 
Then 


f(x) = 


(Z> — a)x^ 

D -a) == a;«-2 —r 

^ a ^ a 

a2 




(D-a) 


n(w— 1) ■ ■ • 8-2 ^ _ w(w— 1) ... 3.2 




1 


7«--2 






n I 


7»~1 


Hence, by addition, 

(D-a)(^c" + . - - ■+~)=-^” 


and consequently 

{D 

This result is the same as would have been obtained by formally expanding 
the operator (D — in ascending powers of D and performing the differentia- 
tions, It follows that if X is a polynomial in ri? of degree n, 
F-i(D)X==(ao+%D+ . . . +a^D^)X, 

where 

(Zo+%I^+ • • • 


is the expansion of to ti+1 terms. 

The inverse differential operator F^^D) may be decomposed into partial 
fractions in precisely the same way as the reciprocal of a polynomial, for if 
this process is formally carried out, the resulting expression will be reduced 
to unity by the operator F{D). Consequently the material which has been 
accumulated is sufficient to determine the particular integral in cases where 
the function /(aj) is a sum of terms or products of terms of the form 
a?”, sin ax and cos ax. Sine and cosine terms may equally well be dealt 
with by expressing them in the exponential form. 


6‘21. Determination of a Particular lateral by Quadratures. — If the 

function /(a?) is such that /(a?) and e~^f{x) are integrable, a particular integral 
may be determined by quadratures. Suppose in the first place that F(D) 
has no repeated factors. Then F^\D) can be decomposed into simple 
partial fractions thus 




A particular integral is then 


— 2ar(-D— 

= f[x)} 
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The lower limit of integration may be arbitrarily fixed, for the term which 
proceeds from a constant lower limit of integration is a constant multiple 
of and is therefore included in the Complementary Function. 

Consider now the case in which F{D) contains the factor The 

part of the expression of F~^D) in partial fractions which corresponds to 
this repeated factor is 

I Br 

and the corresponding contribution to the particular integral is 

P rX rt ,4 

= 5j3rj f ■ ■ - J 

Example , — 

dx^ ^ 

The Complementary Function is Ae^ ; the Particular Integral may be 

written as 

=4e“ r 

J -i Ji 

The lower limits of integration are so chosen as to make the particular integral as 
simple as possible. By integration by parts it is found that 

y=e^^^. 


6-3. The Euler Linear Equation. — The equation of the type 

in which Aq, are constants, is known as the Euler equation.'-^ 

It may be transformed into a linear equation with constant coefficients 
by means of the substitution for 

dx~dz 

where D now signifies and similarly 


4S 


% 

oe 


IT- 


x«^ = D{D-l) . . . {D-n+l)y, 

and thus the equation is brought into the form 

F{D)y={AoD^+A\D^-^ + . . . +A\-iD+AJy=f{e^). 

and may be solved by the foregoing methods. 

* Its general solution was, however, known to John Bernoulli at least as early ^ the 
year 1700. Euler’s work on the equation was done about the year 1740, published 
Inst'. Calc. Jnt. (1769), 2, p. 483. Later work was done by Cauchy; see also Malmsten, 
J. fur Math. 89 (1850), p. 99. 
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A simple factor {D—a) of the operator F(D) leads to a term in the Com- 
plementary Function of the form 

whilst a repeated factor (D—aY leads to 

«=e«*(Ci-fC2zH- . . . 

=ic«{Ci-hC 2 log ® . . . 4- Cj,(log 

This solution should be particularly noted. It might equally well have been 
arrived at by the application of d’Alembert’s method. For since y=ag^ is a 
solution of the homogeneous equation, corresponding to a p-ple factor in 
F(D), 

“Is*" “'• 

are also solutions of the homogeneous equation. 

In the same way, equations of the type * 

^A,{ax+bY-^^^ =f(a!), 

where a, 5, are constants and ^4=^ dealt with by the substitution 

A particular integral of the non-homogeneous equation may be obtained 
by quadratures in a manner analogous to that adopted in the case of the 
equation with constant coefficients. 

Let denote the operator x — , then since f 

Am 

the operator 

+ 

may be written 

F(^)=Aot9’»+A'id’»-i 4- . • . 4-^'„-ii?4-A„, 
and F{&) may be decomposed into permutable linear factors as follows : 
F(^)=^(^— ai)(^— ag) . . . (^— a„). 

Now 

1) • • - (p— to4-1)®^, 

so that 

F(^)a!f‘=a!»*F(p). 

If therefore a is such that F(a)=0, 

is a solution of the homogeneous equation 

F{d’)y=0. 

* Lagrange, Mise. Tour. 8 (1762-85), p. 190 [OEruofcs, 1, p. 481]. 

/f 

t Note that if and J>=3-, then 

d» (fis 



LINEAR EQUATIONS WITH CONSTANT COEFFICIENTS 143 


Also if X is a function of a?, 

d'm^X =os{xf^X' + fixi^—^X) 

and in general, 

d^^xi^X =xt^(d> + 

from which it follows that 

F{&)xi^X =xf^F(d' +/jl)X. 

Write <f>{x) for and operate on both sides of this identity by F'^^d'), 

then 

F~^d')xf^<f>{x)=a}^F~~^d'-{-fx)(f>{x). 

When F{&) has no repeated factors, the inverse operator F~‘^{d') may be 
decomposed into simple partial fractions thus 

for is reduced to unity by the direct operator F(t 9'). A par- 

ticular solution of the non-homogeneous equation is therefore 








t-i-orfltjdi. 

If F(^) has a repeated factor, say (i?*— a)^, the corresponding part of the 
partial fraction representation of will be of the form 


P Q 

The corresponding terms in the particular integral are 


This may be written 




(#-2)2t/=2aj2. 


The complementary function is 

y -pBai^log re. 
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lU 

Tiie particular integral is 

=:2£c2 ^'~‘^ j tr‘^dt=2x^d'~^ log X 
—2x^ log t dt={x log xY. 

6*4. Systems of Simultaneous Linear Eguations with Constant Co- 
efficients. — It was remarked in a previous section (§ 1-5) that a single linear 
differential equation may be replaced by a system of simultaneous equations 
each of lower order than n, and in particular by a system of n simultaneous 
equations of the first order. The converse question now suggests itself, 
namely, given a system of simultaneous linear equations, is this system 
equivalent to a single linear equation, in the sense that the general solution 
of the system contains the same number of arbitrary constants as does the 
complete solution of the simultaneous system ? This question will now be 
discussed with the assumption that the equations considered have constant 
coefficients.* Such equations appear in many dynamical problems ; their 
importance is therefore both practical and theoretical. 

The germ of the problem to be considered can be made clear by con- 
sidering a system of three homogeneous linear equations between three 
dependent variables, namely, . 

F%\(P)y^-]-F 2,^{iy)y2,+F 23(D)2/3=0, 

F 3i(D)2/i +F 

where Fyg(D) are polynomials in the operator D, mth constant coefficients, 
and the independent variable is a?. 

The variable y^ may he eliminated from these equations by first of all 
operating on the first by F^ziD), and on the second by Fi^<^{D) and sub- 
tracting, and then by operating on the second by F^^{I)), and on the third 
by P< 2 ^B) and subtracting. Then ^2 naay be eliminated in the same way 
between the resulting two equations, leaving an equation in yi only. This 
process is identical with that of algebraic elimination, and is formally carried 
out as if the operators F^^ (D) were constants. The result is therefore 

FiiiD), Fi2(D), Fi3(D) 2 ^ 1=0 

; F^D). F22(D), F^iD) 

1 Fqi{D), F^^{D), F^siD) 

or, say, 

F(B)y:L=0. 

This equation exists if F{D) is not identically zero, that is to say when 
the three equations of the given set are really distinct :from one another. In 
the same way 

FiD)y2=0, F(D)i/3=0. 

F{D) may be a constant, in which case the only possible solution is 

2/i=2/2=2^3=0, 

r/^ original d^nssion of the problem, by Jacobi, .J. fur Math. 60 (1865), p. 297 

Werke 5, p. 198], was defective ; a rigorous investigation into the equivalence of two 
simultaneous linear equations was made by Cbi^stal, Trans, Roy, Soc, Edin, 
dS (1895), p. 163. The account here given is based upon Chrystal’s memoir. 
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or in other words the equations are inconsistent, but in general F{D) is a 
polynomial in D ; let its degree be m. Let the factors of F{D) be 

ly ^ 2 ? F (Z 2 > • • *5 ^ 

and suppose that a^, a2, . . are all distinct. Then the solution of 

F{D)y 1=0 will be 

. . . +C 2 „,A^ 

and similarly the solutions of F(D)y 2=0 and F{D)y2=0 will be 

2/3 +^ 32 ^^^^+ • • • 

respectively. In all 8 m constants enter into these solutions, but these 
constants are not all independent. For since ^/i? 2/2^ 2/3 i^^st satisfy the given 
system, the constants are connected by the relations 

^‘iT^ lli^r) +^2r-^ 12(<^r)+^3r-^ izi^r) =^j 
2l(<^r)4-^2r^ 22(^r)+^3r-^ 23(^r)=l^> 

Bli^r) + C 2r^ SsC^r) + SsC^r) 

(r = l, 2 , . . . m), and if these equations are sufficient to determine all the 
ratios Ci^ : C2r • the number of constants is effectively reduced to m. 
But although it is true that the order of the system, which is equal to the 
number of independent constants in its general solution, is always the same 
as the order of the characteristic determinant F{D)^ the assumptions which 
have been made are not always valid. The difficulty arises from the fact 
that even when yi, y2, y^ form a general solution of the system, it may 
happen that no one of the functions y2i yz satisfies the characteristic equation 

F{I))y= 0 . 

A rigorous proof of the theorem that the order oj the system is equal to the 
order of the characteristic equation will now be given ; the first step consists in 
establishing a necessary and sufficient condition for the equivalence of two 
systems of linear equations, not necessarily homogeneous with constant 
coefficients. 


The following example is illustrative. Consider the system : 

U = (R 2 +D +l)y^=x, 

V= 2)2/1+ (I)+l)2/2=e* 


Its characteristic determinant reduces to a constant, the natural inference from 
which is that the solution of the system involves no arbitrary constants. Consider 
the derived system : 

v-Bv=x~e^, 

2)17-(2)2+l)F=l-~2e® 


This system reduces to 


2 /i-l- 2 / 2 ==a^-«® 


— 2 / 2 = 1 - 2 e®, 

whence. 

t/i=l+a;~3€®, 2/2=2e«— 1. 

This is a solution of the given system- The investigation which follows shows 
that when the determinant of the mtdtiplier system, which is here 


1 , - 2 ) 

2 ), - 2 ) 2-1 


is a constant, the given system and the derived system are equivalent, and have the 
same general solution. In this case, therefore, the general solution has no arbitrary 
constants. 


L 
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6*41. Cr Qtni i tionft lor the Equivalence of Two Systems of Linear Equations.— 

Let 

^rl(^)2/l+^r2(^)2/2+ * * * =/r(^®) 

(r==l, 2, . . m), 

<Tyl(jD)?/x'4“6ry2(L))2^2"t" • • • H“^rn(-^)2^n “5r(^) 

(r==l, 2, . . m), 

be two systems of linear equations in the n dependent variables 

2^19 y2> - • •» 2 /«» 

where The m equations of each set are supposed to be linearly 

distinct, and the operators F{D) and G{D) are polynomials in D with constant 
coefficients. These systems may be written respectively 

(U) 17i=0, Z72=0, . . C/«^=0, 

(V) Fi=0, Fg-O, . . „ F^=0. 

The system (V) is said to be derived from the system (U) when every 
solution of (U) satisfices (V). When this is the case, any equation of (V) can 
be obtained by operating upon the equations of (U) by polynomials in D 
and adding the results together. Thus 

Fi=3lil7i+ . . . 

F^— 

The set of operators is known as the multiplier system by means of 
which the system (V) is derived from the system (U), and the determinant 

^ = ^ 11 , 

• • •> 

is its modulm. A cannot be zero since the equations of (V) are linearly 
independent. 

If, when (V) is derived from (U), every solution of (V) satisfies (U), the 
systems are said to be equivalent. It will now be proved that a necessary 
and sufficient condition that the two systems he equivalent is that the modulus 
is a constant. 

Let 

AjXi • - •? Aim I 

-^mlj • • 

be the reciprocal of A, then Ui, , are expressed in terms of 
Fi, * . as follows ; * 

AU^=Ai^Vi+ . . . 

Hence every solution of (V) satisfies the system 

AU^^O. 

If, therefore, A is a constant, every solution of (V) satisfies (U), The 
condition stated is therefore sufficient. To prove that it is necessary, suppose 
that the system (U) is derived firom the system (V). Then there will exist a 
set of polynomials in D, say S such that 

Ui=8\iVi+ ... 

* See Scott and Mathews, Theory af lieiermmcmts. Chaps. VI. and XI. 
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By substituting the values of F^, . . F^ in terms of Uj, . . it is 

found that 

• • • +^lm^7n)+ * • • • • * +^mw^m) 

(r=l, 2, . . m). 

But Ui, . . are linearly independent, and therefore 

(r=^S), 

^'rAr+ • • • 

There are, for each value of r, m equations to determine 
their solution is 

8 A, . . S 

and, therefore, if J ' is the modulus of the multiplier system § 

A'= S'li, . . Ally . . A^i 

o/ A A 

^ mli *•*50 mm ^lm> • * •» 

=A^-yA^==ljA. 

But both A and A' are polynomials in R. The identity 

AA'=1 

cannot therefore be satisfied unless A and A' are both independent of D, 
that is to say A and A ' are constants. The condition is therefore necessary 
as well as sufficient. 


6’42. An Alternative Form of the Equivalence Oonditions. — The above 
form of the equivalence theorem explicitly involves the multiplier system ; a 
second form of the theorem, and one which does not require the direct 
calculation of the multiplier system can be derived as follows. Since 


C7,=F,i(i>)t/i+ . . . +2?’™(D)2/„— /^(a;) 

and 

Fr=Grt(-D)2/i+ • • • +G™(D)2/„— 

and since 


it follows, on equating the operators on yi, . . ., and writing and 
G^s in short for (D) and (Z>), that 

G^l = 11 + • * • +^rm^ ml> 


^G^n~ Srl'^ln+ • • - 

gM)^Klhip)+ • • • 

From these equations it follows that 

/(?!!, . . ., Gi^y gi \=A/Fiiy . . ., Fi^yfi \ 

' G 0 ' ^F ^ F f ' 

'^ml» • * ^mn9 sm ^ wtl* • • •? -<- mn9 J m 

in the sense that every determinant * of order m whose columns are columns 
of the first matrix is equal to the corresponding determinant of the second 
matrix, multiplied by the constant A. This condition is both necessary and 
sufficient for the equivalence of the systems. 

* It must be noted that in evaluating determinants contaimhg/(a!) and gfai) the operators 
F and G are multiplied by, and do not operate on, /(aj) and g{x). Thus a t^ical term of 
the expansion of a determinant of the first matrix is G^x G^^ • • • not 
<3^42 •• • 
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In particular, if there are as many equations as dependent variables, 
namely n, then 

Gii,. Gin ‘ - -^^ 1 . 

Therefore a necessary and sufficient condition that two homogeneous^ systems 
of n equations in n dependent variables be equivalent is that the determinants of 
the operators of the two systems are constant multiples of one another. This 
condition is also necessary when the two systems are non-homogeneous ; 
the conditions requisite for a suflS.cient set of conditions are easily 

supplied. 

8-5. Reduction of a System of Linear Equations to the Equivalent Diagonal 
System. — ^A system of linear equations of the forms 

^ll(^)2/l+^12(D)2/2+-S'ia(*^)2/3+ • • • +^ln{^)yn=^l{^\ 

• • • +-H^27z(-^)2/n— ^2(^)9 

^33('^)2/S+ • * * 


^nrfJG)yn 

in which the first equation involves z/i, the second equation involves but 
does not involve 1 / 1 , the third equation involves but not y^ or y^ and so on, 
until the last involves y^ only is called a Diagonal System. The operators 
^nn{^) loiown US its diagonal coeffiicients. Each 
dependent variable is associated with one, and only one, diagonal coefficient ; 
the mode of this association is known as the diagonal order. 

It will now be proved that every determinate system of linear equations with 
constant coefficients can be reduced to an equivalent diagonal system in which the 
dependent variables have any assigned diagonal order. For definiteness it will 
be supposed that the diagonal order is that of increasing suffixes, as in the 
scheme above. 

As a preliminary lemma it will- be proved that if 

/i(®)=0, 

U^=F^l{D)yx-{- . . . +-F2n(-0)yn— /2(®)=0 

are two equations both containing any particular dependent variable, say y-^, 
they can be replaced by an equivalent pair of equations, one of which' does 
not contain yx- If such an equivalent pair exists, it will be of the form 

LUx+MTJz==0, 

L'Ux+M'TJz=0, 

where i, M, L\ M' are pol3monaiaIsmZ)with constant coefficients such that 

LM’~L'M 

is a constant. Let F be the highest common factor of Fxx(D) and Fzt(D), 

then 

t'ii{D)=m F^x{D)=rW, 

and 0 and W are polynomials in D having no common factor. Let 

L=W, M=—0, 
then there will be no term in in 

tVx+MUz. 
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Exit since L and M are relatively prime with respect to Z), two polynomials in 
I), namely L' and M\ can be determined * so that 

s a constant, not zero. The lemma is therefore established. 

Now let the given system be 

Ui=0, . . ., Z7„— 0, 

so arranged that any equations which do not contain yi are placed at the 
end of the system. Let 17^=0 be the last equation which contains then 
Ur~x=0 and 17^=0 can be replaced by an equivalent pair of equations 
U\^i=0 and U\—0 of which the second does not contain i/i* Similarly 
Ur — 2 ==^ U'r-i =0 can be replaced by the equivalent pair 

U"r~i=0 of which the second does not involve y^. This process may be 
repeated until an equivalent system, say, 

Fi=0, . . ., F„=0 

is reached in which the F^ alone involves yj. Vi itself must involve yi, since 
the original system is determinate. Then setting F^ =0 aside, the remaining 
system 

Fa-O, . . ., F^=0, 

which involves all of the remaining variables 2 / 2 ? . yn> is dealt with in 

the same way with respect to 2 / 2 , and reduced to a system 

1F2=0, . . 

in which W 2 alone involves 2 / 2 . The process is repeated, untd finally the 
diagonal system is reached. 


6*501. Example o! a Reduction to a Diagonal System. — Consider the homo- 
geneous system 

(D-M)2/i+D^2+(D-f-l)2/3=0, 

(D-1 )yi -f-Z) 2/2 -r(Z> ” 1 >2/3 =0, 

yi+2/2 4-Z)2/3=0. 

By means of the multiplier system 




the last two equations may be replaced by an equivalent pair of equations, one of 
which does not contain y^, and thus the system becomes 

{D -1-1)2/i+Z)^2 
yi~i-0y2-i- — D-{-l)y^==0f 

— 2/2*V(Z1^ — 2D -j-l)2/3=0. 

Next by operating on the first two equations of this equivalent set by the multiplier 
system 


( 


-1,D \ 


the set of equatioiis becomes 

-2/i-Z>= 1/2+(D* -£»" -l)t/3 =0, 
-D22/2+(D3-D)3/3=0, 
-y^+(D^-2D+l)yt=0. 
Lastly, by applying the multiplier system 


( 


0 , 1 \ 
>1, DV 


to the last pair of equations, the diagonal system is obtained, namely 

-y^ -~D V2 +(Z)® -D2-1)2/3=0, 

-2/2+(D2-2D-fl)t^3=0, 

(D^ -3D3 +D 2 +D)?/3 =0. 

The last equation is easily solved for ^3, the second and first equations then give, 
in turn, t/g and 2/1* 

♦ Chrystal, Algebra, i.. Chap. VI., § 11. 
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6-61. Properties of a Diagonal System. Proof of the Fundamental Theorem. 

^Let I7i=0, . . U„==0, be a system in the diagonal form; its de- 
terminant is clearly the product of its diagonal coefficients. This product 
is therefore equal to, or a constant multiple of, the determinant of any other 
system to which the ^agonal system is equivalent. 

Now a diagonal system can be solved by a continued application of the 
methods given in the earlier sections of this chapter for the solution of single 
linear equations with constant coefficients. Let be the degree in D of 
the diagonal coefficient of The last equation of the system gives a 
general value for with a definite number of arbitrary constants. If 
this value for y^ is substituted in the last equation but one, and that equation 
solved for yn-^t^ ^ number a>„_i of additional arbitrary constants are intro- 
duced. The process is repeated; in general the expression for y^ will introduce 
ojy new arbitrary constants in addition to some or all of the arbitrary constants 
which enter into the equation for owing to the fact that that equation 
may involve the expressions for • • •» previously obtained. 

Since the constants introduced by the process of integrating the 
equation for are essentially new constants, altogether distinct from the 
constants which Vn involve, the general solution of the system 

involves <jt)±+oj 2 + . . . +^n constants, none of which are superfluous. 
The total number of distinct arbitrary constants which occur in the complete 
solution of the system is therefore equal to the degree of its determinant. 

From this follows the main theorem which it was the aim of this investiga- 
tion to establish, namely, that the order of any determinate system of linear 
equations with constant coefficients is equal to the order of its characteristic 
equation. 


6 - 52 . Equivalent Diagonal Systems. — ^Let . . ., be polynomials 

in D with constant coefficients, then any set of solutions of 1 =0 , . . =0 

will satisfy the equation 

■^r+l^r+l+ +L„17^=0. 

If, therefore, an expression of the form is added to 

the left-hand member of any equation 11^=0, the modified system will have 
aH the solutions of the old system. But in the resulting system the diagonal 
coefficients are precisely those of the original system. The equivalence of a 
diagonal system is consequently not affected by this process, but on the other 
hand a gain in simplicity may be attained. 

Thus when the diagonal order of the dependent variables is assigned, 
the diagonal coefficients are uniquely determined, but the non-diagonal 
coefficients are not so determined. Moreover, the diagonal coefficient of 
any variable is uniquely determined if the aggregate of the variables which 
follow in the diagonal order is known. Thus let the variable y^, be followed, 
in any order, by the n— r variables y^+x, . . y^. Let the diagonal co- 

efficient of y^ and the succeeding variables be 

in one order and 


in another order. Then since the two systems are equivalent, 

JBut in the two cases the last n — r equations, between the variables 
yns form equivalent systems, and therefore 

^r+l * * * . . . K\y 
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whence it follows that 

that is to say, the diagonal coefficient of is unaltered if the aggregate of 
variables which follow is unchanged. 

In the complete solution let y^ involve arbitrary constants, then if 
the diagonal system is so arranged that y^ occurs in the last equation, the 
diagonal coefficient of y^ will be of degree in Z>. Now let the system be 
transformed so that y^ occurs as the diagonal term in the last equation but 
one. Then, since in the complete solution y^ still involves arbitrary 
constants, the degree of the diagonal coefficient of y^ will not exceed ; in 
fact it may be less than by the degree of the diagonal coefficient of the last 
equation of the system. The degree of the diagonal coefficient of y^ may be 
diminished still fiirther by so transforming the system that y^ occurs in the 
diagonal term of the last equation but two, and so on. Thus the diagonal 
coefficient for any given variable is least when that variable occurs first in 
diagonal order ; it may increase but cannot diminish as the variable advances 
in diagonal order, and is greatest when the variable is last in diagonal order. 

When the variable is last in diagonal order, the degree of its diagonal 
coefficient is equal to the total number of arbitrary constants in the complete 
expression for that variable ; when the variable is first in diagonal order, 
the degree of its diagonal coefficients is equal to the number of arbitrary 
constants which enter into it but not into any other variable. The diagonal 
coefficients in these two extreme cases are therefore important ; a set of 
rules for calculating the diagonal coefficients of any particular variable will 
therefore be given, when that variable occupies the first or the last place in 
diagonal order. 

Let 


(U) U^=0, Z72=0, 

. . u„=o. 

where 


U^=Fyi2/i+ . . . 


be the given system, and let 


(V) Fi=0, F2=0, 

. . F„=0, 

where 


V . . . 

+^r,ain—KiSO), 

be an equivalent diagonal system. Let 


/^llJ • • V i 

fS'n, . . S'i„\ 

^S„i, . . ., sj 

8'J 


be the multiplier systems which transform (U) into (V) and (V) into (U) 
respectively, then, since 

Fi=5iiI7i+ . . . 

it follows by comparing coefficients of y^ that 

Hii=8iiFii+ . . . 

and since 

TJr=^\lVl+ . * . +S'r«^n 2 n\ 

it follows similarly that 

(’•=1. 2 n). 

Hence Jffn must be a common factor in H of , ' 

Fix, . . F nl> 

and the highest common factor of these quantities must be a divisor of Hu- 
Consequently, apart from a constant multiplier, jEfn must be the highest 
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common factor of This is the rule for calculating the 

diagonal coefficient of when yi is first in diagonal order. If were to be 
first in diagonal order, its diagonal coefficient would then be a constant 
multiple of the highest common factor of 

F 3[^, . . 

The rule for calculating that is to say the diagonal coefficient of , 
when y^ is last in diagonal order, is as follows. Since 

it follows by comparing the coefficients of t/n-i? Vn 

n— 1 

^nl^ln’^ * * * 

Let Grs be the co-factor of F^s in the characteristic determinant 

F= Fn, . . . F,i 

■^lw9 • • *J Ffin 

let Fn be the highest common factor of Gi„, . . ., and let 

In^ni - • nn^n' 

Therefore 

where A is defined by the relation 

FX=^rjlnny 

and since are relatively prune, A is either a constant or a 

pol3momial in D, 

Now since the two systems are equivalent, the modulus 

• • *9 ^In 

must be a constant. But this determinant clearly has the factor A, therefore 
A is a constant. Hence 

H,n = KFtnG\n + - - • + 

= ^ (FinGln + . • ■ + FnAn) =^- 

More generally, when y^ is last in diagonal order, its diagonal coefficient is a 
constant multiple of F/ F^, where F is the characteristic determinant of the 
system and F^ is the highest common factor of 

^lr> • • -j 

and is fbe minor of F^^ ^ characteristic determinant. 

Finally, the differential equations which determine yi, . . ., 2/w separately 
are 

+ . . . fn{^% 

yr yn == -^ fi{^) + . • . /„(«?). 

n A „ 1 ^ 

JBut it is to be noted that although this set of equations fully determines each 
ViT • * * yn considered as a system, it is not necessarily equivalent to 
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the ^ven system. For the aggregate of the arbitrary constants in the 
solutions of this set of equations may, and in general does, exceed the order 
of the given system. 

6*53. Simple Diagonal Systems : Prime Systems. — It may happen that 
of the total number of dependent variables, certain varia&es are wholly 
determined by non-differential equations, and therefore involve no arbitrary 
constants. If this is the case, it may be supposed that the variables in question 
are removed from the system by being replaced wherever they occur, by 
their actual values. The system then involves no dependent variable which 
can be determined without integrating a differential equation. 

Suppose that in a solution thus restricted there occurs only one differential 
equation. This equation must be the last equation of the system, for 
otherwise the last dependent variable in diagonal order would be determined 
by a non-differential equation. Let the last variable be then is deter- 
mined by the equation, 

^nnyn~^> 

'whose order is equal to the order of the system, so that the expression for 
y^ involves all the arbitrary constants of the complete solution of the 
system. The remaining diagonal coefficients . . ., Hu are 

constants; the corresponding dependent variables yn-v • • •? depend 
Upon some or all of the constants which enter into the expression for 2 /n> 
but do not involve any other arbitrary constants than these. Such a system 
is known as a Simple Diagonal System. Conditions in which a given system 
is reducible to a simple diagonal system will now be investigated. 

If F is the determinant of the given system, then 

and since the operations by which H 11,^22, • * -j obtained from the 

coefficients of the original system are rational operations, it follows that Rn, 
.H22> • • -j rational in the operator coefficients of the original 

system. If therefore F has no factor of lower order in D than F itself, which 
is a polynomial in the coefficients then Rn, . . uaust reduce 

to constants, and the equivalent diagonal system is simple. 

As before, let Gj.s denote the co-factor of F^g in the characteristic deter- 
minant F. Consider the matrix 



and suppose that the constituents of any one column, say the rth, are re- 
latively prime. Then, in the notation of the previous section, is a con- 
stant, and consequently if is taken as the dependent variable last in order 
in the equivalent diagonal system, the coefficient of in the last equation 
of the diagonal system is a constant multiple of F itself. ^ The diagonal 
System thus obtained is simple. Thus, /or eoery prime column in the reciprocal 
matrix of a given system an equivalent simple diagonal system can he formed 
in which the corresponding variable is last in diagonal order. 

In particular, if every column of the reciprocal matrix is prime, then 
'wery equivalent diagonal system win be simple and the expression for each 
lependent variable wjR contain all the arbitrary constants. 

^ A system every column of whose characteristic determinant is prime is 
i&own as a prime system. Any given system may be transformed into a 
jlcime system, for if is the highest common factor of F^^, . . F,^,., it 

4 only necessary to introduce new dependent variables Ui^ where r; 

'U’x=Yiyi> ■ - •» «n=y«^«' 
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The characteristic property of a prime system is that, in any equivalent 
diagonal system, the first equation is non-differential. 

The homogeneous system 

(D2- (D + l)^i=a, 

(D-1)2/3=0, 

(D- 1)2/1 -HDj/2-)-i>2/3=0 
is reduced, by the transformation 

into the prime system 

{B -f l)wi -f I>^2 +1K =0, 

{D-l)u^-\r 2)w2+(i>“lK==0, 

Ui-{-u^ -{-Bu^ =0. 

This is the system whose reduction to equivalent diagonal form was effected in 
§ 6-501. 

Example , — 

{2D +(D3 _£) ^.2)2/2 = 

(I>3 +31)2 -4-51) -1)2/1 +( ---3i)2 ^42) 4 . 1)2,^ _ 0 . 

The characteristic determinant is 

■ 2D~-2 , D3— D+2 

D3+3D2+5D~1, — 3i)2-4D+l 
and the characteristic equation is 

DiB+inD^+l)y^O. 

The reciprocal matrix is 

/_aD2-4Z)+l, -D3-.3i)2-5D+l\. 

, 2jD~ 2 y’ 

its columns are both prime. Thus, in any equivalent diagonal system the first 
equation is non-differential, and as there are only two equations in the system, 
the system is therefore simple. The multiplier system 

/ L , M \ 

VD3+3D2+5D-1, -2D+2/ 

will transform the given system into an equivalent diagonal system in which 
is last in diagonal order provided that L and M are so chosen that 

L{2D -2) +M(D3+32) 2+52) -1) 

is a constant. 

L and ikf are readily determined as follows : let 

w=2Z) —2, V =2)3 +31)2 +52) -1, 

then, eliminating 2)3, 

2) 2w —20 = —82)2 —102) +2. 

Next, eliminating J>2 between the expressions for D^u—2v and u, 

(2)2+42))w— 2o=— 182)+2, 

and finally, eliminating 2) between this expression and the expression for u, 

(2)2+4D+9)tt— 2c=— 16. 

Thus, suitable values for L and M are 

i=2)2+42)+9, M^-2, 

The required multiplier system 

/ D2+4J)+“9 » -2 \ 

v2)3+3D2+5i)— 1, —2D +2/ 

reduces the given system to the equivalent diagonal system. 

-le^i+CD^^ +4D^+8D3 +4 iD2+7D +16)2/2 

D(D+l)3{D2+l)y2= 
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The general solution of the equation for is 

2/2=Ci-f(C2+C3ii! + C4aj2)e“®~{-C5 cos x-\-C^ sin 
Since the equation for is non-differential, the expression for is 
2/i=Ci4'i{(2C2+SC3 — 3C4) -|-(2C3 4-6C4)£fc-f-2C4a?^}e'“® 

4-C5 cos x-\-Cq sin x—i(l-i-Qx— 6 x^—^x^)e-^* 

6*6. Behaviour at infinity of Solutions of a Linear Differential System with 
bounded Coefficients. — It is convenient at this stage to enlarge the scope of the 
investigation in order to consider the behaviour, for large values of the 
independent variable, of solutions of systems whose coefficients are not 
necessarily constant, but are bounded.* 

The following lemma will be assumed. Let f(x) be a function which is 
finite when XQ<,x<i:c, and let Aj and A2 be two real numbers such that e^i^f{x) 
tends to zero and e^^f{x) does not tend to zero as x-^^* Then there will 
exist in the interval (A^, A2) a number Ao<A2 such that, if € is a small positive 
number, e^^o~~'^'>^f{x) tends to zero and to infinity as 

Similarly, if 

/2W, • • 

are functions defined in the range (xq, 00) and A^ and A2 are such that each 
product e^i^f^{x) tends to zero, whereas the products e^^%{x) do not all tend 
to zero as then there will exist a number A^ such that Ai<Ao<A2 and 

such that each product tends to zero, but one at least of the pro- 
ducts is unbounded. The number Aq is said to be characteristic 

for the system of functions in question. 

Now consider the system 

+<^ 122 / 2 + • • • +^lnyn 9 

dy2 

=^21^1 +<*222/2+ • • • +<*2n2/7i» 

^ =ani2/iH-a«22/2+ • • • +«««?/«. 

where all the coefficients a are real functions of x, bounded in the range 
{xq, 00 ). Let 

where A is an arbitrary real number, then 

=^(%l — -^)^l+%2^2+ • * * +%A> 

dvo 

^=«215^1+(^22“^)5^2+ • * • +^2A> 


+<*712^2+ - • • +{<*7in— •^)%- 

When these equations are multiplied respectively by Vi, and then 

added together the resulting equation is 

,1 ^(a,,-A)«i2+(a22-A)«22+ • • - +K„-AK2 

* Liapotinov, Comm. Math. Sac. Kharkao (1892) ; Ann. Fac. Sc. Toulcmse (2), 9 (1908). 
t This theorem is proved by repeated subdivision of the interval (Ai, Aa). 
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Now, if A is sufficiently large, the quadratic form which stands on the 
right-hand side of this equation is definite and negative, and therefore, if for 
A a sufficiently large positive number a is taken, 

dx ^ ’ 

for all values of x in the interval (a?o, <»). Thus, the positive function 
Vi^+V 2 ^+ . . . +sy„2 (ttininishes as iT increases, and therefore t;i, ^^ 2 , . . 
are severally bounded. It follows that 

are bounded in the interval a7o<a?<oo, and it is obvious that a can be so 
chosen that the limiting value of each product is zero 

Similarly if A=-~jS, where ^ is a sufficiently large positive number, 

d{Vx^+V2^-{- • ^ 

dx ^ ^ 

and therefore the limiting value of Vx^+V 2 ^+ . - • is not zero. 

Consequently, one at least .of 

does not tend to zero as 

It follows, therefore, that any system of solutions 

2/n y^y • • V Vn 

not identically zero admits of a characteristic number Ao* 

An immediate consequence of this theorem is that there exists a real 
number k such that 

Vie^y 

tend simultaneously to zero as a7->oo . 

The corresponding theorem in the case of the single linear differential 
equation of order n is that if the coefficients pj. in the equation 

fjny , dv 

are bounded in the interval (0, oo), there exists a number k such that, if y is any 
solution of the equation^ 

ye^, y'e^^, . . y(n~i)e^^ 

aU tend to zero as n->oo . 

Miscellaneous Exajmples. 

1. Integrate the following equations ; 

0 ^ +lQsr=sin as ; (ii) g _2 ^ + lOy =e® cos 3 ® ; 

(“) 0 -y= cosli » ; (iv) 0 - 3 ^ +22/=a!+2e* ; 

{^) 0 +%=e* sin 22 cos ar ; (vi) g +20 +y^sm x ; 

(vii) (viU) 0 - 50 + 8 g-^=c^»+e»- 

+ 4 !r=e* cos a ; S +8®* 0 +* J =242*; 

+n*y=a!» ; (xH) 2«0 +82*0 -62^ +6j/=2(l -a* 
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2. Find the solution of 


which satisfies the conditions 


dx^ 




dy 

2^=5 ^ =0 when a!=(>. 




8. Prove that a particular solution of the equation 


when 


2 ^=m sin mx i /(aj)cos mx dx — m cos mx f f(x) sin ma? dx. 


4. Integrate the systems 

(i) ^ +ax--bi/=e^y ^ —ay+bx—e^ (a^— 


(ii) 


dt^ 


+n^=0, ^-n^x=0; 




-2ft|+n=j,=0; 


„ . d^x , dy . d^y dx 

5, Solve the system 

^ —323 —42^ +3=0, ^ +aj+2/+5=0 

subject to the condition that, when i=0, 

dxdy 


[Fourier.] 


6. Integrate the system 


dja 


d^x d^ 


="’ ^+#+*+2'=°- 


7. Reduce to diagonal systems and integrate 
UD^-l)x+Dy^^, 
(DaJ+(D2+l)2/=0 ; 
j•(X>=-l)a!+2(D+l)2/+(-D+l)z=2e*, 
(ii) |(r»-l)2a!+4X)2/+(D-3)z=0, 
((3D-D»)a!-2D2/-(D-l)a=0, 
d 

where D ^ ^ . 


[Edinburgh, 1909.] 



CHAPTER VII 


THE SOLUTION OF LINEAE DIFFEEENTIAL EQUATIONS IN AN 

INFINITE FORM 

71. Faflure ol the Mementary Methods.— Apart jErom equations with 
constant coefficients, and such equations as can be derived therefrom by a 
change of the independent variable, there is no known type of linear equation 
of general order n- which can be fully and explicitly integrated in terms of 
elementary functions. When an equation arises which can not be reduced 
to one or other of the general types discussed in Chapter VI., it is almost 
invariably the case that the solution has to be expressed in an infinite form, 
that is to say as an infinite series, an infinite continued fraction, or a definite 
integral. Thus, in the great majority of eases, equations which arise out of 
problems of applied mathematics and which are not reducible to equations 
with constant coefficients, have as their solutions new transcendental 
functions. It may, perhaps, be not without profit to emphasise the fact that 
transcendental functions may be divided into two classes, namely those 
which, like the Bessel functions, are solutions of ordinary differential equa- 
tions, and those which, like the Riemann-Zeta function, do not satisfy any 
ordinary differential equation of finite order. 

The present chapter will deal in the main with the process of expressing 
the solution of linear differential equations as infinite series; continued 
fractions will briefly be mentioned, and the problem of expressing solutions 
in the form of definite integrals will be postponed to the following chapter. 

It was proved in Chapter III. that if the coefficients of the equation 

are all finite, one-valued and continuous throughout an interval 
the only singular points which can occur within that interval are the zeros 
of the leading coefficient poias). All other points of the interval are ordinary 
points. 

From the point of view of the problem of developing the solutions of the 
equation as mfinite series, the distinction between ordinary and singular 
points is fundamental. The following sections aim at making clear the 
distinction between solutions relative to an ordinary point and those u-ppro- 
priate to a singular point. 

7*2. Solutions relative to an Ordinary Point. — The fundamental existence 
theorems show that if is a non-singular point 6f the differential equation,' 
then there exists a umque solution y{w) such that y(w) and its first 72 —I 
derivatives assume a set of arbitrarily-assigned values, 

when 0 ?==*%, and such that y{x) may be developed as a Taylor’s .series con- 
vergent in a certain interv^ It has also been seen that if 

158 * 
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¥2(^0) y are the particular solutions defined by the con- 

ditions 

Fi(®b)=l, ri'(a%)=0, ri<«-i'(a^)=0, 

F2(a:b)=0, Y^'{a!o)=l, F2<«-i>(a!b)=0, 

Y„{xo)=0, F„'(a!o)=0, . . F„'»-i>(®ij)=l, 

then 

y(x)=yoYi(<>^)+yoY2i^)+ ■ • • +yo‘’>-^Y„(x). 

Thus, in order to arrive at either the general solution of the equation, 
or a particular solution satisfying pre-assigned conditions, it is sufficient to 
have derived the n fundantiental solutions Yiicc), ¥2(^)9 • • ¥„(w). 

It is characteristic of ¥^j^i{x) that its leading term is {x—a^Yjrl and that 
no terms in (^2?— • • *3 {x—Xo)^~^ are present. In practice, 

however, it is more convenient to take the coefficient of the leading term to 
be unity and to endeavour to satisfy the equation by series of the form 

yr+l(^)—{^ — ^o)^{I+^rl(^ — ^o)+ • • • “h • • 

Since 

yr+i^^K^o)=^ {^<rh 

yT+i^^K^)=rU 

the Wronskian of the set of solutions yi{x)y y 2(^)9 • • -j ^n(^) not vanish ; 
the set is therefore fundamental. 

The actual method of solution as carried out in practice is to substitute 
the series in the left-hand member of the differential equation, to arrange the 
resulting expression in ascending powers of x—Xq and then to equate to zero 
the coefficients of successive powers of x—Xq, There results a set of linear 
algebraic relations between the coefficients . . . arv9 * • known as 

the recurrence-relations ; thus the coefficients are determined by algebraical 
processes. 


7*201. The Weber Equation. — in the case of the Weber equation * 

3 +(n+i-i«%=0, 

the point x=0 is an ordinary point and the two fundamental solutions may be 
expressed in ascending series of powers of x. But it is more advantageous to make 
the preliminary transformation 

y=ze-i^^Vy 


when the new dependent variable is found to satisfy the equation 

dv 

— — x-r +nv 
dx^ dx 


Now assume the solution 

• • • -|-<2r^+ . . . ; 


the two fundamental solutions Vi and are obtained by assigning the initial con- 
ditions 


(i) 00=1, ai=0, 


(ii) 00=0, 01=1. 


The recurrence-relation which the coefficients must satisfy is 

(r+l)(r+ 2 )or+ 2 =(r— n)a„ (r=0, 1, 2, . . .) 


♦ Weber, Math, Ann. 1 (1869), p. 29. The equation in v was previously studied by 
Hermite, C. R. Acad. Sc. Paris, 58 (1864), pp. 98, 266 \€Eumes II., p. 298]. The 
functions defined by the equation were standardised by Whittaker, Proc. Xmidon Math. 
Soc. (1) 35 (1903), p. 417. See also Whittaker and Watson, Modem Analysis, §& 16^5- 
16*7. 
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and thus 


n(n— 2) w(n— 2)(re— 4) 


a!®+ . 


n-1 , , (n-lXn-S) (»-l)(w-3)(n-5) , 

+ s'! - 71 ® + • 

The ordinary tests show that these series converge for all finite values of \x\. 


7-21. Solutions relative to a Singular Point. — Let the point xq, which for 
the purposes of the argument will be taken to be the origin, be not an ordinary 
point. Then a natural hypothesis to make is that there is nevertheless a 
solution of the form - 

y===ctf(aQ-^ax(Xi+ . • • +cCcc^+ . . .) (ao+^)? 

though perhaps in this case r may not be a positive integer. 

To investigate the possible existence of such solutions, substitute the 
series for y in L{y) and equate to zero the coefficient of the dominant term, 
namely the term of lowest degr^ mip- This coefficient will be either indepen- 
dent of r or a polynomial P(r j in r whose degree will not exceed the order of 
the equation,* In the former case no solution of the type in question exists, 
and the singularity, x—0^ is said to be irregular. In the latter case, if jP{r) 
is of degree n, the singularity is said to be regular ; if the degree of P(r) is 
less than n the singularity is again said to be irregular. For the present the 
singularity will be assumed to be regular ; then the equation 

P(r)=0, 

which is known as the indicial equation^ will have n roots some or all of which 
may be equal. If, for the moment, the equation is reduced to the form 




+P»-i 


dx 




then in order that P(r) may be of degree n it is necessary and sufficient that t 

Pr=^0(x~^) (r=l, 2, . . n). 

The roots of the indicial equation are known as the exponents relative to 
the singular point in question. It will now be stated as a general principle, 
t which be proved at a later stage with the aid of the theory of the complex 
variable^ that if the exponents are distinct, and no two of them differ by 
an integer, then there are n linearly-distinct .solutions of the type con- 
templated. If, on the other hand, two or more of the exponents are equal, 
or differ by an integer, then the number of solutions of the type in question 
in general falls short of n, and the remaining solutions of a fundamental set 
jtre of a less simple character. 


7*22. The Point at Infinity as a Regular Singular Point — The question 
as to whether any finite singularity is regular or irregular can be settled 
almost at a glance ; the nature of the point at infinity can be determined 
with little extra trouble. The transformation 

x—sr'^ 

carries the point at infinity to the origin, and the criteria for an ordinary 

* It is obvxons that P(r) will be independent of the coefihcients a,, • • •» and will 

involve ag as a multiplicative factor. 

- t ordo-symbol 0(a:~~r) will jfrequently be used in the following pages. Its definition 
IS as follow^ : if a fimction/fir) is such that as o^-^O (or oo), j a!rf{x) \ <r jK, where K is a positive 
num^ independent of z or zero, then /(a?) is said to be of the order of or 

It will g^eira^y he clear from the context whether the limiting^process is for or for 
^ I I the state of a:fiairs is indicated by writing f(x)=o(x—r), 

• . proof that py=0(aj~»') is a necessary and sufficient condition for a regular 

smgulanty will be given later (| I5*3Y. 

t JtoCfaap.XV. , " ' 
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point, a regular singularity, and an irregular singularity may then be applied 
directly. 

Consider the equation of the second order 
when transformed by the substitution it becomes 




) dz 


If the original equation has an ordinary point at infinity, the transformed 
equation will have an ordinary point at the origin, and therefore the 
conditions 


2 

z 




= 0 ( 1 ). 


z* 


= 0 ( 1 ) 


must hold as The corresponding conditions for the original equation 

are that 


JP(*) = ^ + 0(a;-2), 
q{x)=0{x-% 


as a)->ao . 

The conditions for a regular singularity are 

2 ___ 


g(g~^) 


(!)■ 
-<’( 1 ). 


as z^O, that is 

29(a;)=0(ir-i), 
q{x) =0(ar-2), 

as - Let 

p{x) 4-0(ar-2), 

q{x)=^qQO[)-'^ 

then the indicial equation relative to the singularity s=0 will be 

r2+(l— poy+go=0- 

Let its roots be a and jS. Then, in the general case, when a and j8 are 
unequal and do not differ by an integer, there will exist two solutions of the 
original equation, relative to the singularity , namely, 

y^=x-^(l+a:^x~'^+a^x-^+ . . .), 

and these developments will converge for sufficiently large values of 1 a? |. It 
is to be noted that the exponents relative to the point at infinity are a, p 
and not — a, — jS. 

The foregoing general principles will now be illustrated by considering 
an equation of particular importance, known as the hypergeometric equation. 


7*23. The Hypergeometric Equation. —The hypergeometric equation * 

* Gauss, Comm. Gott,J2 (1813) [Werke, 3, pp. 123, 207]. A detailed study of the 
hypergeometric function, with references, is given in Whittaker and Watson, Modem 
Analysis, Chap. XIV. 
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has three singular points, namely, aj= 0 , x — 1 , and x — x . The exponents 
relative to ir ==0 are 0 and 1—y, those relative to x^l are 0 and y— a— 
and those relative to a 3 =x are a and To express this fact the most general 
solution of the equation is written in the symbolic form, 

jO X 1 

y=zP\o a 0 X 

(l-y P y-a-^ 

and the entity which stands on the right-hand side of this relation is ^ 
known as the Riemann P-function.* 

The solution relative to the singularity a 7=0 and exponent 0 is develop- 
able in the series 



1 


, ajS 

® 

1 ! .y 


a(a+l)P(^+l) 

2!.y(y+l) 


a(a-fl)(a+2)^(^-fl)(fi4-2) » , 
3!.y(y+l)(y+2) 


and is denoted by F{a, ^ ; y; x). It may be verified that the series con- 
verges when \x\<,l for aU finite values of a and jS, and for all finite values 
of y except negative integer values, and diverges when |a;|>l. If a, ^ 
and y are real, the series converges when x=l if y>a+jS, and diverges if 
y<a+jS ; it converges when 3 ;=;=— 1 if y 4 -l>ct+jSj and diverges if y +1 <a+^. 

Now consider the solution relative to the singularity tT== 0 , with exponent 
1 — y ; assuming the series-solution 

y=::x^-y(l+aiX+a2X^+ . . . +a^^+ . , .), 

it is found that 


{v — y - 4 - 2 ) 01 , 4 . i=(v -\-a — y +l)(v -\-p — y 

for 1 ^= 0 , 1 , 2 , . . with Oo=l. Thus 

y=x^-yF{a--y+l, p—y+1; 2— y; x). 

It may be found in the same way that two solutions appropriate to the 
singularity ic==l are 

y=^F{a,^; a+p~-y+l; 1-x), 
y=^{l-~x)y~°--^F{y—a, y— j 8 ; y— a— ^- 4-1 ; 1—x), 
and that two solutions appropriate to the point at infinity are 
y=x-^F{a, a—y+1 ; a— j8+l ,* ar-i), 
y=X-^F(fi,P—y+l; ^-a+ 1 ; x~^). 

The inteiwal of convergence for the series in 1—x is 0<i»<2, and for the 
series in ar^ it is | a? |> 1 . Thus six solutions have been obtained ; f since not 
more than two solutions are linearly distinct, linear relations must exist 
between them. An example of this linear relationship will now be given. 


7*231. Linear Edationship between the Series-Solutions. — It will first of all 
be proved that, when y>^a4~^j and y is not a negative integer, 

K,P,y, ; r{y-a)r{v-py 

Since, when 0<aj<l, J'(a, jS ; y; a;) satisfies the identity 

{y-(a+^+l)a!}JP'(a, P; y; a!)=aySF(o, ; y ; «) -*(1 -ar)f"(a, ;3 ; y ; *), 

^d^s ince, as may be verified from the series itsdf, F" (a, fi; y; 1) is finite , it foUotrs 

(y-a~fi~l)F'(a, y; l)=aj3F(a, jS ; y ; 1). 

• Riemann, 46 ft. Ge». Wiss. Gm. 7 (1857) [Maih. Wer&e, 2 nd ed, p 67]. 

^ f^mninfir, J. /fir Math. IS (1836), pp. 88 , 127. See also ‘Whittaker and Watson, 
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It may also be verified by comparing the coefficients of like terms that 

afix 


r+1 ; «)— /S; y, a!) = 


and therefore 


y(j'+i) 


ii’(a+l, ;8+l ; y+2; x) 


— " F'(a, ^ i y + 1 ; x), 
Y 


y+1; l)-JP(a,;e; y ; 1)=^ — F'(a, p ; y+1 ; 1) 

y 

op 


F(a,p; y+1; 1). 


Consequently 


y(y-a—p) 

F(a,p; y; 1) = ^ ; y+1; 1). 

y{y—a—p) 


By repeated use of this formula it is found that 

%—i 

F(, 




«-$•« '• (y +r)(y — a — iS +r) 

Butj by a well-known theorem,* the limiting value of the infinite product is 

r{y)r(y-a-^) 


and since 


r{Y-a)r{y-py 

F(a,p; y+n; l)=l+~ U„ 


where is a convergent series and is positive and decreases as n increases, 

limF(a, y+n; 1)=1, 

and the theorem is proved. 

Now, since any solution is linearly expressible in terms of two independent 
solutions, there will be an identical relationship of the form 

F(a, ; y ; x)=AJF(a,j3; a-fjS—y+l ; 1—x) 

-l-B(l-aj)y-a-^F(y-a, y-jS; ; 1-x), 

where A and B are constants to be determined. 

In order that all series may converge throughout the common interval 0=<a?<l 
it is assumed that t 

l>y>a+^. 

Then, putting in succession 33=1 and a?=0, it is found that 

F(a, ; y ; 1)=^, 

l=AF(a,P; a+fi-y + 1; l)+BF(y-a, y-^ ; y-a~^+l ; 1). 

From these two equations the values of A and B are obtained. The resulting 
relationship is 

>'> ,+^_y+l ; l-a.) 

W-^ \P) 


7*232. The Case of integral Exponent-Difference. — The two solutions appro- 
priate to the singularity £c=0, namely, 

^i=F(a, y; x), y^^x^-YF{a-~y+l,p—y+li 2— y ; x), 

are distinct when the exponent-dMerence 1 — y is not zero or a negative integer. 
When y =1, the two solutions become identical ; when y =2, 3, 4, . . ,, the solution 

* Whittaker and Watson, Modem Analysis^ § 12*13. 

f This severe restriction is not essential to the result, it is merely inherent to the method 
followed. 
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becomes illusory through the vanishing of the denominator in the coefficients 
of an mfimte number of terms of the series. Nevertheless, the solution can be 
made significant when y a positive integer, by multiplying it by an appropriate 
constant factor. Consider the solution 

(2-y) . . . jm—y) . (w-1) ! 

(a-y+1) . . . {.a-y+m—l)(p—y+l) . . . 

This solution remains finite whfen y is made equal to m, the first m— 1 terms of 
the series-development vanish and there remains the solution 




. . . ==F(a, jS; mi x). 


Thus, when y is a positive integer or zero the two solutions and 2/2 effectively 
the same. The general method * of obtaining another solution which is essentially 
distinct from the one considered will be investigated in a later chapter (Chapter XVI) . 
A simple example which illustrates the general case is the following; 

Consider the equation 

the origin is a regular singular point to which corresponds the indicial equation 
whose roots are equal. One solution is obtainable directly, namely, 




V ' 42 * 42.52 * 

the second solution is now arrived at by making the substitution 
where n is a new dependent variable. The equation for 0 , namely 

2/iO"-f22/iV=0. 

has the solution 

[ dx f dx 

” x{i+ix^+o(x*)} 

=J’{£c— I® -f 0(x^)}dx = log X —^qX^-\~0(x^), 

The second solution y^ is therefore of the form 
yi=yt log 

Thus the logarithmic case arises, just as it arose in similar circumstances in 
the case of the Euler equation (§ 6*3). 

7-24. The Legendre Equation, — The differential equation 
(1 —x'^) ^ — + n(n + l)y = 0, 

known as the Legendre equation, is of great importance in physical problems ; 
its solutions are known as Legendre Functions.f The equation has regular 
singularities at the points ±1 and at infinity, and is defined by the scheme 

(—1 » +1 
y=P I 0 «+l 0 

* 0 — n 0 

or by the equivalent scheme 

f 0 00 1 % 

y=P\ 0 >+i 0 

. 0 —n 0 ) 

* See linddof, AMa Sm. Sc, Fcmu 19 (1893), p. 15. 

and Watson, Modem 
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The most manageable expansion for the solution is that which proceeds 
in descending powers of m, and is therefore appropriate to the singularity at 
infinity. It may easily be verified that the equation is satisfied hy the two 
series 


yi=(jc^ ■ 


n{n—l) 


= X' 


2 . (2n- 


-1) 


rw— 2 , 


n{n~l){n~ 


2.4, 




, in+l){n+2) 


-n-5 


+ 


.(27^— l)(2n— 3) 

(n+l)(^+2)(ti+a)(^+4) ^ 

2.(2n+3) 2.4.(2n+3)(2n+5) 

both of which are convergent when | ^ | >1. 

In the first place, let n be an integer ; moreover, as no further essential 
restriction is thereby introduced, n will be regarded as a positive integer.* 
Then the solution yi is a polynomial of degree n and after multiplication by 
the factor 


{2n) ! 
2^{n !)2 


will be denoted by This particular choice of multiplying factor is 

made so that, for all values of 7i, P„(l)=l. The polynomials so defined are 
known as the Legendre Polynomials ; they play the central part in the theory 
of Spherical Harmonics. 


The first six Legendre polynomials are : 

Po{a 7 ) = l ; P^(x)=x; P^{x)^i(Bx^—l) ; 
Pi(x)=^i(S5x^SQx^^S) ; P^(x)=i{6Sx^ --70x^i-lox). 
It may be proved directly that if n is a positive integer, 


Pni^) = 




2^.nl dx^ 




This result is known as the Rodrigues formula. 


Now consider the second series ; since this series does not terminate 
when -“1 there is no point in restricting n to be an integer. This series- 
solution, when multiplied by the factor * 

'7r^P(n+l) 

2^+ir(n+|)’ 

is denoted by may be verified, by comparing the series 2/2 with 

the hypergeometric series in that, when a3>l, 

The function Q„(ic), thus defined, may be taken as one standard solution 
of the Legendre equation, and is known as the Legendre function of the second 
Jcind. 

The series yi ceases to be essentially distinct from when 2n assumes the 
value —1 or any positive odd integral value, and is therefore unsuitable as a 
standard solution. Now it follows immediately from the second of the 

* In general, n being real, it is sulSficient to consider values of n such that 
t On account of the duplication-formula for the Gamma-function, namely, 

2^"^r(2)r(s+4)==7r^r(22) 

this multiplier can be written and when w is a positive integer, 

has the value 

2n.{nlY 

( 2 n 4 -l)l‘ 

The reason for this choice will appear later. 
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two schemes by which the Legendre equation may be defined that the 
hypergeometric series 

F(n+h -n; 1; 

satisfies the Legendre equation and assumes the value 1 when a?=l. More- 
over it is a polynomial when n is a positive integer and since, when 
only one solution, namely is a polynomial, it follows that 
P^(x)==F(n+h -n; 1; 

There is no value of n for which this solution ceases to he significant ; 
it is therefore taken as standard. As the hypergeometric function has only 
been defined as a series, convergent when — K^— it follows that 
when n ii^ot an integer the series-development of Pn{^) is only valid in the 
range — Ka?<3. Thus the series-solutions PJj)c) and have the 

common range of validity l<cC<3.* 


7*241. The Second Solution when n is an integer.— Since the exponents 
relative to the singularities x=±l are equal, it is to be expected that the companion 
solution to y^PfSx) is of a form which involves logarithmic terms. Let 

y==uP^{x)—v 

be assumed as a tentative solution, then 


{(1 — 2a!W'}P,i(a?)-f2(l •-x'^)u'Pn{^) "“{(I —2xv' ~\-n(n-[-l)v}=^0. 

Let u be so chosen that 

(1 —x^)v/'' ~-2xu" ~0 

or 

( 1 — — 1 . 


The choice of the number —1 as the constant of integration is made so as to facilitate 
the subsequent identification of the solution which will be obtained. Then 


1 I x-\-\ 


and 0 is determined by the equation 

(1 -a: V'"-2ajo'-{-w(w+l)u=2P^'(aj). 
Now it may be verified directly that 

=(2n - 

and therefore 


Pn'{»)={2M-l)f«-i(a!)+{2n-5)P„_s(a!)+(2w-9)P„_B(a!)4- • . 


the last tem of the series is 8Pi(a!) or PoCa) according as « is even or odd. Conse- 
quently o is to be determined by the equation 

d ^ 

-{(1 -a!*K}+w(n +1)0=2 J (2n-4r+3)P„_j,+ ^{x), 

r=l 

where or Rn+X) according as w is even or odd. But a particular solution 

of the equation 

d 

-{(1 l)a;==2(2n-4r-{-3)P„^,^+ ^{x) 

is 


and consequently 


M3 


2n— 4r-|-3 

N 




2ft-4r+3 




♦ Extended ranges of validity are obtainable 
definite integrals- 


by expressing the solutions in the form of 



SOLUTION OF LINEAR DIFFERENTIAL EQUATIONS 167 


Thus the solution sought for is 


Tr* / X 1 ^+1 (2n— ^ ^ 2n~-5 ^ , 

JP„(.3)10g — 


the last term is 


5.(«-2) 

(n-l)(in-fl) ^ Mn+ 1 ) ^ 


+ • • • 1 = 


according as n is even or odd. The solution is obviously valid for all values of x 
such that I X | >1. 

Let the solution obtained be denoted, for the moment, by S^{x), then since 
P^(a3) and Q„(ai) are distinct solutions, 

S^{x)=AJP^(x)-VBQ^(x), 

where A and B are constants. Now for large values of | a? |, 

PJa!) =0(a2«), q^{x) 1), 

and since 

X^x 111 

^log j::^=- + ^3+^5+ • • • > 

SJx) is at most 0(a!”- 1). Consequently A =0 and S„(x) is a mere mtiltiple of Q„(£b)- 
Thus 

= iP„(®)log 

where P„(aj) is a polynomial of degree n—X. Divide both sides of the equation 
by P„(a?) and differentiate with respect to x, then 

^ _ TJ.X) 

<felP„(a!)5 **-1 {P„(a;)}2’ 

where TJ^x) is a polynomial of degree 2re —2 at most. 

Now since 

(1 + n(n+l)P„(») =0, 

+n{n+l)Q„(®)=0, 

it is found, by multiplying the first equation by and the second by P^(x) and 
subtracting, that 

whence, by integration. 


(a!**-!) Q„(*) 




dx j 


C, 


where C is a constant to be determined. Now, since the leading terms in P«(£c) 
and QJ_x) are respectively 


(2n) I 
2«(n 1)2 

it is found that C=l. Therefore 


x"^ and 




2”(w!)» 

(2n+l)!‘ 


1 

a.-2— 1“ 


±i^\ = 1 . 

dielP„(®)5 (l-a!»Kl’«(*)}*‘ 
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Thus it follows that 



B={PJ.x)Y+{.=»^-l)T^{x). 

Let a!=l, then, since P„(l)=l and ^^(l) is finite, it follows that S=l. 

Consequently 

, aj+1 ^ 271— 4r+3 _ . . 

Qn(^)= “ 2^(2r— l)(7i— 

In particular, 

x + 1 , x4-l 

Q,(x) = I log — ; «i(a!) =|a! log — - 1 ; 

Q,(x) =iP,(x) log ^ - fa; ; «3(*)= log ” - I*" + §• 

7-3. The Point at Infinity as an Irregular Singular Point. — ^Equations 
whose solutions are irregular at infinity are of frequent occurrence ; linear 
equations with constant coefficients furnish a case in point. To study the 
behaviour of solutions of such equations for numerically large values of x 
is therefore a problem of some importance, a problem, however, which cannot 
be fully treated except with the aid of the theory of functions of a complex 
variable.* ^ 

It is, however, possible to give some rather crude indications of the 
behaviour of solutions which are irregular at infinity, which, crude as they 
are, wiU be found to be not without value in their applications. 

Consider the equation of the second order, 

0+P(®)J + ?(^)2/ = O, 

in which at least one of the conditions for a regular singularity at infinity, 
namely, 

p(x')—0(x~^), q(x)—0(x~^) 

as £i»Qo , is violated. It will be supposed that the coefficients p(x) and 
q(w) can be developed as series of descending powers of a?, thus 

p(^)=Po^°'+ • ' 

then since the point at infinity is irregular, one or both of the inequalities 

a>-l, /3>-2 

must be satisfied. 

Now consider the possibility of satisfying the equation by a function 
which, for large values of x, is of the form 

x^e^(^h(x), 

where F(x) is a polynomial in x and v(x)=0(l) as x-^oo . Let Ax^ be the 
leadii^ term in P(x), then on substituimg the above expression in the 
equation and extracting the dominant part of each term it is found that 

2 1 = 0 . 

Thus V is given by 

v=a+l or 2 j^=J34“2, 

whichever furiushes the greater value of y. Thus 2y is a positive integer, 
for simplicity it will be supposed that y is a positive integer also. 

Then a solution of the form 

. . . +t^w^v{x) 

♦ See Chaps. XVII.-XIX. 
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is assumed, where 

and the constants A, /x, . . . , tzr, a, , determined in succession. 

When a solution of this type exists, it is said to be normal and*of rank 
Unfortunately, however, when the series v{x) does not terminate, it 
diverges in general, and therefore the solution is illusory. Nevertheless 
it can be shown that the series, though divergent, is asymptotic,"^ and 
therefore is of value in practical computation. It will now be shown, by 
an application of the process of successive approximation, how it is that the 
divergent series are of practical value, and an illustration will be taken from 
the theory of Bessel functions. 


7*31. Asymptotic Development of Solutions.* 

of the second order 


-Consider the linear equation 


in which p and q are real and ^finite at infinity ; let p and q be developed in 
the convergent series 

• • • 

The substitution y—e^v transforms the equation into 

g 4-(2 A+jp)^ +(A2-i-A^+?)w=0 ; 
if A is a root of the equation 

A2 4* Apo +^o 

the constant term in the coefficient of v disappears and the equation takes the 
form 


d^v 


+{mo+WiX-^ + 


d’O 

• • ■)»=0- 


V—X^U, 


Now let 
then if 

the term in in the coefficient of v disappears. 

do 

The leading term in the coefficient of ^ is cjo and is real if A is real. It 

will be supposed that xzfQ is negative, *f then multiplication of the independent 
variable by the positive number replaces ttio by —I. 

The equation thus becomes 


d^u 


+l-‘+?+3+ ■ • ■ SS+1 






dx^ ’ ' tJ? * <33^ 

a solution will be found which assumes the value 77 when a 3 =+oc. 
Ux =7] and define the sequence of functions by the relations 
d^U2 du2 


Let 


dx^ 

d^Un 


dx 


. . . U 

(a? ‘£c 2 ‘ ) dx (X^^X^ ) 


dx^ 


du. 

dx 


n _ , ^2 , I ^3 , L, 


* WMttaker and Watson, Modem Analysis, Chap. VIII. 

.♦ The case in which ar<, is positive and that in which A is imagina^ may he left to the 
reader. An example of the latter eircumstance is given in the following section. 
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U„=T]+J^(^ + ■ ■ ■ 1 

cbo , bs , 




+ 1 ’ (e^ + 


where a^, a2, . - 

^23 b^, , . .. 

It follows that 


are expressible in terms of ai, a^, . . 




Let it be supposed that j Un-i’—u^-^ I is bounded for ^>a, and that its upper 
bound is M^_i. Then | Un—u^^x I is boundedin the same range and its tipper 
bound Mn satisfies the inequality 

where ^ is a constant, independent of n. Now is bounded for sufficiently 
large values of x; consequently the inequality holds for all values of n. 
It follows by comparison that the series 

U=Ux+{U 2 —Ux)+ . . . +{Un—Un-i)+ ... ^ 

is convergent for sufficiently large values of x. Moreover its sum is a solution 
of the differential equation in u. 

Now 

+ . . . j^di+Jjl^+&+ . . . 

[ *^^2 1 I I 

X x^^ ^ ^ X^-^ x^ 


X X‘ 

where cj-^O as a3«->oo , 
Similarly 


^3“-W2— — + 

j ^^m-1 j -^^m + ^2 
‘ afn-l 1 

and finally, if m';>ny 


Jn-l ^ 

U — U 1 — * n 1 j 

Jn—l 

j m—1 1 

"T ^m-1 1 

^n-1 ^n-l 

where as tr -^00 . 


Consequently, 


%+(%“%)+ • . . +(t^n‘ 

1 ) 

-’^ + ¥+«2-+ • 

1 ^m—l 1 C'„j + € 

■ ■ ' as™ ’ 


* The solution of 

dhi du _ - 
<&!» tto 

which reduces to 17 when »=: q-oo is 
provided that the integral exists. 
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where as . On the other hand 



where R is a constant, for sufficiently large values of cs. 
It follows that 




. Cn-l 

* « «n — 1 




where as aj->oo , 

Consequently the given differential equation admits of a solution of the 
form 


y.=e^X-^r, + ^+^+ . 


^n-l [ ^n+Yn ] 
^n-l y 


The series '%CrCC~^ niay terminate, in which case the representation is exact. 
But when the series does not terminate, it in general diverges.* Never- 
theless if m is fixed, and denotes the sum of the series 


+ 

^ /-T- ^ -r ^cc^y 

then if e is arbitrarily small, 

for sufficiently large values of | a? |. Consequently the series furnishes an 
asymptotic representation of the solution, and the sign of equality is replaced 
by the sign of asymptotic equivalence, thus : 

y~e^x<'^ri + ^+ . . . +^+ . . . 


7'32. The Bessel Equation. — When n is not slil integer, the Bessel equation f 

is satisfied by the two distinct solutions 

yi=Jn(^)> yt=J-n{0i), 

where 

a?” C, a?2 , 




■2»r(«+i) 




...j. 


22 . 1 1 . (n+1) ^ 2^ . 2 ! . (7^-|-l)(7^+2) 

When n is an integer these two solutions cease to be independent. The 
second solution, when n is an integer, is of the logarithmic type.J 

Now consider solutions appropriate to the irre^ar singizlarity at infiitity.§ 
The substitution 

y^x~^u 

removes the second term from the equation, which becomes 

d^u . y , J— 

»+P+Vi“-"- 


♦ This can be verified by considering the simple equation 


dx^ 




t Bessel, Ahh. Akad. Wiss, Berlin, 1824, p. 84. An account of the early history of 
this and allied equations is given by Watson, Bessel Functions, Chap. I. 
t This solution will be ^ven explicitly in a later section (§ 16*82). 

§ For a complete discussion of the problem, see Watson, Bessel Functions, Chap. VII. 
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For large values of | | this equation becomes effectively u" -\-u=0, which 

suggests the substitution * 

The equation now becomes 


, ^.dv 
dx^'f ^ dx 


-n^ 




v=0. 


This equation is formally satisfied by a series of descending powers of x, 
namely 

22 . 2 ! . £^2 


^x 




23 . 3 ! . ajS 

24.4!.cr^ ‘ ‘ 

This series is divergent for all values of x, but it is of asymptotic type. 
In fact, if I a? I is large, the earlier terms diminish rapidly with increasing rank, 
and as will be seen later the series furnishes a valuable method for computing 
JJix) when x is large. 

By combining the series obtained with that obtained by changing i 
into — two asymptotic relations are obtained, namely 
yi ^ x~i(U cos x-\-V sin x), 

2/2 ^ x~~^(U sin x—V cos x), 

where U and V stand respectively for the even and odd series 


and 


22 . 21 . 3:2 

2ic 


(i-n2)(|^n2)(M^n2)(M~^2) 

2 ^ . 4 1 


23 . 3 ! . ^3 


+ 


The connection between the function Jq{x) and the corresponding asym- 
ptotic series may be derived from the relation, f 


Let 

then as ;c--»oo 


Thus 


yTT 

7tJq{x)= / COS {x cos 6)dJd. 

J 0 

o(^) +-^2/25 

lim x^Jq{x)=A cos x+B sin x, 
lim x^JqXx)^ — A sin x+B cos x. 


A = lim xi{jQ(x) cos x—Jq{x) sin x} 

= lim~J^{cos X cos {x cos ^)+ sin x cos 6 sin (/r cos d)}dB 


Let 


+ lim ^ cos (2x cos^^S) sixi^^Odd. 


cos {2x sin^B) cos^ddd 

'X^ , 


V(2ir} sin 


procedure when n=0, see Stokes, Trans. Camb. TUI. 
Soc. 0 (1850), p. 182 ; IMath. and Thys. Papers^ 2, p. 350]. 
t An equivalent relation will be established In the foil 


L in the following chapter, § 8‘22. 
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Xi /■*”■ 2^ r V(2a;) / A2 

lim — j ^ cos (2a? sin2|^) cos'^\ddd = lim ( 1 — cos (}>^dcf> 

= — f cos , 

^ j 0 


The second integral has the same limit and therefore 
Similarly B^rr^^y and thus 


r/ \ 12.32 , 12 . 32 . 52.72 \ . _ . 


' 12 12 . 32.52 

'23.a;3 29.3t.a:3 


+ . . .) sin {x-l^r). 


7'321. XTse of the Asymptotic Series in Numerical Calculations. — The value 
of the asymptotic series may be illustrated by computing particular values of 
Jq(x), If the ascending series 

^ 2 ^ 2 ® 2 ® .32 ~ 2 ^® . 32,42 2 ^ 2 , 32 , 42 , 52 “ 

is used to evaluate Jq{2). and the last term taken is that in a?^®, the value 

Jo(2) =0-223 890 779 14 

correct to eleven places is obtained. But if a? =6, and terms up to and including 
that in aj^p are taken, the value obtained is 

Jo(6) =0*15067, 

which is correct to four places only ; in fact the last term used has the value 0*00026 
which affects the fourth decimal place. Thus for even comparatively small values 
of a? the ascending series is useless for practical calculations. 

Now consider the asymptotic representation of Jq{^) ; it is found that 

J^q( 6)= ^ {(siu 6 -f cos 6)U’+(sin 6— cos 6)V}, 

where 

12.32 12.32.52.72 12.32.52.72.92.112 ^ 

^~ 26 . 2 ! .62 212.41.64 “* 2i8. 61.66 "r--- 

=1—0*00195+0*00009-0*00001+ . . . 

=0*99812, 


12 12 . 32.52 12 . 32 . 52 . 72.92 

~ 2® .6 ”2* .3 1 .6® ^ 2^^.51.65 

= 0*02083—0*00034+0*00003 
= 0*02052. 

Since 2 jr— 6=0*28318, it is foimd from Burrau’s tables that 
sin 6 = —0*27941, cos 6 =0*96017, 
and therefore 

Jo(6) =0*23033 (0*67948 -0*02544) 

=0*15064, 

correct to five places of decimals. Thus by the use of the asymptotic series a more 
correct result is obtained with far less labour than in using the convergent ascending 
series. 

7*8S2. The Large Zeros of the Bessd Punetions, — it may be proved, as in 
§ 7*32, that 

J„(.x) cos {x —inn — Jn) + V„ sin {x —inn — Jai)}, 
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where 


Un = l- 




8x^ 


+ 


Vn = 


2x 


If, therefore, i is a zero of Jn(x), S is given by the relation 


cot {^—^7171— In) 


2$ 


Consequently if | is a zero of large absolute value and n is not very large, | is 
approximately given by the equation 

cot (i—^nn—in)=0. 


or 

l={4n±m— i)5T, 

where m is large.* 

An immediate consequence of this result is that the large zeros of consecutive 
Bessel functions separate one another,! that is between two consecutive large 
zeros of J^ix) lies one and only one zero of 


7*823. Farther Elostration of the Use of an Asymptotic Series. — The 

differential equation 

dy . 1 

is formally satisfied by the series 

1 1! 21 nl 

_L ! L . . , -L -I- . , . 

^ ^n-^1 


but the series is obviously divergent for all values of a?. 
Now the equation possesses the particular integral 

/•« 


fse 

J —00 


which is convergent when x is negative. 

By repeated integration by parts it is found that 


fX 

Q-X j £B— 

J -00 


, ^ 1 11 21 

= 4--;,+ 


where 


— 4-R 

"a-n+l 


Now when a 3<05 


i2„==(n-{-l) ! e-^ J x-^-^e^dx, 

1 1 <(«+!)!«-* I*-”-* I J* e*£to 


(w+l)l 

I j * 


Consequently the error committed in taking the first n terms of the series is 
numerically less than the term. The series is therefore asymptotic and 

may be used for computing the integral. 

The function de&ied by the integral 



is known as the exponential-integral function and is denoted by JSi(x), 


* The method is due to Stokes, Trans, Comb, Thil, Soc. 9 (1850), p. 184 ; [Math, and 
Papers, 2, p. S52]. For its full development see Watson, Bessel Punctions, § 15*53. 
t This theorem is in fact true of all the zeros. The general problem of the distribution 
of the zeros of solution of a linear differential equation of the second order is treated in 
Chfiqj. X. 
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7-4. Eauations with Periodic Coefficients ; the Mathien Equation, — 

When the coefficients of a differential equation are one-valued, continuous, 
and periodic, say with period tt, the general solution does not necessarily 
also possess the period n. In fact the equation may not, and in general does 
not, admit of such a periodic solution. 


Thus the equation 


dx 


cos 2x)y—0 


has no periodic solution unless a=0, and although the equation 


dx^ 




has always a periodic general solution, the period is not 7t unless n is an even integer. 


The consideration of the general case will be deferred to a later chapter,* 
but a particular equation which has some important applications, namely 
the Mathieu equation f 

^+{a—2d cos 2x)y=Qy 

will be considered. This equation has no finite singular points and therefore 
its solutions are valid for all finite values of x. Moreover if G{x) is a solution 
which is neither even nor odd, then (?( —x) is a distinct solution and 

^G{x)+G[-x)} 

is an even solution, not identically zero, and 

^Gix)-G{-x)} 

is an odd solution, not identically zero. Thus it is sufficient to consider only 
even or odd solutions. Now if the equation possessed two distinct even 
solutions, a solution satisfying the initial conditions 

t^(0)=0, 2/o'(0)=l 

would not exist, which is in contradiction to the fact that the origin is an 
ordinary point. Thus two distinct even solutions; and likewise two distinct 
odd solutions, cannot exist." Thus one fundamental solution is even and 
the other odd. 

Now assume that an even periodic solution with period 27r exists, and 
admits of the development | 

00 

C„{x)='^ef cos {2r+l)x. 

T=0 

By substituting this series in the equation and equating the coefficients of 
like terms, a set of recurrence-relations connecting the coefficients Cj. is 
obtained, namely 

• (a— 1— ^)co— ^ci==0, 

(7^=1, 2, B, . . .). 

* See Chap. XV. 

t Mathieu, J. de Math. (2) la (1868), p. 146 ; Whittaker and Watson, Modem AncUysis, 
Chap. XIX. ; Humbert, Fonctions de Lami et Fonctions de Mathieu. 

I The differential equaiion has no finite singular point, and therefore (§| 8*32, 12*22) 
its solution has no finite singularity, and the devriopment convexges for all values of x. 
See also Whittaker and Watson, Modem Analysis, § 9*11. 
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Now these equations must be consistent ; the condition for their consistency is 

A{a,e)=\ a-l-e, -6, 0, 0 ,... |= 0 . 

d, a— 9, —&, 0, . . . 

0, -e, a -25, -e, . . . 

0, 0, —0, a— -49, . . . 


Thus, in order that a periodic solution of the type considered may exist, 
the constant a must have one of the values determined by the determinantal 
equation 

A{a, 6>)=0. 

These values of a are known as the characteristic values ; when a has been 
determined, the coefficients c^ may be obtained from the recurrence-relations, 
and are determined uniquely, apart from a constant factor. 

Let be that root of the determinantal equation which reduces to 
when B =0. Then it may be verified that f 
ai=l+^+0((92), 

+ 0(6^), 

+0(g^) (n=5, 7 , 9 , ... ). 

It may also be verified that if u==^J 2 n-ri ^^d c„ = l. 


(2n—r)l6^ 

22^r!(2n)I ‘ ^ 

^n+l~ o/^ I T \ ^n + 2 — 


8(71 + 1) 

. , (2n+ l)ie r 

Cn+r = (-'l) 


64(n + l)(2?l+3) 

+ O(0r+i), 


+0(03), 


22»'r!(2n+r+l)! 

which, at least for small values of | 6 [, confirms the convergence of the series 


In the same way, a solution of the type 

So{^)=X^'r sin {2r+l)x 

r=0 

exists, where a is a root of the determinantal equation 

A{a,—e)=0. 

The recurrence-relations from which the coefficients cV are determined are 

(fl, — 1 +^)c 0 — Oc\=0, 

{(2r+l)2-aKr+9(c'r+i+c%.-i)=0 (r=l, 2, 3, . . . )• 

There also exist, for appropriate values of a, solutions of period tt, of the form 

00 

^e(‘») COS 2ra;, 

r=0 

00 

Se{x)= c\ sin 2rx. 

♦ As it stands, the determinant is not convergent ; it may, however, be made absolutely 
convergent by multiplying each row by an appropriate factor. See Whittaker and Watson, 
Modem Analysis, | 2*81. 

t The verification is mc^ easily affected by expressing a and Caf®) as ascending series 
in 6 and determining the first two or three coeffidlmts. 



SOLUTION OF LINEAR DIFFERENTIAL EQUATIONS 177 


The recurrence-relations in these cases are respectively 

{4r^—a)Cr-{-d{Cr.)ri+Cr~j)=^0 {r=l, 2, S, . . . 

(a —4)c'i —6c' 2 —0, 

=05 {r~2, 3, 4, . . . }. 

Thus there are four distinct types of solution of the Mathieu equation, 
having a period tt or 27 t ; these solutions, multiplied by appropriate factors, 
are known as the Mathieu Functions. The Mathieu Function which reduces 
to cos mx when ^--0 and in which the coefficient of cos mx is unity is denoted 
by ce^{x). Similarly the function which reduces to sin mx when ^=0 and 
in which the coefficient of sin mx is unity is denoted b}^ se^{x). Thus 

c^2w-ri(^) is of type Co{x)^ 
ce^ni^) is of type Cq{x), 

is of type So{x), 
se^ni^) is of type Sq{x). 


7*41. The Non-Existence o£ Simultaneous Periodic Solutions. — Let a 

be such that Mathieu’s equation has a periodic solution of type Co{x). Then 
the question arises as to whether in any circumstances the second solution, 
and therefore the general solution, can be periodic. Since if yi and are 
distinct solutions of the equation. 


and therefore 



— 2/2 




= 0 , 




= constant, 


it follows that if is of type Co (x), y^ is of type Sq (x) and not of type (x). 
If the equation admits both of a solution (cc) and of a solution (x) the 
equations 

(u— 1— ^)Co-“^Ci=0, 

(a — 1 -i-^)c 0 — 6c 1 = 0 , 

{(2r4- 1)2 —a}Cr+d{Cr+i 4-c^- 1) =0, 

{(2r+ 1 )2 — a}cVH-^(c'r+ i+c'r- 1) =0: 

(r=l, 2, 3, . . .) must be satisfied simultaneously. It will be show’n that 
this is impossible. 

From the first two equations it is found, on eliminating a, that 

^0^ 1 — ^ 0^1 =2c0C 0 
or 

Co, Cl \ =2coc'o. 

c'o> c'l j 

Similarly the last two equations give 

C^(c -^C y—i) ==C f(Cri-l~\~C ^ — j) 

or 

I C^> ^r+1 “ j C^—i, Cj. I 

i C C J.^1 I C y— C y 1 

whence, for all values of r, 

Cri -f- 1 I =2CoC q. 

c' r, C% , I I 
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But if Co is zero and 6 is not zeroj the remaining coefficients are zero and the 
solution is identically zero. Therefore Cq -is not zero, and similarly c'q 
is not zero. But in order that the series may converge it is necessary that 

as 

which leads to a contradiction. Thus, except when 0=0, solutions of types 
Co{^) and iSoCi) cannot exist simultaneously. In the same way it may be 
proved that solutions of types C^ix) and Se{x) do not co-exist. 

7*42. The Nature of the Second Solution; — It has thus been proved that 
if one solution yi has the period tt, or 27r, the second solution is definitely 
aperiodic. An indication of the general character of this second solution 
will now be given. Since 

where C is a constant. 

Now let 

00 

j/i=C<,(a:)= cos (2r4-l)a!, 

then 

00 

^ COS 2rir, 
r=0 

and since 2/1 is not zero when £c=0, 

00 

cos 2r;2?. 

r=0 

The last series is convergent at least for sufficiently small values of x. 
Consequently 

2 / 2 =C'| c,. cos (2r+l)aj||goa?+ 2 

where since 2/2 is known not to be periodic, go i® ^ct zero, and therefore, with 
an appropriate choice of C, 

y^^xCo{x)-\-So\x\ 
where 8f^{x) is a series of the same type as SJ^x), 

Thus y^x) is not periodic, but quasi-periodic, and 

2 / 2 ( 37 +27r)=i/2(aj) +27r2/i(aj). 

The nature of the second solution, when the first solution is of type SJ^x^ 
Ce(x), Sfi(x) may be investigated in the same way.* 

7'5. A coimexioii between Differentia! Equations and Continued Fractions. — 

The particular method of dealing with differential equations which will now 
be outlined has the advantage that it is direct and not so artificial as the 
method of solution in series. It suffers on the other hand that it is applicable 
only to linear equations of the second order and admits of no obvious extension 
to equations of higher order.f 

The equation to be Considered may, without loss in generality, be assmned 
to be of the form 

y=Q(&'+Piy", 

* The general solution when a is not a clmracteristic number may be exhibited in a 
variety of forms. See, for example, Whittaker, Proe. Edin. Math. Soc, 32 (1914), p. 75. 
f The method was originally applied by Buler to the Riccati differential equation. 
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where Qq and Pi are functions of x. The equation is differentiated and 
becomes 


where 


Q — p — 


This process is repeated indefinitely, and a set of relations 

is obtained, where 7i=l, 2, 3, . . . , and 

a — ^w- l+P «" p _ Pn 

— T 'r\f " 5 ■* n+1 

A — ^ n-l 


Then 


i-QV: 


f' =^o+Pil~r, 


=Qo+ 


Pi 


Q.\''\~P‘2.j ^ 


.h I 2 

0 Qi+Q 2 4’ + Qn+Pn’ 

where 

7 ? =P 

It is therefore natural to consider the continued fraction 

(A) _L ?1 ^ 

Qo + + Q 2 + + Q.n + 

if it terminates it will represent the logarithmic derivative of a solution of 
the equation ; if it does not terminate the problem of its convergence arises. 
This question is settled by the following theorem, which is fundamental in 
the theory of continued fractions.| The continued fraction (A) converges 
and has the value y' jy if y^O and (i) P^->P, Q^r^Q ^ n-^oo , (ii) the roots pi 
and p 2 of the equation —Qp +P are of unequal modulus, and (iii) if \ pg 1 < | Pi | 
then 

1 

lim I 2 /<^> !'*< ! P 2 1“^ 

provided that | P 2 1 =t= 

When 1 Ps 1 condition is replaced by the condition that the 

limit is finite. 

7-501. An example of a terminating Continued Fraction. — in the case of 
the equation 

y^my^+my ’ 

where m is a positive integer, the derived equations are 

(n=l, 2, . . . m-1), 

* A similar continued fraction may frequently be obtained by integrating instead of 
differentiating. 

t A proof of this theorem will be found in Perron, Die Lehre von den Kettenbruchen, | 57. 
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It follows that 

y' m m—l m—2 1 

y ~ X -r ^ 

Since the continued fraction terminates, it may explicitly be evaluated by cal- 
culating its successive convergents,* and it is found that 

'y ~ ... ’ 

where 

nl 

2‘^rl{n—2r)V 

Thus, as may be verified directly, the equation has the polynomial solution 

. . .. 

7*51. The Function, iFi(a; y ; a?) and the associated Continued Fraction*— 

The function f 

where 

(a),=a(a+l) . . . (a+r—l), 
is a solution of the equation 

^y={y—^)y'+^y''i 

when y is not an integer an independent second solution is 
x^-yiFi{a—y+l ; 2—y ; x). 

The series terminates when a is zero'or a negative integer ; this case is of 
no new interest and will be put aside. When the series is multiplied by 
l/Ay) coefficients are always finite, and the function vanishes only when 
y— a as well as a is zero or a negative integer. This case also will be excluded. 
Now let 

y^_ iFi(a;y;a^) 

Ar) ’ 

then 

r(n)=ZZ:^y-(»+i)+^ y(n+2) 2, 3, . . .)■ 

a-f-n a+n ^ ^ 

All the derivatives cannot vanish, for if and were to vanish 

when x==Xq, it would follow from the above relation that and 

finally F itself would vanish -when Thus F would vanish identically, 

which except in the excluded cases is not true. 

It may be verified directly that 

F'(a ; y ; a:)=aF(a+l ; y+1 ; a?), 

* Ch^stal, Aigebra, 11., Chap. XXXIV. 

t This function was first considered by Kummer, J. fur Math. 15 (1836), p. 139 ; the 
notation is due to Bam^, Trans. Cathb. Phil. Soc. 20 (1906), p. 258. The confluent hyper- 
geometric functions are dosefy allied; in Whittaker’s notation 

k ; 2m+l ; x); 

see Whittaker and Watson, Modem Analysis, Chap. XVI. The Bessel functions are 
particular cases, in fact 

i^'i(n+i ; 2«+l > aia). 
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and. in general, 

FW(a; y; ai)=(a)„Y(a-{-n ; y+n; a:) 


r(y-\-‘n)( ^ y-\-n 
Let m be a positive integer such that 

m> ia], m> 2\y\, 

n+ I g ! 


(, I X (a-hn)(a-t-?i+l) ^a;^ / 

:y+«)r^y+w 1'. (y-i-n)(y-i-n+l) 2! ' '3 


then, if n>m, 


\ a-+n \ 
\y-\-n ; 


< 


n—\y\ 

n-{'m 


and, a fortiori, if r>l 


Consequently, when n'^m, 


n—hn 
la-f-n+r 


< 


2m 

Jn 


=4, 


iy+?i+r; 


<4. 


y(«) I = 




!(a+'??^) • • • (a+n— 1)| ^ a? , 

I V 4 + “ 


! i(y“f'^) • • * — 1)1 i ^ ‘ 1 

i . 4n-»( 1 . Ii£_l , iifJ! 4. ) 

r{y+m)\ 1! ^ 2! + ' ' ‘J 

47t— ?Bg4(x|^ 


<1 


1 r{y+m) I 

and therefore | is finite. But the equation for p is 

and p 2 == 0 . It follows that the continued fraction 

X X 

I i 


y—X ^ y—x-\~l y—X +2 

"oT’ a+1 


+ . . 


a (a+1)^ ’a~\-2)x 

y—x-\~y—x+i +y—x-j-2 + 
converges and has the value 

d 


dx 


{logiFi(a; y; a;)} 


for all values of x for which the latter function is finite. 


The hypergeometric equation may be treated in a somewhat similar way, but 
the results obtained are by no means as simple as in the above case. The main 
result is that, for real values of x, the continued fraction 

( g+l)(/g+l)a?(l— a?) {a-i-r){^-^r)x(l—x) 

y— (g-hj^+l)a3 + y-j-1— (g-}-^-i-3)a3 -j- ’ * ’ + >'-fr--(g4-^-i-2r-rl)aj -r 

converges to the value ^ log F(a, ^ ; y; x) when x<il, and to the value 

™ log J^’fg, ^ ; g-hiS— y-f 1 ; 1— a?) when £C>|.t 

* Perron, Bend. Circ, Mat. Palermo^ 29 (1910), p. 124. 
t Ince, Froc. London Maik, Soc. (2), 18 (1919), p. 236. 
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7*511- Contmued Fractions and Legendre Functions. — It may be verified 
that, if 2 /^ is a Legendre function of degree n,* 

(w+2)2/„ + 2--(2n-f3)oi3y„4-i+-(^+l)2/n==<> (n==0, 1, 2, 3, . . .), 

These recurrence relations lead to the infinite continued fraction 

1 12 22 32 


2/0 = 


■ Sx — 5x —7x — 


the convergence and significance of which will now be investigated. 
Since, as n->oo , 

2n-^S n4-2 

— ~x-^2x, -“-^ 1 , 

ti-j-l n + 1 


the equation in p is 
and 


p2_2'j7p — 1 

P2==a3— 1)* 

The continued fraction will therefore converge and have the value if 


lim l 2 /„l«<| 


x—V(x^—l) 


— I x+V(x^—l) |. 


Now, since 

and therefore f 

Thus when 


2”(n !)2 

lim Qn+i(.oe) I QJ,x) 


lim 1 Qn(x) \n = 


21*1 


or at least when | a; | >1, i/q can be identified with Q,q{x), and therefore 

32 


^ . X 1 12 22 

X —Zx —5x —7x~ 


Now (§ 7*241), since 

Q„(*) = JP„(*) log ^ -P„(*) 

X — 1 

=PJx)QJx)—Bn{x), 
where is a polynomial of degree 72 —1, 

^n(x) Q„(*) 

It follows that the convergents of the continued fraction for Qo(^*J) 

Ri(^) -^ 2(^3 lR^{x) 

p,(xy PM' * ‘ ■’ Pni^y ’ * * 

This result furnishes a practical method of evaluating the polynomials 

* These recurrenee-relatTons are also satisfied by yn^Pni^) except the first, which is 
evidently not satisfied- 

t Bromwich, Infinite Senes, Appendix I., p. 421. 
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Miscelijineous Examples. 

1 . Find a series which satisfies the dijSterential equation 

Prove from the differential equation that if/(m) is the solution which reduces to unity wdien 
a ;=0 then, for all values of x, 

2 . Show that the function 




satisfies the equation 


2 .{ 2 n- 2 ) ^ 2 . 4 .(2n-2){2n-4) 


d^y S dy ^ , 722 - 1 1 X , . •4.- • 4. 

^2 when n is an even positive integer. 


= 2 when n is an odd positive integer. 

[Edinburgh, 1912.] 

3. Find two independent series of ascending powers of x which satisfy the differential 
equation 

Show that the equation is also satisfied by an asymptotic expansion of the form 

e^x—iv 

where ^ = 5203 ^ and u is a series of descending powers of x-. [Edinburgh, 1914.] 


4. Show that the following functions satisfy the h^’pergeo metric equation 

(i) ( 1 — a3)y-a-^F(7 — a, y— ^ ; y; x)y 

(ii) — 2 ~y; x). 

Transform the equation by taking in succession as new independent variables 

z—l—x, z—ljx, z— 1 /( 1 — rr), z=a?/(£c— 1 ), z—{x — l)lx 

and write down four solutions in each of the new variables. Show that the aggregate of 
twenty-four solutions may be grouped into six classes, such that the members of each class 
are equal or are constant multiples of one another. [Kuramer.] 


5. Prove that, when m is a positive integer and — l<a:<l, the associated Legendre 
equation 

is satisfied by the associated Legendre functions 


Pn^{Xi)=={l ~x^) 




dxm 




i7n ci^iQj2(x) 


dx^n 


Obtain and identify descending series which satisfy the equation. 


[Ferrers.] 


6. Show that if CjP(x) is the coefficient of in the expansion of (1 — 2a?A-r^^)~^ bn 
ascending powers of h, then Cv^(x) satisfies the differential equation 

dx“ ‘dx x^—1 ^ ’ 

and express Cvl^{x) as an associated Legendre function. 

7. Show that the differential equation for CyP'ix) is defined by the scheme 

-1 00 1 j 

0 v+2fi. 0 a; . 

J— /i —V i — fi I 
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8. Prove that the differential equation 


(1— +{S+e+l— 




— (ajS+jSy+ya + a+^+y+l)®} ^ ~~a^y=0 
is satisfied by a function sFgia, j8, y ; 0, e ; x) whose series development is 

1 , Q^y ^ , a(a+i).^0+i)-y(y+i) 2 r 

2ia(^4-l).€(€4-l) “f • • • 


9. Prove that, when n is not an integer. 


1 «/n(2J) / 


—2 sin riTT 

7raj{ Jn(a3)}2 » 


J„- i(a?)J -n(i«) = 


dx 


2 sin n?r 


[LommeL] 


10. Show that when n is half an odd integer, the Bessel equation admits of solution in 
a finite form, and that 

Ji(®) 

T / \ (-~l)^(2a?)*4-i dk /'sinx\ 

j,.+ j(^) = - • w-C— j> 

and obtain the general solution in each case. 


11. Show that the general solution of the equation 

may be written in the form 


4g + 90^=0 


y=^Ax^Jl{ay-)+Bx^J—^{x^, 


12. Show that the equation 

dx‘^ ‘ ’ 

is integrable in terms of Bessel functions, and that, when m is a positive integer, it admits 
of the following general solution : 

w here A and B are arbitrary constants. 

13. Find ascending and descending (asymptotic) series-solutions for the confluent 
hypergeometric equation 

( X k I— m^\ ^ 

and show that, when a solution is 


satisfies the Weber equation 


y=xiJn(iia}). 
ution of the co: 


14. Show that if Wjc,m{!^) is a solution of the confluent hypergeometric equation, the 
fimction 


g+{n+i-ia!%=0. 


Solutions of this equation are known as the Weber- Hermite or parabolic-cylinder functions 
and are denoted by 1> Jaj). Veri^ the asymptotic relationship 

” I 2aj® * 2.4£C^ ) 

and show that is an independent solution. 
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15. By considering the differential equation 

ay=-xy'-Jry^, 

show that when a>0, 


a a-j-l a'4'2 a-}-3 

a? + a + o; + X 


+ • • • 


0 


16. Show that the substitution y—e^u transforms the equation 

ay==(y-aj)2/'+a!tr 

into 

(a — y)u = (y +a!)w' + ajw'*', 

and hence prove that 

aX {a-\-V)X (a-\- 2 )x 

y — X ■{“ y — X'^'L -j- y — aj-{~2 

__ (y — cl)x (y—a-—l)x (y— a— 2)<3J 

y-f-a? — y-{-*c4*l — y-f-aj+2 — 


17. Show that, if D^ix) is the Weber-Hermite function, 
Dn'ix) _ n n— 1 n— 2 

Dnix) ”"a?— X — x — ***’ 

__ n + l n4-2 w-f-3 


[Perron.] 


and that 



CHAPTEE VIII 


THE SOLUTION OF LINEAR DIFFERENTIAL EQUATIONS BY 
DEFINITE INTEGRALS 

8'1. The (Jeneral Principle. — The object which is now in view is to obtain 
a definite integral of the form 

(A) y{x)=f K{xJ)v{t)dt, 

J a 

wherein x enters as a parameter, to satisfy the given linear differential equation 

(B) i*(2/)=0. 

There are three distinct elements in the definite integral which have to be 
chosen as circumstances demand, namely : 

(i) the function K{x, t), which will be known as the nucleus of the definite 
integral, 

(ii) the function c(i), 

(iii) the limits of integr-^aon, a and jS. 

Now let it be npposed that the nucleus K{x, t) can be found to satisfy 
a partial differential equation of the form * ^ 

'OF UK)=^MIK), 


where Mi is a linear differential operator involving only t and ^ 


Then, if it is permissible to apply the operator to the definite integral 


= 1^ Lg{K(x, t)}v[t)dt 

J a 


■■ f M({K(x, t)}v{t)dt. 

J a 

Let Mi be the operator adjoint to Mi, then from the Lagrange identity ($ 5‘3) 
which is here of the form J 

v{t)M^EixJ)}-K{x, t)MMt)}= 

it follows that , 

LM‘^)}= t)Mt(v}dt+lp{K, 

J d L — (X I 

In order that the integral (A) may be a solution of the equation (B), the ! 
right-hand, member of this last equation must be zero. Such is the case if, ■ 
in the first place, v(t) is a solution of the equation 

Mt(o)=0, 

* Bateman, Trans. Comb. Phil. Soc. 21 (1909), p. 171. 

t This assumption will be made throu^out the present chapter. j 

+ The bilinear concomitant P{E, v) here involves * as a parameter. 

186 , 
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and secondly, if the limits of integration are so chosen that 
identically. 

This method admits of considerable generalisation. Thus, for instance, 
let it be supposed, not that the nucleus i? (a?, t) satisfies the partial differential 
equation (C), but merely that two functions K{x, t) and k{x, t) can be foimd 
such that 

LJ^K(oo, i)}=:Mt{K{x, t)}, 

then 

and it is now necessary to find the function v(t) and the limits of integration 
a and as before. 


8*2. The Laplace Transformation. — If, in the operator each coefficient 
is of degree m at most, and the operator itself is of order ii, may be written 
in the extended form 


( A ) -^*=2 

r=0s*=0 

in which the coefficients constants. 

Consider, together with L^., the operator 


(B) 

then 


Mt-^ 2 


for each member of this identity is 


Consequently the equation 

is satisfied by the definite integral 
(C) ?/(«)= 

J a 


r=iO s=0 

L^(2/)=0, 


provided that v{t) satisfies the differential equation 
(D) Mt{v)=0, 

and that the limits of integration are so chosen that 

\p{e^^ :_o 

L Jt=a 

identically. 

The equation (D) is known as the Laplace-transform of L^^iv) Q^^id ^ 
as the nucleus of the transformation from v(t) into y{£c). The success of the 
method as a means of obtaining an explicit solution of the given equation 
depends primarily upon the readiness with which a solution of (D) is obtain- 
able. In the particular and very special case in which m—1, that is to say, 
when the coefficients of the given equation are linear in the Laplace- 
transform is a linear equation of the first order and may therefore be integrated 
by quadratures.* 


* See Example 1, p. 201. 
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An important reciprocal relationship * exists between the equations 
LJ^y)=zO BXiAMt{v)—0, namely, that the former is the Laplace-transform of 
the latter, the nucleus of the transformation being This follows at once 

from the identity 


Since 


L^{u)~ 2'2( — l)’'as , 
r=0 5=0 
n m 


f=0 fi 


d^(x^u) 
dx^ ’ 

dt^ ’ 


it is sufficient to prove that 


^ ^ .dx^ ^ dt^ ^ 


and this is true since each member of the equation is equal to 

^S~2p-2 

r(r — l)(r— 2)s(s— 1)(5 — 2) 

_ __ 






It follows that, if y and B are appropriately chosen, 

(E) v(t}=l e~~^^y{x)dx 

J y 

is a solution of (D). The relationship between (C) and (E) furnishes an 
example of the inversion of a definite integral, that is to say the determination 
of an unknown function v{t) in the integrand, so that the definite integral 
may represent the function y{x) which is now supposed to be known. 


S‘201. Example hlustrating the Laplace Transformation. — Let 

dHf dv 

L^(y) = a^.^+(p+q+x)-^, +py-=-0, 

then 

dti 

Mt{u) = t(t+l)-^ +{p+(p+q)t}u, 

— dv 

3It(v)= +fp^l+(p^g-.2)t]v, 

and 

— d 

vMtiu) ~nMf{v)=^ [t{t+l )uv \ . 

The equation 3ff(i')=0 possesses the solution 


and therefore an integral of the type 

y{x) =j^ 1(« + 1 )«- irft 

will satisfy the equation Lj:(y)=0 provided that a and yS can be so chosen that 


identically. 


^=0 


* Petzval, IntegraHon der Unearen DiffereniicUgleichungen, 1 (Vienna, 1851), p. 4T2. 
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It is convenient to write —t for L Then the integral 

%j(x) == I HI 

- a 

satisfies L^(2^)=0 if a and p are such that 

r -i£=^ 

|^e-ar£^(l 

vanishes identically. Appropriate pairs of values are 


(i) 

a =0, 

^=1 

(P>0, 

g>0). 

(ii) 

a=0, 

^ — oc 

(x>0. 

p>0). 

(iii) 

a = l, 

^==x 

(x>0. 

?>0). 

(iv) 

a = — oc , 


(a!<0, 

p>0), 

(V) 

a== — 00 5 

^=1 

(x<0. 

q>0). 


Thus required values of a send p exist in all cases except when p and q are both 
negative. In particular when p, q and x are all positive, the general solution of 
Lx(y)=0 can be written 

where A and B are arbitrary constants. 

8-21. Determination of the Limits of Intention. — ^The equation M(v)—0, 
which serves to determine v{t), is of order 771 ; its general solution is of the form 

v=CiVi{t)+C2V2it)+ . . . 

where v 2 , • . ^ fundamental set of solutions and the constants 

Cl, C 2 , . . are arbitrary. These constants and the limits of integration 

a and ^ have to be so determined that the expression 

vanishes identically. 

Now it will be seen from the form of the bilinear concomitant (§ 5-3) 
that it is sufficient to determine the constants Ci, . . a and jS so that 

v{t), . . ., 3y<^-i)(^) 

vanish wh^ t =a and f Such cannot be the case unless a and are singular 

points of M(5y)=0. But if a and jS are singular points, and a solution v{t) 
exists such that the exponent relative to each of these points is greater than 
m— 1, the bilinear concomitant vanishes at a and at and therefore the 
limits of integration may be taken to be a and jS. This case is of practical 
importance, and is illustrated by the example of the preceding section. 
Every distinct pair of limits, if distinct pairs exist, leads to a distinct 
particular solution of the equation. In some cases a sufficient number of 
definite integrals is available to build up the general solution, in others 
only a partial solution is attained. 

8*22. Definite-Intepal Expressions for the Bessel Functions. — A function 
which may be taken, instead of as the nucleus of a definite integral is 

Now the two functions and may be expanded respectively in 

ascending powers of xt and which converge absolutely for all values of x and 
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all non-zero values of t. The double series which represents their product 
therefore converges for the same values of x and t, and is as follows : 


r = 0 s=0 


^ 2r->rS y t ^ f 


When w>0, the coeHicient of is obtained by selecting those terms of the 
double series, for which r=^}i-\-s. These terms form a singly infinite series, 
namelv , 


^ (— l)SiC?t-r 2 S 


= Jniixi), 


where J„{x) is the Bessel function of order n. Similarly, the coefficient of 
is (— l)”J„(aj). Thus 

n~l 


Now let and this relation becomes 


X ^ X 

giasin 0 =;jr^(a;)_j _2 cos 2m0-l-2f sin (2m— 1)0. 

m^l m — 1 

By separating real and imaginary parts, the following two expressions are 
obtained : 

X 

cos {x sin 0)=Jo(a?)+2 2m^, 

m—1 

CO 

sin (x sin 6) =2 shi (2??^— 1)^. 

m—1 

By changing 6 into ^—0 it follows that 

X 

cos {x cos 0)=Jq{x)+ 2 ^ 2md, 

m = l 

X 

sin {x cos ^)=2 ^ cos {2m —1)0. 

m—1 

From the first of these four relations it follows that 


I cos (x sin 0) cos nd d0 =TrJJx) when n is even, 

==0 when n is odd, 

and from the second it follows that 

,-ir 

I sin (x sin 0) sin n0 d0 =7rJ„(a7) when n is odd, 

J 0 

=0 when n is even. 

By addition it follows that when 7i is any positive integer, or zero, 

- IT 

j COS (?i0—x sin 0)d0=7rJn(x). 

J 0 

Thus the ordinary Bessel function with integer suffix is expressed as a definite 
integral.*^ 


8*3. The Nucleus K(x — t ). — Consider the possibility of satisf 3 diig a linear 
differential equation of the Laplace type 

* Besse!, Jbk. Akad. Fl'ists. Berlin, 1824, j). .*54. 
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by a definite integral of the form * 

^(a?)=z=/ K{x—t)v{t)di, 

J 

It is clear that K{x--t) will satisfy a partial differential equation of the 
form 

- !)+«( - l)l« 

provided that K{z)^ regarded as a function of the single variable 2 , satisfies 
the ordinary linear equation 

K, therefore, v{t) is a solution of the equation 

the left-hand member of which is the adjoint expression of the right-hand 
member of (A), and if the limits of integration can be suitably chosen, the 
given equation has a solution expressible as a definite integral of the specified 
type. 


8’31. The Euler Transformation. — A frequently-occurring instance of a 
nucleus of the type studied in the preceding section is 

K{x — i) =(tr — ~ V- 1 ^ 

The transformation of which is the nucleus is adaptable to any 

linear differential equation in which the coefficient of 2 /^^) is a polynomial in 
x of degree r. . Such an equation may always be written in the form 

■ . ■ 

~ . . ,=0, 


or 

where 


•^o(2/)‘~Afy)+ AC?/)-' • - * 


«=0 

In these expressions is a polynomial of degree w—r and is a constant. 
It is supposed that the p-f 1 polynomials Gq , , . Gp suffice. 

Now, writing — y== 22 -f-^ in the nucleus 


=(»+/x— 1) 


0 


=(n+/x— 1) . . . {[i.+r){iB~ty^+’-^Gr(t), 

* Cailler, B*Ul. Sc. Math. 84 (1809), p. 26 ; see also Mellin, Acta Soc. Sc. Venn. 21 
(1896), No. 6. 
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and therefore 


where 
Now if 




A=^{n-\-yL — l)('/z+ju. — 2) . . . (/x,+l)/x. 




then 


?-=o 




-r-1 




where 

Consequently 

where C^AjB. 
If, therefore. 


then 


B={— l)P{i5+i^— l)(p+/i— 2) . . . (fi+l)/i. 

«/(«)= {x—tY^i^-'^v{t)dt, 

=C M({{x-ty+i^-'^}v{t)dt 

and now, as in the general case, v{t) has to be chosen so that the integrand is a 
perfect differential, and thereafter the limits of integration have to be fixed. 
The determination of z?(i) involves the solution of the equation 

Mi{v)^0, 

which is known as the Euler-transform of L^{y)=0, When ^=1 the Euler 
transform is a linear equation of the first order, and v{t) can then be deter- 
mined explicitly.* 

8-311. An Example of the Euler Transformation. — Take, as an illustration, 
the ease of the Legendre equation (§ 7*24), 

In the notation of the preceding section, 

Gq{x)=1~x\ 
fiGo'(x) +Gi(aj) =2aj, 

+l)<?o» +{f^+l)6?x'(£B) +G,(x)=n(n+1). 

These relations are satisfied by 

<?xW=2{;4-hl)a?, 

provided that 

^=n-^l or /£ = — n— 2. 

* The full discussion involves the use of the complex variable and is postponed to 

§ 18'4. 
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So in this case =1. and the equation Mt{u)==0 becomes 

du 

The adjoint equation is 

Mj(t!) = (l ^ -2(;^ + 2)to=0, 


and has the solution 2 ;(i)=(l 2 . 

The limits of integration a and jS are to be so chosen that 

r 'li=^ 

L 

identically. When /x = — n— 2, w-fl>0 and | a;| >1 this condition is satisfied by 
taking a=--ls ^=+1. Hence the definite integral 





satisfies the Legendre equation. In fact, if is the Legendre function of the 
second kind,* 


‘ v -1 


8'32. The Laplace Integrals. — It is possible, by modifying the path of 
integration, to obtain an integral expression for the Legendre function 
P„(a7) similar to that which in the preceding example was stated to represent 
Qn(^v)» This cannot, however, be carried out without making use of the 
complex variable, and will be postponed to a later chapter.f In view of the 
importance of the Legendre polynomials, however, it is w^eli at this point to 
interpolate a simple method by which they may be expressed as definite 
integrals. 

Consider that branch of the function 

which has the value +1 when h—0. When | ^ ] is less than the smaller of 
I I and | x—{x^—l)^' |, the function can be expanded as a power 

series in h, namely 

P o(®) i(^) 2(^) + • - • j 


where Po{x), Pi{x\ ... are polynomials in x which will be proved to 

be the Legendre polynomials. 

Now the equation 

v=x+\h(v^—l) 

has a root 

l-^/{l-2xh+h^) 

h 

which reduces to x when h=0 and which, when | A ] is sufficiently small, is 
developable in the form of the series 



It is easily verified that 






dx^ 


* Whittaker and Watson, Modem Analysis^ § 15*3. 
t § 18-5. 
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and that if (f)(v) is any function of 

Let it be supposed that, for a certain integral value of n, 
dh» Sa!”-ii2”' ' dxy 


a" SI &0X 

8A»+i”Sa:"-iS&h”' ’ 8x) 


8xH2«^ > 8hS 

— (o2_l\n + j 


Thus, since the relation holds when n=l, it holds for all values of n. 
Now let h=0, so that v=x, then 


Ua«Jo daj«-H2"^ ^ i 


and consequently. 




dt) d'^ C ^ 1 


and therefore 


Pn{^) = 


1 

2^nl dx^ 


(aj2_l)n^ 


and P„(a3) is identified, on account of the Rodrigues formula (§ 7*24), with the 
Legendre polynomial. 

Now since, when j Z) | < [ a j, 

r dx 7T 


j Qa+b cos X y/[a ^ ' 


it follows that 


-if , 

oI — b>x — h‘\/{x^ — 1) cos t 

This integral is absolutely and ur^ormly convergent for sufficiently small 
values of | Zi | ; by developing the integrand as a series of ascending powers 
of h and comparing the cjoefiicients of it is found that . 

1 

P^{x} = - J ^ ^'v/ — 1) cos 

This is the Laplace integral for the Legendre polynomial FJx ) ; the choice 
of the determination of y(a?2— i) is immateriaL 



SOLUTION BY DEFINITE INTEGRALS 


195 


Similar integrals are 

rOO 

Qn(cc)= I 1) cosh 

Jo 




(n+l)(n-j-2) . . . (n-f-m) 


j {on-ri's/x^—l) cos ty^ cos mt dt. 


,co 

Qn^{x)^{—l)'^n{n—l) . . . (n—m+1) j {a3-f\/(a3-~-l) cosh i} ” 


8*4:. The Mellin TransformatioiL — ^Definite integral solutions in which the 
nucleus is a function of the product xt have been exhaustively studied by 
Mellin.'^ Such solutions may be obtained when the differential equation in 
question is of the form 

(A) L,(y)=o;-F(x^^)y+G(x^)/^0. 

Let H be any polynomial of its argument and K(z) any solution of the 
ordinary differential equation 

then K{xt) satisfies the partial differential equation 

or 

L^K^MiK. 

The integral 

2 /= I K{xt)v{t)dt 
J a 

satisfies (A) provided that v(i) is a solution of 

Mt{v)=0, 

where Mi is the operator adjoint to and provided that appropriate 
limits of integration a and are taken. 


8-41. Application o! the MeOin Transformation to the Hypergeometric 
Equation. — The example taken for illustration will be the hypergeometric 
equation 

(A) x{l —x ) ^ +{c-(a+6+l)a;} ^ -aby=^Q 

which, after multiplication by x, may be written in the form 


+i.a+b)x^ +ab]y-\(^x^'^ +{c-l)x^] 2 /= 0 . 


Let 






— K‘*) +(‘’-i>‘5l+‘-‘l(‘5) 

where the constant e is arbitrary. Then the partial differential equation 

L^{K)^MiK) 

♦ Acta Soc. Sc, Fenn. 21 (1896), No. 6, p. 89. 
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is satisfied by K{xl) provided that u=^K{z) is a solution of 


2(1— +{e— (a+6+l)2}^ — aSM=0. 


Now the equation 

' M4v)=0 

is satisfied by 

and limits of integration are to be determined so that 


vanishes identically- If h ; e ;■ xt) this condition is satisfied when 

a=0, p=l provided that ^>0, Under these conditions, then 

F{a,h; e; 

J 0 

satisfies (A). Now 

!<0)= /V-Hl 

_ah r{e)r{c—e) 

W) 


F{a,b; c; x). 


But these initial conditions determine the unique solution 

mne-e) 

m 

and consequently 

f^F(a,b; e; F{a> b; c; x). 

In particular, let e=h\ then since 


F{a, b ; b; ost)=(l~xt)~'% 

it follows that 

provided that &>0, c>6. 


8*42- Derivation of the Definite Integral from the Hypergeometric Series. — 

By making use of the properties of the Gamma and Beta functions it is a 
simple matter to transform the series expression for the hypergeometric 
function into the equivalent definite integral. Since 

b(b+l) . - . (i,+r^i)==r(b+r)/r(bY 




r=l 


_ r(c)fr(b) ^a(a+l) . . . (a+r-1) r(b+r) J 

r(b)lr(c)^^ ' '"rr -'Tfc^fy 



SOLUTION BY DEFINITE INTEGRALS 


197 


Now 


r{b+r)r{e.-b) 

r(c-\rr) 


=B(6+r, c—h) 


J 0 


provided that the real parts of 6+r and c — b are positive, and therefore 




Vo 


'r{b)r(c-b)j 


rl 


The inversion of the order of summation and integration which has been 
made is valid so long as the hypergeometric series remains uniformly con- 
vergent, that is to say if | 37 [ < p < 1. Nevertheless the definite integral 
representation of the function is valid for all values of a?, but to compensate 
for this increase of validity, restrictions have been imposed upon b and c. 

It is possible to alter the path of integration in such a way that the 
integral constitutes an independent solution of the differential equation. 


8*5. Solution by Double Integrals. — In many cases in which attempts to 
satisfy a given linear differential equation by a definite integral of the type 
(8*1, A) fail, it is possible to solve the problem by means of a multiple integral. 
For instance, a method such as that based upon the Laplace transformation 
is practically useless unless the transformed equation is of the first order and 
the equation to be solved restricted accordingly. In the present section a 
method of expressing the solution of a differential equation by a double 
integral will be outlined, and in the following section a particular example 
wlLI be treated in detail. 

Let LJiy)=0 be the given differential equation, and let it be supposed 
that a function K{x ; s, t) can be found such that 

(A) L^K{x; s, i), 

where Mg, « is a partial differential operator of the second order of the type 

where a, h, c and d are functions of s and t. Such relations as these can as 
a rule only be arrived at tentatively ; no general method for setting them up 
is known. 

Now consider the double integral 

(C) y{x)=ffK{x; s, t)w(Sf t)dsd£, 

where both the function t) and the domain of integration are at present 
unspecified. Then, assuming the validity of differentiation under the integral 
sign a sufi&cient number of times with respect to a?, 

L^{x)=ffLxK{x ; s, t)w{s, i)dsdt 

tK{x ; 5 , t)w{s, t)dsdt. 
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But, by integration by parts, 


[ J - I'l K dsdt. 

jj<rJ§dsdi = 

[ [ cwKds'^ - \^K dsdt. 

and therefore 

■where 

=ffK{x; s,t)Mi_t{'^)dsdt+[P{K, w}]. 

(D) 

3^ 3 ^ 3 ^ j 


is the partial differential operator adjoint to (B), and P{Ji, w} is an expression 
analogous to the bilinear concomitant which may easily be written out 
in full. 

In the first place, then, w{s, t) is to be determined as a solution of the 
partial differential equation 

(E) 

Thus the solution of the problem appears to depend, and in fact may depend 
upon an appeal to a higher branch of analysis, namely the theory of partial 
differential equations. But in most cases of practical importance t) has 
the particular form u{s)v{t), and the single partial equation (E) is replaced by 
a pair of ordinary equations each of the first order : 

du , n ^ 

where a and jS are functions of s only, and y and 8 functions of t only. 

In the second place, t) having been determined, it remains to choose 
a domain of integration such that the integral in (C) exists and the expression 
[P{Ki w}] vanishes identically. 

8*501. Example of Solution by a Double Integral. — Consider the equation 

Lxiy) -j~aby=0. 

It does not yield to treatment by the simple Laplace transformation because the 
first coefiicient is of the second degree. It can, however, be solved by a double 
integral whose nucleus is ^ form suggested by Laplace’s nucleus In this 
ease 

Ljce^^t={x^sH^-sH^~^{a+b+l)xst+ab}e^^i 

L * I 

The multiplier w(s^ t) therefore satisfies the differential equation 

JSj, = — a+l^f 6+1^— s2«2|ai=0, 

and it is sufficient to write w{s, Z)=it(s)»(t), where 

du 

s~^ — {a”-l)w= — 

whence 
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and 


dv 

■ 
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;> V 




whence ' 

The domain of integration may be taken to be the quadrant a3>0 ^>0 provided 
only that a and b are numbers whose real parts are positive. 

It follows that 


and similarly that 


yv 


Vi-- 


exst - Kfi* -f i V - ip - idsdt , 


g jcsi — —Hh— Idsdt 


-u 

=/:/: 

are solutions of the given equation. 

8-502. Coimectioii of the Double integral with the Solutions in Series.— The 
double integrals which satisfy the differential equation of the previous section may 
readily be derived from the series solution by making use of the property of the 
Gamma function that * 

F(2-fl)=2:r(2). 

A pair of series solutions, even and odd functions of x respectively, is 


ab 


yi=l + ^a 


a(a+2) .5(b -f2) 
41 




, fl(n+2)(a-f4).b{b-f2P-i-4)^, 
+ _ a! 


y_^+(£±M±i),.3 


a?3 4- 


(a+l)(a+3).(6-H)(64-3) , 


3! ~ ‘ 5! 

where the law of formation of the coefficients is sufficiently obvious. 
Then 


ma)rm^x=rmr(m+^^ 


iar(ia) .ibr(ib) 

2 ! ‘ 


4 ; X . 


=22‘-ia~i& 




2! 


4! 


..j 


dsdi 


cosh(xst)dsdt 

and in the same way it may be proved that 

r{ia+J)r(J6+i)r2=2‘-i“-i^ e-Ks'+iV-y^-i sinh(a;st)dsdf. 

=2-io-i6(j/i-2/j). 

The series Y^ and Yg converge for any values of a and b when \x\<Cl; the 
corresponding integrals exist for all values of x when the real parts of a and b are 


* It will be remembered that r(z) - 
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positive. Thus the increase in the range of validity of the expression for the 
solution is gained at the expense of a restriction on the parameters a and b. 

8*6. Periodic Transformations. It will now be supposed that, in the 
integral 

(A) 2/(®)=/ K{x, t)v{t)dt, 

J a 

the nucleus K(cu, t) satisfies the partial differentia] equation 

(B) L.,{K)=UK), 

Then, if the differentiation under the integral sign is valid, and if A is an 
arbitrary constant, 

L,{y)+Ay= f {L^{K)+AK}v{t)dt 

J a 

= I^JLt(K)+AK}v(t)dt 
= [^K(x, t)(L,(v)+Av}di + [p(K, 

Thus if, for any choice of the constant A, the function v(t) satisfies the 
differential equation 

(C) Li(v)-j-Av=0f 

and the limits of integration are chosen so that the integrated part is identi- 
cally zero, the definite integral will satis^ the equation 

(D) 

for the same value of A. 

The solution of an equation such as (C) or (D) is often, as was seen in 
§ T*4, a twofold process invohing not merely the formal determination 
of a function which satisfies the equation together with a set of initial con- 
ditions relative to a specified point, but also the determination of the constant 
A so that other conditions may be satisfied. Such conditions might be 
introduced, for instance, by supposing that the solution is purely periodic 
with a given period, or has a zero at a point other than that to which the 
initial conditions refer. 

It will be supposed then, that such conditions are imposed upon the 
solution of (C), that such a solution can exist only for a set of discrete values 
of and when it exists is uniquely determined apart from an arbitrary 
constant multiplier. Precisely the same set of conditions will be imposed 
upon the nucleus K(x, t) regarded as a function of the single variable x 
with if as a parameter.* Then clearly, if the relation so determined, 
corresponds to the characteristic value A^, then 

yr{p^)= Kile, t)Vr(t)dt 

satisfies (D) for the parameter Ar and satisfies all the initial conditions which 
were imposed upon v^(t). But yri^c) is, under these restrictions, unique, that 
is to say, a mere multiple of If t?r(a3)=A^2/^(a?), then yr{cc) satisfies the 

homogeneous integral equation f 

y(x)===Xj^^K(x, t)y{t)dty 

when A has the characteristic value A^. 

* The possibility of determining K{Xi t) to satisfy the imposed conditions identically 
in t is assumed. 

t Bateman, Proc, London Ma£h, Sac, <2), 4 (1907), pp. 90, 461 ; Trans, Camb, PhiL Soc, 
21 (1909), p. 187 ; Ince, Proc, Moy, Soc. Edin. 42 (1922), p. 43. 
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8-601. Example of Solution by an Integral Eq^uation. — Let the given equation 
be 

Lx(y)-TAy = (l — -f {-^ ~-p{:yn—n)X’^p-x-}y^O, 

where m, n and p are constants and w>0, n^O, For certain discrete characteristic 
values of A there exists a solution, unique apart from a constant multiplier, w^hich 
is finite in the neighbourhood of the singular points x = ±l* The nucleus K{x, t) 
which satisfies the equation Lx(K)=Lt(K) and is finite, for all values of t except 
^ = ±1, in the neighbourhood of a?=±l, is eP^i(l Now 

dP{K, v} 

=mLt(K)-K(x, t)L(v) 

Cl L ci ct J 

If ‘D{t) is finite in the neighbourhood of i = ±1, the expression in square brackets 
w^ili vanish at those points provided n>0, 72i>0. Consequenth- solutions of the 
given equation will satisfy the integral equation 

y{x)=^X I -f ~~iY^~^y{f)dt. 


Miscellaneous Examples. 

1. Show that the differential equation 

x4>{D)y-^tP{D)y=Q, 

where ^ and ip are polynomials wath constant coefficients, is satisfied by 

2 / =; / e^t'-rf'!'it)x(t)di^(i)dt, 

J O. 

where xi^) Is the reciprocal of and a and jS are so chosen that for all values of 

= 0 . 


2. Express the general solution of 

in integral form (i) for positive, and (ii) for negative values of x. 

3. Show that the most general solution of 

^ 'nj/ — rf 


— xy—a, 


where n is a constant, is 


■ — ^ pl-T^'f 

wz= \ Arco^ j exp ■ ojrxt— — — \dt, 
r-A Jo ^ n^l) 


[Petzvah] 


,ro -'0 ' « + 

where + and the constants are connected by the single relation 


4. Prove that the equation 




bas the particular solution 


/•GO 

y= I sin dv ; 

J 0 


+2/=0 

dx^ 


and that the equation 
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has the particular solution 






when aj>0. What modification is required when x<0? 

Derive the general solution of each equation. 

5. Show that the equation 
has the solution, finite at the origin, 

/ in- 

cos (x cos d+a log cot ^B)dt, 

0 


[Petzval.] 


when a is real. 

6. Prove that 

is satisfied by 


[Sharpe, Mess, Math, x.] 




r + i 

I cos xtdty 


and deduce the series-development of this solution. 

7. Prove that, in the notation of Chapter VII., Example 8^ 

Ay; At; ») 

r(3)r(e) 


<—y)J oJ 0 


r{^)r(e-p)r(Y)r{t 

and thus express the general solution of the aPa-equation in ternxs of double integrals. 

8. Prove that a particular integral of 


y= j j dsdt. 


and obtain the corresponding result for the equation of order n : 

("*1+ “0(*£ +“»)•■• (“1+ “») 

9. Prove that, if is a Legendre polynomial, and Qm{^) the corresponding Legendre 

function of the second kind, 




and deduce, by induction, that if m and n are positive integers and 




dt. 


10, Find the differentia! equation of the fourth order satisfied by 

Pn(x)Pmio!)^ Pn{x)Qm(ai), Pm(n)Qn(x), Qm(x)Qn(x) 
and show that it is transformed into itself by the Euler transformation 

J t—x 

Obtain a general type of equation of order n invariant under this transformation. 
11- Show that the relation 

f(x) = P K(x-t)4>{t)dt, 

J 0 

may be replaced by the three r^ations 


m 


=r 

J 0 


e—^K{i)dii n(s) 


«(s)o{»> 




J 0 




e-stf(t)dt. 


[Borel.J 
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Hence prove that, if Jn(a!) is a Bessel function 

f [Bateman.] 

J 0 

12. Show that the nucleus K{xt) satisfies the partial differential equation 

if u=K{s) is a solution of 

and that there is then a transformation depending upon the nucleus K{xt) from 



to the adjoint equation of 



Hence prove that 

Jn{x) = I "" J,n{2\/(3:f)}JJt}dt, 

I 0 

where x is positive and n is real and greater than — -L [Bateman.] 



CHAPTER IX 


THE ALGEBEAIC THEORY OF LINEAR DIFFERENTIAL SYSTEMS 


9-1. Definition o£ a Linear Difierential System.— The linear differential 
equation 


taken together with one or more supplementary conditions which are to be 
satisfied, for particular values of x, by y and its first (n— 1) derivatives, is 
said to form a linear differential system. The simplest set of supplementary 
conditions is that which was postulated for the fundamental existence 
theorem {§ 8'32), viz. : 

Vqj Hof • • •> being n pre-assigned constants. The existence theorem 

reveals the fact that, when a;;) is an ordinary point of the equation, the 
system has one and only one solution. This particular set of supplementary 
conditions provides what is known as a one-point boundary problem, since a 
solution of the differential equation, has to be found which satisfies the 
initial conditions at one specified point. Such a problem, then, has one and 
only one solution provided that the number of independent conditions is 
equal to the order of the equation. 

In a two-point boundary problem the differential system is composed of 
the differential equation and a number of supplementary linear conditions 
of the form 

Ui{y) = aiy{a)-{-(Xiy'{a)i- . . . 

+^2/(6) +%'(S)+ • • • 

in which the numbers a, J3 and y are given constants, and (a, b) is a definite 
range of variation of x. It will be supposed that m hnearly-mdependent 
supplementary conditions of this tj^pe are assigned ; since there cannot be 
more than 2n independent linear relations between the 2n quantities 

y(a), y'(a), . . ., y(”-^)(a), y(b), y'(b), . . ., y(-m 
it Mows that m<2n. 

The system will be written in brief as 

a(y)=r(x), 

Wiiy)=Yi (t=l, 2, . . ., m). 

Intimately related to the given system is the completely homogeneous 
system 

\'Oiiy)=0 (i=l, 2, . . ., m). 

This is known as the reduced system. 

In the case of the reduced system, there are clearly two possibilities to 
consider : 


m- 
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(i) The system may possess no solution which is not identically zero ; 
the system is then said to be incompatible. 

(ii) The system may have <w) linearly independent solutions 

yi{^% 2/2(^)> • - yM- 

Then the general solution of the reduced system may be ^\Titten 
ciyi{^)+c2y2(o^)+ • • • 

and depends upon the h arbitrary constants Ci, Co, . . Cj.. The system is 
said, in this case, to be k-ply compatible ; h is called the mdex of compatibility. 
Similarly, in the non-homogeneous system there arise two cases : 

(i) The system may admit of no solution at all, which implies that no 
solution of the equation L{y)=r{x) can be found which satisfies the m 
boundary conditions Ui(y)=yi. 

(ii) The system may be satisfied by a particular solution yo{x). Then 
if the index of the reduced system is k, the general solution of the non- 
homogeneous system is 

2/o(«)+Ci2/i(^)+C22/2(«)+ . . . -T-Cj^kios), 
where Ciyi{x) +C 2 ?/ 2 (^) + • • • is the general solution of the reduced 

system. It bears a close analogy to the complementary function (§ 5*1) of 
the linear differential equation, when the latter is unrestricted by boundary 
conditions. 

The present chapter will be devoted to the general question of the com- 
patibility or incompatibility of a linear differential system, and will show the 
very close resemblance which exists between the theory of linear differential 
systems on the one hand, and the theory of simultaneous linear algebraic 
equations on the other. 

9*2. Analogy with the Theory of a System of Linear Algebraic Eauations. — 

A linear differential system may be regarded as the limiting case of a 
system of M linear algebraic equations involving N variables, when, in the 
limit, M and N tend to infinity. For simplicity, the analogy will, in the 
■first place, be developed for the case of a linear differential system of the 
second order, 

^ +P 2 i«>)y=r(x), 

a^{a) +ai'j/'(a) +^i2/(6)+ftV'(^) —Yi (* 

It wiU be supposed that ^ 0(^)5 continuous 

functions of the real variable x throughout the closed interval Let 

this interval be divided into s equal parts by the points 

^2? • • -3 Xig, 

where XQ=a^ Xs==b, and let 

^yv=y{^p-hi)-yM^ 

^^yv ==y{^v+2) — +y{^vh 

Then the differential equation may be regarded as the limiting form of the 
difference equation * 

PoM +Pl{!B^) +P2WS/.-=K®4 

when, in the limit, Ax tends to zero. As it stands, this difference equation 
holds for v=:0, 1, 2, . . s — 2. In virtue of the expressions for Ay^ and 

* Porter, Ann. of Math. (2), 3 (1902), p. 55,' proved that the passage to the limit from 
the difference equation to the differentii equation may he made with complete rigour. 
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it may be written, after both members have been multiplied by Ax'^y 
in the form 

Povyv-\-Plvyv-{-l'\~P2vyv-i-2^^u (^=^J Ij 2 , . . S — 2). 

There are thus 5 — 1 equations connecting the ^+1 unknown quantities 

yo> Vi^ s/25 • * -5 2 /g* 

In the same way, each boundary condition 

a^{a) +aiy'{a) +fty(6) +Piy'{b) =yi 
may be expressed as the limiting form of 

^0+^' " 2 V ^ 

which, in turn, may be written as 

•^ioS/o+-^uS/i+A a-iVs-i+Aiisys^Bi, 

and so each boundary condition is equivalent to a linear difference equation 
connecting yi, y^-i, and y^- 

The ideas here involved are clearly quite general ; thus a linear differential 
equation of order n, whose coefficients are continuous in (a, &), may be 
regarded as the limiting case of a family of difference equations of the type 

Povyv-\-Plvyv-{-l'\’ • • • -\-Pnvyv-^n=^Bv (v= 0 , 1, 2 , . . 5 — n) 

where, as before, s is the number of equal segments into which the interval 
(a, h) has been subdivided. Each boimdary condition, whether it relates to 
one, to two, or to several, points of {a, b), also leads to an equation of pre- 
cisely the same type ; if there are m boundary conditions, there will be, in 
all, s+m—n+1 equations between the s+1 unknown quantities 

2/05 yi> 2/25 . . -5 2 /s- 

In order to emphasise the analogy which is thus seen to exist between 
linear differential systems and systems of linear algebraic equations, it is 
necessary to record the main properties which the latter are known to 
possess.* 

9-21. Properties of a Linear Algebraic System. — Consider the set of M 
simultaneous linear equations 


between the N variables Xi, X 2 , . . ., Xjv- Two cases may arise : 

(i) The system may admit of no solution except 

Xi=X2= - . - —X]sf~0 ; 
that is, the system may be incompatible. 

(ii) There may be several, say k, sets of solutions : 


-Y115 

X21, 


-Y125 

X22, 

. . X ^25 


X 2 ^, 

. . 


These relations are said to be linearly independent if it is impossible to 
determine constants c, which are not all zero, such that the N equations 

CiXn“f-C2Xi2+ . . . +CjjXijfc=0, 


* See Bdchcr, IntrodticHon to Higher Algt^a, Chap. IV. 
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are satisfied simultaneously. When the k sets of solutions are in fact linearly 
independent, then on account of homogeneity of the system, the general 
solution is 

Xi—ciXii-\-e2Xx2+ • • • 

-X’2 =01X21 +C2^22+ • • • ■i’<^kX 2 k> 

Xjsr—€±X]Stl-\-C2Xjjr2+ • * • 

in which Oi, Cj^ are arbitrary constants. The system is, in this case, 

k-ply compatible. 

The index of compatibility, k, of the given system is determined by the 
following theorem ; If p is the order of the non-zero determinant of highest 
order which can be extracted from the matrix 


{A)= /. 



aMN^ 

then k^N—p. The number p is called the rank of the matiix {A). 

Consider now the non-homogeneous system of equations 

%l-^l+%2'^2+ • • 

• +%-?rX^v==6i, 

<!^MlXi+ftjj^2X2+ • 


and with it the augmented matrix 


/%l5 ^12> • 

{B)~ /. 

. ai]^^ bi V 

^M29 ■ 

. . aMj}79 

The rank of (B) is at least equal to that of (A) ; a necessary and sufficient 
condition that the non-homogeneous system of equations be compatible is 
that the rank of (B) should be exactly equal to that of {A). In this case, if 

XiOj X20» 

. . ., X2f0 


is any particular solution of the non-homogeneous system, then the general 
solution is 

-^1=^10+01X11+02X12+ - - . +o^Xix-, 
X2=X20 +OiX 21+C2X22+ • • • +0iX^2i-> 

Xjy=Xj^'o+OiXj!jri-fC2Xjy2+ - - • +0ifcX^l.. 

9*22. Determination of the Index of a Linear Differential System. — Let 

yi 9 yz* . * ‘j 2/n ^ fundamental set of solutions of the homogeneous linear 

differential equation 

L(y)=0. 

The question as to whether or not this equation is compatible with the m 
homogeneous linear boxmdary conditions 

Ui{y)=0 2, . . m) 

is equivalent to the problem of investigating the possibility of determining 
the constants Ci, C 2 , in the general solution 

y=Ciyi+C^2,+ • • - 

in such a way that the boundary conditions are satisfied. Everything there- 
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fore depends upon the compatibility or incompatibility of the system of m 
simultaneous equations 

and therefore upon the rank of the matrix 

/Uiiyi), U^iyn) \ 

iU)^ ( • • • 

UM, . . UM' 

If the rank of this matrix is p, there wiU be n—p linearly independent sets 
of values of c^, and corresponding to each of these sets of values 

there will be one solution of the differential equation which satisfies the 
boundary conditions. The index of the differential system is therefore 
k=n—p. Consequently, a necessary and sufficient condition that the given 
system should he k-ply compatible is that the rank of the matrix (U) is n--k. 
In particular, if the rank of the matrix is n (wMch implies the condition 
that m>n), the system will be incompatible. 

Consider now the non-homogeneous system 

( L{y)^r{x\ 

^ '^i{y)^yi (^=15 2, . . m). 

If yi, form, as before, a fundamental set of solutions of the 

homogeneous equation, and if 2/0 is a particular solution of the non-homo- 
geneous equation, then the general solution of the latter will be 

y==yo+ciy 1+0^2+ . . . +c^yn- 

In order that the boundary conditions of the non-homogeneous system may 
be satisfied, it must be possible to determine the constants Ci, C2, . , .. 
from the equations 

CiUi( 2 /i) +02^1(2/2)+ . - . — Ua( 2 /o), 


^l^m(2/l)“T"^2^m(|/2) “1“ * • • m^Vv) ym ^ot(2/o) 

The possibility of so doing depends upon the rank of the augmented matrix 


, /Uxiyd, 

{U^)= ( . 



Yi—Ui{yo) \ 


■ 

• •? ^in{yn)y 

Ym—U^iyoY 


A necessary and sufficient condition that the non-homogeneous system should 
he compatible is that the rank of the matrix {U^) is equal to the rank of the 
matrix (U). If p is the common rank of the matrices, the general solution of 
each system wiH depend upon n—p arbitrary constants. 

As an important corollary it follows that when m<C.n a necessary and 
sufficient condition that a non-homogeneous system should have a solution is 
that the corresponding reduced system is {n — rfi)-ply compatible; when m=n 
the. condition is that the reduced system is incompatible. 

Properties of a Bilinear Form. — The expression 



ALGEBRAIC THEORY OF LINEAR DIFFERENTIAL SYSTEMS 209 


is said to be a bilinear form in the two sets of N variables 


for the reason that the coefficient of each is a linear function of the variables 
y and conversely. A distinction has to be made between the cases when the 
determinant 

<^11 J %2» • • M (^IN i 

A _ • • *5 %iV ! 


1 i 

which is known as the determinant of the form, is or is not zero respectively. 
In the former case the bilinear form is said to be singular, in the latter it is 
said to be ordinary. It will here be assumed that the form considered is 
ordinary- 

Let the variables x-^, x^ be replaced by a new set of N variables 

Xxi A2, . . -j Xjv by means of the substitution 

=^ 11 -^ 1 +^ 12 -^ 2 + • • • 

^ 2 =^ 21 -^ 1 +< 222 ^ 2 + • • • 


Xn=Cj^1^X+C:^^X^+ . . . +C2^2sX]^, 

such that the determinant 

C =1 Cij I 

is not zero. Since C=j =0 the substitution is reversible, that is to say the 
variables X are uniquely determinate in terms of the variables x. The 
bilinear form is then expressible as 

N N 

and the corresponding determinant is 

HK&l i%-l 

=AC=j= 9 . 

The form therefore remains ordinary after the substitution has been made. 

Now let the variables 2/25 • • -yVN be replaced by the set Fi, F2, * . .jFjy 
by means of the ordinary substitution 

^1—^112/1+^122/2+ * • • +di^ 2 /A", 

F2=d2i2/a+d22y2+ • • • +d2A2/*Yj 


Y • • • +dN 2 fyN- 
The form is thus reduced to 

^iFa+Z2F2+ . . . +X^F.v, 

which may be regarded as the canonical representation of an ordinary bilineai* 
form. This reduction may be carried out in an infinite number of ways 
because the variables Xi> may be transformed into the new set 

Xi, X2, . . Xjsr by any Imear substitution whose determinant is not zero. 
But once the new set of variables Xi, X2, . . Xjy has been determined, 
the corresponding set Ti, F2, . . Fjsr is unique. 

Consider then what change is introduced into the set of variables F in 
consequence of a change in one or more of the variables X. In the first 
place suppose that to 

X^]^, X^ 2 » • • *t X Xjf^ 

p 
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correspond respectively 

^2? • * -9 Yjjfj + • • *? Yjy. 

Let -3 l;|_5 -^29 • • •> Ym remain imchanged ; let • • •» be replaced 

by the new variables A'j.j+i, . . X'27 which are such that 

Xi, X29 • • •> Xmp X* W+i? • • -9 X'xf 

form a linearly independent system, and, further, let 

Y\, . . .9 Y'm> . *9 Y'^ 

be the corresponding system. Then 

ZiFi+X2F2+ - . . +XmYm+Xm+xYm+i+ . • • +X^Yn 

=X^Y\+X.^Y\+ . . . +XmY'm+X'm-^iY'm~,i+ . . . 

Since Xp X2, . . Xm^ X'm+i, • • -9 are linearly independent quanti- 
ties derived from the variables W2, • • -9 by a substitution whose 
determinant is not zero, it follows that a unique set of values of Xi, x^, • . .,3?^ 

can be found such that 

Xi=^ ... =-Yiif=0, X'm+ 1^^9 X'jiif ^2— • * • ===X' jsf ====^0» 

Then, if for these values of a?i, X2, • • .9 Xm-^i^ Xm+2> • • •> Xj^ become 
respectively Am+i> • • *9 -^-^9 it follows that 

In the same way Y'n are expressible as linear combinations of 

FjIjf4-29 • • *9 Y]fjm 

The quantities F'l, F'29 • • -9 Y'm ^^ay be dealt with in a similar way. 
In particular, let that set of values of ^2? • • •» be determined for 
which 

Xi=i, Z2= . . . =z^=a:'m+i= . . . 
and for this set of values let Xm+i> - • ^9 X^ become Bm+x, . . Bn 
respectively. Then 

F'i=Fi+Rif-fiFjf+i+ . . . -{-BnYn^ 

and similar expressions are found for F'29 • • -9 Y'm- 


9*31. Adjoint Difierentiai Systems. — The theory of the bilinear form, 
which was outlined in the previous section, finds an important application 
in the development of the conception of an adjoint pair of linear di&erential 
systems.* Let 

i'(«)=J’0 3JS+Px^5^+ • • • +JPn-l^^+P„« 


be a linear differential expression, in which it is assumed that the coefficients 
Pi are continuous functions of the real variable x for a<,x<J), that the first 
derivatives of pi exist and are continuous, and that p^ does not vanish 
at any point of the closed interval («, 5).‘j‘ 

Then the adjoint differential expression is 




dx 


* A special pair of adjoint dUSerential systems is given by LiouviUe, J. de Math, 3 
(1838), p. 604. Mason, Ttmts, Am, Math, Soc, 7 (1906), p. 337, deals with systems of the 
second order. Birkho:^, ibid. 9 (1908), p. 373, and Bacher, ibid. 14 (1913), p. 403, treat 
the general question. Extensions to syk^ms of differentia equations have been made 
by Bounitziy, J, deMaih. (6), 5 (1909), p. 65, Bocber, loc. cit, 

f This implies that the ^nation bas no singular points within the interval (a, b) or 
at its end-points. 
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and L{u) and £(z)) are related by the Lagrange identity (§ 5'3) 

vL{u)-uL{v) =^P(u, v), 
where P(u, v) is the bilinear concomitant 


r 


d{Pn-^P) 


dx 




du r 


+ 


dx 


+ 


^n-i 


, d‘^~'^u 

The determinant of this form is 
A{x) 




—po, 0, 0 

Pq, 0, 0, . 0 

The elements below the secondary diagonal are all zero, and therefore the 
value of the determinant is ±(po)\ which is not zero at any point of (a, h). 
The bilinear concomitant is therefore an ordinary {i,e, a non-singular) bilinear 
form in the set of variables 


w, u\ . . 

V, v\ . . i;<«— n. 

If the Lagrange identity is integrated between the limits a and 5, Green’s 
formula 


j {vL{u)—uL{v)}dx=^{U:, 

is obtained. The right-hand member is a bilinear form in the two sets of 
2n quantities 

u{a), u\a), . . u{b), u'(b), . . 

v{a), v'{a), . . v{b), v'{b), . . ; 

its determinant is 


0 , 


,,/xx ={Po(a)Fo(6)}”. 

J(5) 


and is not zero. 


The form 



is therefore ordinary, and consequently 


reducible to the canonical form. 

Let Ui, U 2 , • . -9 U^n ^iny 2n linearly independent homogeneous 
expressions of the type 

Ui{u) = ai^ia)+aiV{a)+ . . . 

where the determinant of the 4n2 coeMcients is not zero, then there exists a 
umque set 

of independent forms linear in 

©(a), v'{a), . . v{b), v\b), . . 



212 


ORDINARY DIFFERENTIAL EQUATIONS 


such that 

. . . +U2„Fi. 

Consequently Green’s formula may be written 

\vL{a)-^uL{v)}d^=U^V2^+U2V2^^^+ . . . +U2nVi. 

If U^, V 2 , • . -5 remain unchanged, whilst a different choice of 
U^n is made, Fi, F 2 , . • F 2 „_m'wiLl change into a new set 

F'l, F'2 F'2„_« which are linear combinations of Fi, F 2 , . . V2n-~~m* 

Thus Fi, Fg, . . V^n-m depend in reality upon Ui, fJg, . . only. 

The system _ 

( L (t;)=0, 

( Vi(v)=0 {i=l, 2, . . 2n-m) 

is said to be the adjoint of 

C L{u) =0, 

I Ui(u)=0 (^=1, 2, . . m). 

The symmetry of the formulae brings out the fact that, conversely, the 
second system is the adjoint of the first. 

When a homogeneous linear differential system is regarded as the analogy of 
the set of equations 


the adjoint equation is the corresponding analogy of 

^11^1+ • • • 

. . . -haMNYM~0* 

©•32. A Property of the Solutions of ^ A;-ply Coi^atiMe System. — ^The forms 
^ 2 n Sire restricted only by the condition that 

Ui9 U 2 , - • • Um, • •> ^2n 

are linearly independent. They have, however, the important property 
that if Ui, U 2 , . . Ujs form a linearly independent set of solutions of the 
^-ply compatible system 

( L{u) = 0 , 

I Ui{u)=0 (i=l, 2, . m), 

then 

Ui(ui), Vi{u 2 ), . . Ui{uj,y {i=m+l, . 2n) 

are linearly independent. 

For if not, then constants can be found so that 

(^r=m+l, . . 2n). 

But 

(^=1> 2, . . m). 

and hence 

where 2, . . 2fij and * * • “hCjj.'Wjj.. 

These 2n independent homogeneous equations involve the 2n quantities 
u(a% u'{a% . . n{b\ u\h% . . 
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since the determinant of the 4n2 coefficients is not zero, these equations are not 
satisfied unless each of these quantities is zero. TMs, however, is impossible, 
since then u would vanish identically. The theorem is therefore established. 

9’38. The Case in which the Number of independent Boundary Conditions is 
equal to the Order of the Equation. — The case m=n is of considerable im- 
portance, and is of rather greater simplicity than the more general case. 
In this case, it will be proved that the index of compatibility of a homo- 
geneous differential system is equal to the index of the adjoint systeyn. 

Let the given system be 

C L{u) =0 

I Ui{u)=0. (i=l, 2, . . n). 

Let k be its index, and let be a set of linearly independent 

solutions. The adjoint system is 

^ L(n)-0, 

( Vi[v)^0 {i=l, 2, . . n). 

Let Vi, ^25 • • •» be a fundamental set of solutions of the equation 

L{xf)=0; 

then Green’s formula 

[\vL{u)-uL{v)}dx=U^V^,+U^V,^+ . . . +U,nVx 

J a 

reduces to 

• • ‘ -\-U2n(u)Vi(vi)=0, 


Un^i(u)VM+ . . . 

where u denotes any solution of the set U 2 ^ . . 

This set of equations, regarded as equations to determine Un^i, ^ • -s U^n 
has the k solutions 

+ * • *5 ^2n(^‘i) (“I— 1, 2, . . k)f 

and these solutions, in virtue of the lemma of the preceding section, are 
linearly independent. Consequently the rank of the matrix 

. . ., v^{vj 

is n—k at most. But this is precisely the matrix which determines the 
index of the adjoint system. If the index of the adjoint system is ¥, the 
rank of this matrix is n—k\ and hence 



But if in this reasoning the two systems are interchanged it would follow 
that k'^k\ whence finally k' =k as, was to be proved. 

If the restriction m^n is removed, the more general form of the theorem is 
that k' Arm— n. The proof follows on the same general lines. It is first estab- 
lished that kf^kA-m—n, From the reciprocity between the system and its 
adjoint, it is deduced that A;^/c'4'(2n— m)— n,or/i;'<^A;-fm— n, whence the theorem 
follows. 


9*34. The Non-homog®aeous System. — Let the given complete system be 


(A) 


!,(«) =r, 

C7i(M)=yi 


(t=l, 2, . . ■»), 
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then a necessary and sufficient condition that this system may haxe a solution 
is that every solution v of the homogeneous adjoint system 


(B) 


( L(»)=0, 

1 Ff(o)=0 (t=l, 2, 


satisfies the relation 

(C) vrdx=yiV2n{’^)+ • • • 


. n) 


Let k be the index of the homogeneous system (B) ; if k~0 the theorem 
follows from § 9*22, it will therefore be supposed that fe>0, and that 
Vi, V 2 , . . form a linearly independent set of solutions. 

If the given complete system has a solution let v be any solution of 
the system (B). Then if u and v so defined are substituted in Green’s formula, 
equation (C) follows immediately. The condition is therefore necessary. 

In order to prove the condition sufficient, let Uq be any solution of the 
equation 

L{u)=r, 


then Green’s theorem leads to the relation 

l^vrdx=Uiiu^)r2j.v)+ . . . +C7„(mo)F„+i(o), 

where v denotes any solution of the system (B). 

By subtraction from (C), it follows that 

(D) {U1M-Y1WM+ • • • +{U„(Uo)-YnWn + l{v)=0. 


Now let Ui, U 2 , . • Un he a fundamental system of solutions of the homo- 
geneous equation 

L{u) =0, 

then, by Green’s theorem, 

Ui(ui)F2„(»)+ . . . +?7„(mi)F„+i(o)=0, 

(E) 

^l(*^«)F2n(Z’)+ • ■ • +C^n(*^n)F„+i(»)=0. 

Thus there are in all n+1 linear homogeneous equations in the n unknowns 
1(^)5 3-re satisfied by the k solutions 

• * *5 '^n+liPi) I> 2, . . ., k) 

which, by § 9*32, are linearly independent. The rank of the matrix of the 
set of ti+1 equations (D, E) is therefore at most n—k, but it cannot be less 
than n—k since the rank of the matrix of the n equations (E) is exactly n^k. 
The rank of both matrices is therefore n—k, from which it follows that the 
given complete system has a solution. 


When m=|=n the theorem is that a necessary and sufficient condition that the 
complete system 

C L(u)=t, 

\ Ui(u)=:yi ii=l, 2, . . m) 

should have a solution Is that every solution v of the homogeneous adjoint system 

f L(v) =0, 

\ Fi(o)==0 ( 2 = 1 , 2, . . ., 2n— w) 

^tisfies the relation 

tb 

j ^^dx=yjV^(vy+ . . . +y„Fj„_„+i(o). 

The case -m is di^sed of by reference to § 9*22 ; the proof then follows 

on the above Mnes. 
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9*4. The self-adjoint Lineair DiSerential System of tiie Second Order. — 

Let 

T / \ . du 

I'{u)=Po-^ +Pl^ + 2 ’ 2 « 

be a homogeneous linear differential expression of the second order. The 
adjoint expression is 

L(v)=Pq^ + (W— + (Po"— Pi'+P2)»- 

A neces^ry and sufficient condition that L{u) be identical in form with its 
adjoint L{v) is clearly 

Po^Pv 

The expression may then be written 



In its general form, L(u) is not self-adjoint, but the expression 
Po dxt dx) Po 

is self-adjoint. Since, therefore, any equation of the second order can be 
made self-adjoint by multiplying throughout by an appropriate factor (which 
does not vanish or become infinite in (a, h) if the assumptions of § 9*31 are 
maintained), there is no loss in generality in regarding as the general equation 
of the second order the self-adjoint equation 

which is known as the Sturm equation. In this case, let 

then, if u and v are any two functions of x whose first and second 
derivatives are continuous in (a, h\ 

vL{u)-uL[v)^-^K{v^g -“£)]» 

and hence the bilinear concomitant is 

Green-s formula reduces, in this case, to the simple form 

jjvL{u)-uLiv)}da!=^E(v~ -« J)]^- 

In particular, if L(u)~Oi L{v)=0, it reduces to Abel’s formula 
Kib){v{b)u’ib)-u{b)vXh)}^K{a){v{a^^^ 

Consider, then, the homogeneous differential system 

Z7i(«) —a.iv{a) -\-a^v^) +a 3 M'(a) +a. 4 ^u\h) =0, 

I Z72(«) =i3i«(a) +/32«46) +j83«Xa) +^4 m' W 
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where it is supposed that Ui and U2 linearly independent. This con- 
dition implies that, of the six determinants contained in the 

matrix 

/ ai, a2, ctg, aA 
^39 ^ 4 ^’ 

not all are zero. 

Suppose, in the first place, that Si2=l=0, then let JJ^ and 1/4 be taken in 
such a way that Ui, Uq and U4 are linearly independent. For instance, 
let 

U2(u)^u'(al U4u)^u\h), 

then if u and v are any functions of x such that L{u) and L{v) are continuous 
in (a, &), 

\vLiu)-uL{v)}da^^[K(vf^ 

= Vir^+UzVs+ C73F2 + C7^Fi, 

that is 

—{aiu{a) +a2u{b) +a^u'{a) +oi4u'(b)}V^ 

+{^iw(a) +^ 3 '^^(^) +^ 4 '^^(^)}^ 3 

+u'(a)r2+u'ib)V^. 

A comparison of the coefficients of w(a), u{b)^ u'{a) and u'{b) gives rise to the 
four equations 

aiV 4+^iF 3 =zK(a)v\a), 

Cl2V4:+P2yz=-K(by{b), 

F^2+o^3^44"^3^3” — K{a)v{a)f 
V^+aJ^^+pJ^^=K(b)v(b).^ 

From these equations Fi, F2, Fs and F4 may be obtained explicitly, viz. 

r^{v) =K{b)v{b )+ i {3^ia)v'{a) +S^,K{b)v'ib)}, 

0x2 


r2{v)=-K{aXa)-^{8^(aMa)+S^K{b)v'{b)}> 

°iz 

{a^K{a)v'{a)+a^K{b)v'm, 

^12 


^4(0) = ^ 02^(a)c'(a) +PiK{b)v'{b)}. 

O12 

In order that the given system may be self-adjoint, it is necessary and 
sufficient that Vi{v) and V2(v) should each be a linear combination of Ux{v) 
and TJ2{v). Since v(a) does not enter into Fi, F^ may be obtained by 
eliminating v(a) between Ux(v) and 172(»). Hence Fj is a multiple of 

and thus 

Fi{o)=S:(6)®(6)+i{8i3S:(5)«'(a)+Si4B:(5)»'(6)}. . 

^12 

If this expression is compared with the previous expression for Fi it is seen 
that the condition sought for is that 


B2,Kia)=.Bj^K(b). 

Precisely the same condition is obtained by expressing the fact that V2(v) 
is essentially the eliminant of z?(&) between Ux{v) and U2(t’). Thus the 
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^ndition obtained is a necessary and a sufficient condition that the system 
dealt with may be self-adjoint. 

Assume next that 83^3=^ 0 ; in this case an independent set of linear 
expressions U may be obtained by taking 

U2{u)=u{h)^ U4j(u)=u'{b)^ 

It is then easily found that 

^ i(^) =K{h)v{h) + ^{^i4K{o)v{a) -\-B^K{a)v\a)}, 

F2(») = -K{h)v'{h) + ~ {Si2K(a)v(a) -b2zK{a)v'{a)), 

^13 

yz= — ^{(iiK(ji)v{a)+(i^K{a)v\a)}, 

Vi=~{PxK{a)v{a) +^3E(a)c'(a)}. 

^13 

Again, it may be inferred that 

Is a necessary and sufficient condition that the given system may be self- 
adjoint. 

I ^ The remaining four cases §14=^0, S23H=^1» §24=1=0, and §34=0 may be dealt 
‘with in the same way ; each case leads to the same condition that the given 
;system may be self-adjoint. 


9 - 41 . 


(A) 


Sturm-Liouville Systems.- 

±h 

Idx 


-A system of the type 

-Z}y=0, 


a-iHia) +a^'{a) +a^'{h) =0, 

^i2/(«) +Mf>) +^3j/'(a) +^42/'(^) =0. 

|s known, as a Sturm-Liouville system. In the interval a<a:<6, k (which is 
leverywhere positive), g and I are continuous functions of x, and A is an 
Isirbitrary parameter. The condition that the system may be self-adjoint is 
P24^(®) =§13^(§) ; if supposed that this condition is satisfied. 

A special case of the system, in which the boundary conditions are 

/gN y'{a)-hy{a)=0, 

^ ’ y'{b)+Hy{b)=0, 

krises in the problem of the distribution of temperature in a heterogeneous 
par ; * the system is self-adjoint, for in this case S24=§i3=0, 

I By eliminating in turn y'(a) and y{a), the boundary conditions of (A) may 
ibe brought into the form 

§132/(^) +§232/(^) — §34S/'(^) ==^> 

+§12S^(^) +§142/"(§) — 

which since the system is self-adjoint implies that ^24=0, the 
conditions reduce to (B). When Si3=j=0 the system may be 


If 8i3=Oj 
boundary 
written 


(C) 




A 

dx 

i y{a)=Yiy(p)+yiy\b'), 

y'{a)=Y^{i)+Vz’y'{b), 


; *■ In this problem k represents the conductivity, g the specific heat, and I, h and H 

flepend upon the emissivity at the surface and at the ends of the bar respectively. A has 
|o be determined so as to render the system compatible* 
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and tlie condition that the system may be self-adjoint becomes j 

K^={y-lY2 —YiY^)K^)- 

In particular, the system involving the so-called periodic boundary 
conditions 

\y(a)=y{b), 

]y'{a)=y'{b) 

is self-adjoint provided that 

k{a)—h{h), 

9*5. Differential Systems which involve a Parameter. The Characterise 
Numbers. — It frequently happens that, in the homogeneous differentii 
system of order n 

Wi(y)=0 (i=l,2, n), 

the coefficients in the differential equation, and possibly those in the boundar] 
conditions, depend upon a parameter A. A case in point was met with in 
the preceding section. The capital question here is to determine those; 
particular values of A for which the system becomes compatible. Suck 
values are known as the characteristic numbers of the system, the solutions 
which correspond to them are termed the characteristic functions. A later 
chapter (Chap. XI.) will be devoted to a closer study of the characteristic ^ 
functions ; the present section serves as a link between the theory which wa i 
expounded in the preceding pages and that which will be developed subs| S 
quently. ; 

Let yi, y 2 , . . ., be a fundamental set of real solutions of the equatioi 1 

L{y)=o, j 

these are to be regarded as functions of the real variable-pair (ac. A), and ai j 
such are continuous functions * of (x. A), and possess derivatives with respec f 
to X up to and including the (n— l)th order, which are likewise continuou j 
functions of (x. A) when and A lies in a certain interval, say {Ai, A 2 ) 

The condition for compatibility is that 

Uiiyi) Ui(j/„) =0, 


1^71(2/1)9 • • *9 ^ n (, yr ^ 

which may be written 

F(A)=0. 

It will be assumed that the coefficients in Ui are continuous functions oi ; 
A, then F{X) will be continuous in the interval (Aj^ yl 2 ). This equation is 
known as the characteristic equation of the system, its roots are the character- | 
istic numbers. For values of A which lie in the open interval /li<A<.42i 
the roots of the characteristic equation are isolated ; f points Ai 

and A 2 may, however, be the limit points of an infinite number of roots. 

The characteristic equation is independent of the fundamental set of 
solutions chosen, for bhe effect of replacing yi by where 

y'i=Ciit^i+Ci2t^2+ • • - +<ii%yn 2 , . . n), 

is to multiply the left-hand member of the characteristic equation by the 

* For a defimtion of a continuoiis function of two real variables, see footnote to I 
§ S-1, Tliat and their first (n— 1) derivatives with respect to x are continuonii ! 

functions of (a?. A) follows from the existence theorems of §§ 3*31, 3*32. 
t See I 9*fi injru. 
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determinant which is not zero since Yi, Y 2 , . • form a funda- 

mental set.* * * § 

By definition, each characteristic number renders the system com- 
patible ; the system will then have a certain index of compatibility, say ki* 
Furthermore JQ, regarded as a root of the characteristic equation, is of a 
certain multiplicity m^. Now mi may be unequal to but in all cases, 

ki<mi, 

(It will be remembered that ki^n). To establish this inequality, it will be 
sufficient to prove that, if A is any characteristic number, and k its index, 
F'(A)=F"(A)= . . . =F(x-i)(A)=0. 

Now i^^>(A) is obtained by writing down a number of determinants, each 
of which contains at least (n—r) columns of F{X) unaltered, the remaining 
columns being derived by differentiation from the corresponding columns 
of F{A). Let each of these determinants be developed, by Laplace’s formula, f 
in* terms of the minors contained in the n—r undifferentiated columns. 
Since the index of A is k, all determinants of order greater than or equal to 
^_]_1 extracted from the matrix {Ui(yj)) are zero. That is to say each 
term in the development of will be zero, or 

F^){X)=0, 

provided that r</c— 1. Therefore the root A is of multiplicity k at least, as 
was to be proved. 


I 


(A) 


9*6. The Effect of Small Variations in the Coefficients of a Linear Differential 
System. — The supposition that the coefficients of the linear differential system 

p(2/)=0, 

l^i{2/)=0 (2=1, 2, . . w), 

depend upon a parameter A raises the question as to how a change in the 
value of A will influence the compatibility of the system. In particular, it is 
important to determine whether an arbitrarily small variation in A will raise, 
lower or leave unaltered the index of the system when it is known that for a 
given value of A, say Xq, the system is ^-ply compatible. In its broader 
aspect, this question is settled by the following theorem. J 


Theorem I. — The index of the system is not raised by any variation of the 
^ coefficients which is uniformly sufficiently small. ^ 

The index of the system for the characteristic number Xq being k, there 
• exists within the matrix 


. . .> U^iyJ 

•Uniyi) U„{y„y 


at least one determinant of order n—k which is not zero wffien A=Ao (§ 9*22). 
Let Aq be given a small variation, then if a number B (independent of x) exists 
such that, consequent on this variation, every coefficient in L(y) and in 
Ui{y) changes by an amount not greater in absolute magnitude than 8, the 


* The coefficients Cij may be functions of A, but then the set Yg, * • Yj^ ceases 
to be fundamental for any values of A for which j | =0- The difficulty is overcome by- 
stipulating that yi, * •jt/n form a fundamental set for all values of A in 

t Scott and Mathews, Theory of Determinants, p. 30. 

t The present discussion is due to Bocher, BuU. Am. Math. Soc. 21 (1914), p. 1. 

§ That is to say, corresponding to each characteristic number A®, a number S exists, 
such that in each coefficient of L(y) is, in absolute magnitude, less than S for all values 
of a; in (a. b). The variation of every coefficient in UHv) is similarly less, in absolute 
magnitude, than S. 
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variation in the value of the determinant will be comparable with S, Thus 
a sufficiently small variation in Aq will not reduce the determinant to zero, 
which proves the theorem. 

On the other hand, all determinants of order n—h+1 extracted from the 
matrix are zero when A==Ao. It is at least extremely probable that a small 
variation given to w'ould alter the value of at least one of these determinants, 
which ivoidd mean that the index had fallen below h. Without going into 
the question in its fullest aspect, an important case will be taken up, and it 
will be proveddhat by a uniformly sufficiently small variation in one coefficient 
alone, namely the coefficient of g/ in L{y), the index may be reduced to zero. 
The proof depends upon three preliminary lemmas. 

Lemma I . — Let yoix) heMny paTticuktr solution of the given system corre- 
sponding to the characteristic number Aq. Then there eansts a function y{x. A), 
continuous in {Xy A), vohich satisfies the system (A) for values of A in an interval 
A including Aq, and which reduces to yo{x) when A=Ao. 

To make matters definite, let it be supposed that the determinant which 
does not vanish, when A=Ao, is that formed by the first (n—k) rows and 
columns of the matrix (U). Then any solution of L{y)=0 which satisfies 
the first {n—k) boundary conditions also satisfy the remaining k con- 
ditions. 

Such a solution is given by 

(B) ^(^,A) 

= .... 


^ • • *!' ^ n-~k{yn—k)i ^l^n—k{yn — k + l)~\~ • • • &(2/n) 

The identical vanishing of this determinant, were it possible, would express 
a linear relationship between the fundamental solutions g/i, y^y • . 

Since this is contrary to hypothesis, the determinant is not identically zero. 
Consequently, the formula (B) represents a solution of the given system, and, 
being dependent upon k arbitrary constants, is its general solution. 

Suppose now' that there exists an interval Ay containing Ao, such that the 
system remains of index k for all values of A within A, Then A may be 
taken sufficiently small to ensure that the {n — A;)-rowed determinant which 
does not %"anish for Aq, is not zero for any value of A in rii. Consequently (B) 
is the general solution of the system for all values of A in A, and is a con- 
tinuous function of {x, A), provided that the are determined as constants 
or as continuous functions of A. 

Lemma II . — Let u{x) he a real solution of the system 

(l7,-(«)=0 (i=l, 2, . . n), 

where g is a continuous function of x, and v(x) a real solution of the system 
adjoint to (A) 

|31{o)=0, 

|Fi(»)=0 (i=l, 2, . . n), 

(E) ( gu{x)v{x)dx=0. 

J a 

This lemma is a consequence of Green’s Theorem.* 

♦ For details of tte proof, refer to the more general case of § 10-7 infrcu 


(B) 

then 
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Lemma III. — If the given system (A) is eompatihle and of indeas and 
if an arbitrarily small positive number e is assigned,, there exists a continuous 
real function g{x) such that 0^g{x)<i€ for which the index of the system (C) is 
less than Jc, 

Let y{x) be a solution of the system (A) when A—Aq, and let v{x) be a 
solution of (D) for the same value of A. Neither y{x) nor v{x) can have an 
infinite number of zeros in (a, Z?),* Consequently a point c can be found in 
(a, b) at which the product y(x)v{x) is not zero. Moreover^^ since y{x)v{x) is a 
continuous function of the point c can be included in an interval {a\ b') 
within which y{x)v{x) does not vanish. Now define <f> sls a continuous real 
function of x which is zero outside {a\ 6') and positive, but less than €, for 
a' <.x<,b\ From this definition, it follows that 

rb 

I <f)y{x)v(x)dx^O. 

J a 

Define g by the relation 

g=Kj>, 

where ic is a constant and 0</c<l. Then, from (E), 

fb 

I <f)u{x)v{x)dx—0. 

J a 

Let it be assumed, for the moment, that Lemma III. is false. Then for 
0<</c<l, the system (C) is at least k-ply compatible, whereas, by virtue of 
Theorem I,, its index cannot exceed k for sufficiently small values of /c. Let 
K then be restricted to values sufficiently small to ensure that the index of 
(C) is precisely k* Then, by Lemma I., u{x) is a continuous function of 
(a?, k) which approaches y{x) uniformly as k approaches zero through positive 
values, consequently 

fb fb 

/ <f>u{x)v{x)dx-> \ <f>y{x)v{x)dx 
J a J a 

uniformly as /c 0. But this is impossible since the first integral is zero 
for all values of /c, whereas the second integral is not zero This contradiction 
demonstrates the truth of Lemma III. 

From it follows : 

Theorem II. — If a positive nuTriber e is arbitrarily assigned, there exists a 
continuous real function g{x) such that 0<g(£r)<€ for which the system (C) is 
incompatible. The function g(x) may be chosen as zero except in an arbitrarily 
small sub-interval of {a, 5). 

The function g which was defined in the proof of Lemma III. lowers the 
index of the system (C) by at least unity. If the index is not then zero, 
the process may be repeated by defining a function such that 0<gi<e, 
which is everywhere zero except in an interval (a", V) which does not overlap 
the interval (a', V), Then the index of the system 

L{u)=gu+gxu, 

\Ui{u)^0 (i=l, 2, . , n) 

is at least one unit lower than that of (C) and therefore at least two units 
lower than that of (A). By continuing the process, the index may be reduced 
to zero. Theorem 11. is therefore true. 

If to the function g{x), which renders the system (C) incompatible, there 
is added a sufficiently small function of x which is positive, but not zero, at 

* If yix), for instance, liad an infinite number of zeros in (a, h), these zeros would have 
a limit point, say c, in (a,b). Then y(c)==y'(c)— . . . =:2/(?t~i)(c)=0, which is impossible 
unless y^x) is identically zero. See § 10*2, infra. 
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all points in (a, h), then, by Theorem I., the system remains incompatible. 
This consideration leads to a new theorem as follows : 

Theorem III . — If a positive mmiber e he arbitrarily assigned, a continuous 
real Junction g(x} such that 0<g(x)<€ exists for which the system (C) is incom- 
patible. 


Miscellaneous Examples. 


1. Show tliat the system 

[y'-rpi/’rqy^r, 

I o.iy(uj -r (i.yib) -f- a^Xa) -j- 
! -r ^22/(0 

is self-adjoint if 

fb 

0204 — a 4 ^ 2 =(ai^ 3 ~%j 9 i) exp I pdx. 

J a 


2. Prove that if € is an arbitrary’ positive number and Xp are arbitrarily 

assigned points in (a, 6), there exists a real continuous function ^(a2)x^hidh vanishes and 
changes sign at each of the points xi, but vanishes at no other point'-of (a, 5), which 
satisfies the condition ! {g{x)) i < e, and which is such that the system ^ 


is incompatible. 


L(u):=^gu, 

Vi{u)^0 (i=l, 2, . . n) 



CHAPTER X 

TBE STURMTAF THEORY A:ND ITS LATER DEVELOPMENTS 

10-1. Purpose o! the Sturmian Theory.— The present chapter deals, 
in the main, with equations of the type 

in which K and G are, throughout the closed interval continuous 

real functions of the real variable x. K does not vanish, and may therefore 
be assumed to be positive, and has a continuous first derivative throughout 
the interval. 

The fundamental existence theorem (§ 3-32) has established the fact that 
this equation has one and only one continuous solution with a continuous 
derivative which satisfies the initial conditions 

y{c)=yo> 2/'(c)=yi, 

where c is any point of the closed interval {a, b). But valuable’ as the exist- 
ence theorem is from the theoretical point of 'vuew, it supphes little or no 
information as to the nature of the solution whose existence it demonstrates. 

It is important from the point of view of physical applications, and not 
without theoretical interest, to determine the number of zeros which the 
solution has in the interval (a, b). This problem was first attacked by 
Sturm; * the theory based upon his work may now be regarded as classical. 
The two Theorem of ComparisoUf which form the core of the present chapter, 
are fundamental, and serve as the basis of a considerable body of further 
investigation. 

10*2. Kie Separation Theorem. — No continuous solution of the equation 
can have an infinite number of zeros in {a, b) without being identically zero. 
For if there were an infinite number of zeros, these zeros would, by the 
Bolzano-Weierstrass theorem,! have at least one limit-point c. Then, not 
only y{c) =0, but also y'(c) =0. For 

y{c+h)=y{c)+hy'{c-jr9h) (0<g<l) 

and, since c is a limit-point of zeros, fe may be taken so small that 

y{c+h)=0, 

and therefore 

y'{c-{-0h)=O, 

* J. de Math. 1 (1836), p. 106. The most complete account of the theory and its 
modem development is that given in the monograph by B6cher : Lemons mr ks mithqdes 
de Sturm (Paris, 1917). See also the paper by the same author in the Proceedings, IHfA 
Intemalimal Congress (Cambridge, 1912), I. p. 163. 
t IVMttaker and Watson, Modem Ancdgsis, § 2*21. 
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from which, on account of the continuity of y\x), it follows that 

y'{c)= 0 . 

But the system 

L(y)=0, 

y{c)==y'i€)=o 

has no solution not identically zero. This proves the theorem, which may be 
extended to the linear homogeneous equation of order n. 

Now let yi and any two real linearly-distinct solutions of the 

differential equation, "it will be supposed that vanishes at least twice 
in (a, h ) ; let and ^^2 consecutive zeros of in that interval. Then 

f/2 vanishes at least once in the open interval 

In the first place y^ cannot vanish at or at for ^2 would then be a 
mere multiple of y^. Suppose then that 2/2 does not vanish at any point of 
(xi, X2)* Now, the function yi/y^ is continuous and has a continuous deri- 
vative throughout the interval Xi^x^X2, and vanishes at its end-points. 
Its derivative must therefore vanish at not less than one internal point of 
the interval. But 

d syi) _ y2yi —yiy% 

de:^iyj 2/2^ 

a fraction whose numerator is the Wronskian of yi and 2/2 therefore 
cannot vanish at any point of a?2). This contradiction proves that y^ 
must have at least one zero between Xi and It cannot have more than one 
such zero, for if it had two, then 2/1 would have a zero between them, and 
Xi and X2 would not be consecutive zeros of 2/1. The theorem which has thus 
been proved may be restated as follows : the zeros of two real linearly-distinct 
solutions of a linear differential equation of the second order separate one another* 

This theorem does not hold if the solutions are not real. Thus, in the equation 

y''-ry-=o, 

the roots of the real solutions 

2/i=sin®, y^—cosx 

separate one another. More generally the roots of any two real solutions 
y^—A sin x^B cos x, y^^—C sin x-\-D cos x 

separate one another provided that AD~BC=f= 0 , which is merely the condition 
that these two solutions are linearly independent. But the imaginary solution 

y=cos x-ti sin x 

has no zero in any interv^al of the real variable x* 

10*S. Sturm’s Fundamental Theorem. — If there are two functions of x, 
fW Wx 2^2» defined and continuous in the interval (<2, Z?), and if in this 
interval 1/2 has more zeros than then 2/2 is said to oscillate more rapidly 
than yi* Thus, for instance, if m and n are positive integers and m>n, 
cos mx osciUates more rapidly than cos nx in the interval ( 0 , tt) for the 
former has to, and the latter n zeros in that interval. The separation 
theorem of the previous paragmph may be stated roughly as follows : the 
zerrc of aE solutions of a given difierential equation oscillate equally 
rapidly, by which it is implied that the number of zeros of any solution in 
m interval (a, lying in {a, h) cannot exceed the number of zeros of any 
mdependent solution in the same interval by more than one. If, in any 
interval, a elution has not more than one zero, it is said to be non-oscillatory 
in that interval. 
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The theorem to which this and the succeeding paragraph are devoted 
asserts that if the solutions of 


dxi dx^ 


-Gy=0 


oscillate in the interval (<2, 5 ), they will oscillate more rapidly when K and 
G are diminished. In the first place, the theorem ^vill be proved when G 
alone diminishes, K remaining unchanged. 

Let 12 be a solution of 


and V a solution of 




w^here Gi^G^ throughout {a, b), but Gi^G^ at all points of the interval. 
By multiplying the first equation throughout by v, and the second by m, 
and subtracting, it is found that 

^ {K{u'v —uv')}~{Gi --G2)ut\ 

whence 

\k{u'v-uv')T^ = p(Gi-(?2)Wc-d^, 

L Jari J Xj_ 

a particular case of Green’s formula. 

Let the limits of integration Xi and X2 be taken to be consecutive zeros 
of u ; suppose that v has no zero in the interval Xi<C^<X2» With no loss in 
generality u and v may be regarded as positive •within that interval. The 
right-hand member of the above equation is then definitely positive. On 
the left-hand side u is zero at Xi and at u/ is positive at Xi and negative 
at X2, and v is positive at both limits. The left-hand member is, therefore, 
negative, which leads to a contradiction. Hence v vanishes at least once 
between Xi and X2^ 

In particular, if u and v are both zero at Xi, the theorem shows that v 
vanishes again before the consecutive zero of u appears. Thus v oscillates 
more rapidly than u. 


For instance, the solutions of 
oscillate more rapidly than those of 


provided that m'^n. 


f 

u" -\-n-u— 0 . 


10*31. The Modification due to Picone. — The more general theorem w^hich 
compares the rapidity of the oscnia-fcion of the solutions of the two differential 
equations 

G' 2 »= 0 , 


1 } 

dx\ 

dxi 




dxy 


wherein 

Ki'^K 2>'0, Gi'^G^j 

may be attacked by means of the extended formula 


[Kiu'v-Ks.uv'Y = p{Gx-G2)uvdx+ piKi-Kz)u'v'da!, 
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but a difficulty arises through the presence of the product u'v’ in the second 
integral. This difficulty was overcome by Picone,* who replaced the above 
formula by a similar one obtained as follows : 

” (Kiu'v—Kiuv')\ 

dx{v 1 ' _ ' 

= ^ {K^u'v-K^uv') 

= “ {(Gi —Gsi)uv -r{Ki—K2)u'v'} +Kxu'^ — (S^i +E2)uu' — +E2,u^ ^ 

= (G^-G2)w2-^(El-E2K2+E:2JM'-M^|^ 

Then 

= j (Gi—G2)u^da;+ j ^ {Ki—K^u'^dx 

+ 

which is known as the Picone formula. 

Let Xi and Xo be consecutive zeros of u. and suppose that v is not zero 
at any point of the closed inter\^al Xi<x<X2. Then the right-hand member 
of the Picone formula is positive (apart from the exceptional case mentioned 
below) and the left-hand member is zero. This contradiction proves that 
r has at least one zero in the interval {x^, a?2). 

The theorem also holds if v is zero at one or both of Xi and X2 ; a slight 
modification of the form of the left-hand member of the Picone formula is all 
that is necessary. Suppo2,e, for instance, that v vanishes at then the 
indeterminate quantity ujv must be replaced by its limiting value u'jv\ 
which is determinate since u' and v' are not zero at points where u and v 
respectively vanish. Consequently, 

lim \\k^u'v-E^uv’)\=[{K^-K2)uu%.:^ 

= 0 . 

Thus, vrhether ip is zero at Xi and or not, the left-hand side of the Picone 
formula is zero, and the right-hand side positive, a contradiction which 
leads to the conclusion that v has at least one zero in the open interval 


/: 


2^ {u'v—uv')^^_ 

^52 a®. 


If in any finite part of the interval (rci, G^G^, then the first term of the 
right-hand member of the Picone formula is positive and not zero. The only con- 
ceivable case in which the right-hand member could become zero is when G^—G^ 
throughout the interval and in part of the interval, whilst in the 

remainder of the interval w'=0 (which implies <xi— 0 in that range). The first and 
second integrals are then zero, the third is zero if o is proportional to u. The essence 
of the exception lies in the fact that if, in any part of {x^, x^, G is identically zero, 
then, within that range, K can be changed in any continuous way without increasing 
the oscillation of solution which is constant in that range. This exceptional case 
be met by imposing the condition that G^ and G^ are not both identically zero 
in any finite part of (n, b). 

10*32. (kHiiiticms Siat Qie Solufioxis of an Eauation may he Oscillatory or 

llcm^Bdllatory. — The coeffideaits K and G in the equation 



Atm. Scuota N^mn,. Pirn, 11 (1909), p. 1. 
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being supposed to be continuous and bounded in the internal let 

the upper bounds of K and G in this interval be K and Cr and their lower 
bounds k and g respectively. Thus, throughout (a, b)y 

K>Z>k>0, 


Q>G>g. 

As a first comparison equation, consider 
which may be written 

dx^ 


Then the solutions of equation (A) do not oscillate more rapidly in (n, b) 
than the solutions of (B). The latter equation is (as its alternative form 
shows) immediately integrable ; its solutions are as follow's : 

1®. If g >0, there is the exponential solution exp{'\/(g/k)aj}, which has no 
zero in (a, b). Similarly, if g=0, the comparison solution may be taken as 
unity. Hence, if g>0 the solutions of (B) are non-oscillatory. This leads 
to the conclusion that if G^O throughout the iniercal {a, 5), the solutions of 
the given equation (A) are non-oscillatory. 

2®. If g<0, there is the oscillatory solution sin {y\ ~g;'k}*r} ; the interval 
between its consecutive zeros, or between consecutive zeros of any other 
solution of the comparison equation, is 7ry'(-~k/g). If, therefore, 

7rV(— k/g)>d— a, 

no solution of the given equation can have more than one zero in the interv'al 
(a, b). Consequently, the solutions of (A) are non-oscillatory provided that 

g ^ TT- 
k^(&-a)2- 

Now consider, as a second comparison equation. 


or 


dx^ K 


y=0; 


then the solutions of (A) oscillate at least as rapidly as those of (C). Let 
R be negative ; then the solutions of (C) are oscillatory, and the interval 
between consecutive zeros of any solution is 77'\/( — K/Gr). It follow's that 
a sufficient condition that the solutions of the given equation (A) should have 
at least m zeros in {a, b) is that 

w/TT^y ( — K/G) —a, 

or 

G ^ 

In particular, a sufficient condition that the equation (A) should possess 
a solution which oscillates in (a, b) is that 


G 

K 


^2 


lO'SS. Application to the Sturm-Iiioiiville Equation. — The equation 
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is typical of a large class of equations which arise in problems of mathematical 
physics.*^ The oscillatory or non-oscillatory character of its solutions, and, 
in the oscillatory case, the number of zeros in an interval (a, h), are questions 
of considerable interest to the physicist. 

If A*>0 and g>0, which is the case in many physical problems, the equation 
can foe regarded as a particular case of 




with 

G=l-Xg. 

In this case an increment in A leaves 7c unaltered, but diminishes G and 
therefore increases the rapidity of the oscillation. 

Another, and apparently distinct, case is that in which A;>0, and g 
changes sign within the interval (a, b). This case may, however, be brought 
under the general type by WTiting 


J-Ag 


If I A I increases whilst A remains continually of one sign, both K and G 
dimmish in general. If Z is identically zero, K diminishes but G is un- 
changed. In either case an increment in [ A | produces a more rapid 
oscillation of the solution. 


10*4. The First Comparison Theorem. — This theorem aims at comparing 
the distribution of the zeros of the solution u{cc) of the equation 

which satisfies the initial conditions 

u{a) u'(a) =ai', 

with the distribution of the zeros of the solution of 

d(^ dv I ^ 

which satisfies the conditions 

v(a) =a 2 , v'(a) , 

w’hen, throughout the interv^al (<z, b), 

Gx^G^,* 

The following assumptions are made : 

1®. ai and ai' are not both zero, nor are and ag . 

2'^. If ai=f 

“1 Ct3 ’ 

which imphes that a 2 =j=fi- 

8^, The identity Gi=G 2^0 is not satisfied in any finite part of (a, &)* 
Then Sturm’s first comparison theorem states that if u(c(i) has m zeros 
in ike interval a<C3S^bj then v(aj) has at least m zeros in the same interval, and 
tlm i th, zero of v{x) is less than the i th. zero of u{x). 

Let Xi, afjjj be the zeros of u(x) which lie in {a, b) ; if these 

zeros are so enumerated that 

n<xi<x^< . . . Cx^<b, 

then Sturm’s fundamental theorem shows that between each pair of consecu- 

♦ See § 9-41. 
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tive zeros Xi and there lies at least one zero of r(iij). The comparison 
theorem follows at once if it can be proved that at least one zero of v{x) lies 
between a and Wi, 

If u{x) has also a zero at the end-point a, that is to say, if ai=0, then 
certainly has a zero between a and Xi ; it will therefore be supposed 
that ai=j=0. Then, since v{a)=ao=^0, the Picone formula 



-^2-)]"'' = p (Gi-G.2)uHx+ P {K^-KzW-dx 

, {u'v-uv'y- 

~r ^2 yi 


dx 


may be applied. The right-hand member is positive ; if the left-hand 
member is evaluated, on the supposition that v has no zero in (a, Wi)^ it is 
found to reduce to 


K2,{ci)a2^ \ 

/ 

which is negative or zero in virtue of the second assumption. This contra- 
diction proves that there is at least one zero of v{x) between a and The 
theorem is therefore true. 

If the zeros of the solution of the differential system 



(2/(a)=a, t/'(a)=a' 



are marked in order on the line AB, ^vhere A is the point x=a, and B is x=^b 
(adb), then the effect of diminishing K and G, but leaving a and a invariant, 
is to cause all the roots to move in the direction from B towards A- When 
K and G diminish continuously,^ a stage may arrive when a new zero enters 
the segment AB. This new zero will first appear in the segment t at R ; 
a further diminution of K and G will cause the zero to enter into the 
segment and to travel towards A. 


10*41. The Second Comparison Theorem. — Let c be any interior point 
of the interval (a, b) which is not a zero of u{x) or of v(x), then in the open 
interval (a, c), v{x) has. by the first comparison theorem at least as many 
zeros as u{x). The second comparison theorem states that i f c is such that 
u{x) mid v{x) have the same number of zeros m the internal a<Cx<ic, then 

Kj{c)ii\c) K^{c)v'(c) 
u{c) v(c) 

Let Xi be the zero next before c ; it is necessarily a zero of u(x) and not 
of v{x), for between a and Xi there lie not less than i (and by supposition 
exactly i) zeros of v{x). Then the Picone formula, taken between the 
limits Xi and c shows tha-t 



This gives at once the desired inequality. If u{x) and v{x) had no zero in 

* This process may most easily be affected by supposing K and G to depend upon an 
auxiliary parameter A, as in the Sturm-Liouville equation. 

t The boundary conditions preclude the possibility of a new zero entering at A ; since 
the solution is continuous and varies continuously with K and G, any new zero appearing 
at an interior point of (a, b) would appear as a double zero, which is contrary to the 
supposition that K does not vanish in (a, b). Any new zero which appears, therefore, 
enters the segment at B. 
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{a, c), the theorem would be proved in a similar manner by considering the 
Picone formula taken between the limits a and c. 

Thus, in the system 

,A) 

fj/(a)=a, y'(a)=a\ 

the effect of continuously diminishing K and G is to cause the value of 
K{x}i/'(x)'y(z) at any point of (a, b), which was not originally a zero of 
7/(a:)rto diminish until that point becomes a zero of y{x). 

it may be noted that the comparison theorems which have been proved 
for the system (A) hold equally well in the case of the system 

^ ^ (y{a)=pa, y\a)=pa\ 

where p is any constant. For if y{x) is the solution of (A), then py{x) will 
be the solution of (B). The truth of the remark is now obvious. But if 
p is regarded as arbitrary, then (B) is equivalent to the system 


(C) 


^ L(y)=0, 

I ay(a)—ay\a)= 0 , 


in which the two non-homogeneous boundary conditions have been replaced 
by one homogeneous condition. Since the solution of (C) is py(x), the 
two comparison theorems hold in the case of the completely homogeneous 
system (C). 


10*5- Boundary Prohlems in One Dimension. — By a boundary problem 
in its general sense is meant the question as to whether a given dfferential 
equation possesses or does not possess solutions which satisfy certain boun- 
dary, or end-point, conditions, and assuming that such solutions exist, 
to determine their functional nature and to investigate those modifications 
which arise through variations either in the differential equation itself, or 
in the assigned boundary conditions. 

A boundary" problem in one dimension is that aspect of the general problem 
which arises when the equation is an ordinary di:derential equation, in par- 
ticular an ordinary linear equation, and the boimdary conditions are relations 
which hold betw'een the values of the solution and its successive derivatives 
for particular values of the independent variable x. The fundamental 
existence theorems of Chapter III. are in reality solutions of one-point 
boimdary problems, for the initial conditions are such as refer to a single point 
In the following pages a wider aspect of the problem will be taken up, 
namely the two-point boundary problem, in which the boundary conditions 
relate to the two-end points of the interval 

It -will be supposed that the coefficients in the differential equation, and 
possibly also those which enter into the boundary conditions, depend upon 
a parameter A. Thus it will be supposed that in 



K and O are continuous functions of (ar. A) when a<x<by <X<A2> that 
K is positive and is uniformly differentiable with respect to a?, its derived 
function being continuous in (a^ b)* The coefficients in the boundary 
conditions are also assumed to be cjontmuous functions of A when Ai <CX<CA^. 

* It txmj happen that K has only an ^-derivative at a and an L-derivative at &. 
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The questions which arise are now of two categories : 

1°. Questions of Existence . — For what values of A does a solution exist 
which satisfies all the conditions of the problem *? 

2^. Questions of Oscillation , — ^When a solution exists, how many zeros 
does it possess in the interval (a, h) ? 

For the one-point boundary problem, the first question is answered by 
the fundamental existence theorem, which states that for every value of A 
in {Ai, Af) a solution exists, and is a continuous function of (r, A). The 
second question is then answered, in part at least, by the theorems which 
have been developed in this chapter. These theorems will now be developed 
and expanded in such a way that they become applicable to the more delicate 
two-point problem.* 


10*6. Sturm’s Oscillation Theorems, — The differential system which fur- 
nishes the simplest type of two-point boundary problem is the following, 
known as a Sturmian system : 


(A) 


Uy)i 


^dx\ dx 


\-Gy- 




a'y(a)—ay'{a)=0. 


The particular boundary conditions which are here imposed are of a very 
special type, for each is, in itself, a one-point boundar\' condition. The 
equation, taken together with the first condition^ has one and only one distinct 
solution, say y=Y{x, A). The association of this solution with the second 
boundary condition furnishes the characteristic equation 


F{X)=P'Y{b, A)-fi8F'(6, A)-0, 


whose roots are the characteristic numbers. 

It will be supposed that K and G are real monotonic decreasing functions 
of A, and, in accordance with the provisions of § 10*81, that G is not identically 
zero in any finite sub-interval of {a, h). The upper bounds G and K, and the 
lower bounds g and k are continuous monotonic decreasing functions of A 
in the interval (A^j A 2 )- 

It was seen in § 10*32 that if, for any particular value of A, the equation 

L{y)^0 

is such that 

m27r2 

K>(6-a)2’ 

then, for that value of A, the equation admits of a real solution, satisfying 
the boundary condition 

a'y(a)—ay'(a)=0, 

and having at least m zeros in the interval {a, b). Now suppose that the 
further condition that 

-G/K-> +00 as A -~>^2 

is imposed ; it wdll be proved that the solution in question can be caused to 
have any number of zeros, however great, in (a, b) by taking A sufficiently 
near to A^* The coefficients a and a may be functions of A, in which case 
it wiU be supposed that K{a)afa is a monotonic decreasing function of A* 


* The oscillation theorem which immediately follows occurs in the famous paper by 
Sturm, already quoted, J, de Maik, 1 (1836), p. 106. The boundary conditions are there, 
however, of a very special type. The investigation was brought to successive degrees 
of completion by Mason, Trans, Am, Mcdh, 7 (1906), p. 337 ; B6cher, C. M, Acad, Sc, 
PariSt 140 (1905), p. 928 ; Birkhoff, Tram, Am, Math, Soc, 10 (1909), p. 259. 
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Let A be caused to increase from a number arbitrarily close to A^, and 
suppose that the solution considered has initiaUy i zeros in the open inter\>^al 
a<x<lf. As A increases, the number of zeros increases, and each zero tends 
to move in the direction of the end-point a. Consequently, for a certain 
value of A, sav A=/i;, the solution 'nill acquire an additional zero, which 
appears at the’ end-point b and then travels, as A increases, towards a. For 
the value A=/i£_i another zero appears, and so on. Thus, there exists a 
sequence of numbers 

/^i + 29 * • • 

which haYe the limit-point and which are such that when 

the equation admits of a unique solution which has exactly m+1 zeros in 
{a, h), and which satisfies the first boundary condition. 

Moreover, it was seen, by the second comparison theorem, that when A 
varies from to expression 

K{b)y\h)ly{h) 

is a monotonic decreasing function of A. It must necessarily decrease from 
-foe to— X because w’hen A=/l^ and but y'{b)^0. 

The effect of imposing the second boundary condition 

in addition to the first will now be considered. The coefiicients j8 and jS' 
may be functions of A ; it will be supposed that ^ is not identically zero,* 
and that 

K{hWI^ 

is a monotonic decreasing function of A. 

Since K(b)y'(b):y{b} is a function w^hich, as A increases from to 
steadily decreases from to — x , and since steadily increases 

in the same interv^al, there must be a single value of A between and 
for which these two expressions become equal, that is to say, for which the 
second boundary condition is satisfied as well as the first. For this value 
of A, say the system is compatible ; it admits of a solution which has 

precisely m+1 zeros in the interval a<,cc<ib. The results which have been 
obtained so far may in part be summed up as : 

Theoeem I. The system (A) has an infinite number of real characteristic 
numbers 'xhick have no limit point hut A 2 . For each integer m'^i there 
exists one and only one characteristic number A^^-x, to which corresponds 
a soltdion having m+1 zeros in the open interval (a, b). 

In order to obtain a degree of precision which is lacking in this theorem 
as it stands, a further assumption is made, namely that 


— x^ as 

Since k is positive for all relevant values of x and A, this implies that, in the 
neighbourhood of Aiy g is positive. 

Consider, then, as a comparison equation 

which may be written 


where 




52==g/k>0 

for values of A sufficiently near to Ai. 

1 . case ^ ~ 0 may be d i s m i ss^ at onee ; the second boundary condition reduces 

to the ctometerislac numbers are therefore /ii, 1, . . . 
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Let u{x) be that solution of (B) which satisfies the initial conditions 

(C) u{a) =a, u'(a) =a\ 

then 

U{x) = ^ 

For sufficiently large values of 5, that is to say for values of A sufficiently 
near to Ai, u{x) approximates to a cosh s{x~a) and therefore has no zeros. 
Now let y{x) be the solution of the original equation 

which satisfies the conditions (C). 

Then the conditions of the first comparison theorem, 'vdz. 

K>X G>g, 

Ka' I I 

are satisfied. Consequently y{x) has no more zeros for a<.x<ib than u{x), 
and therefore, for values of A sufficiently near to y(x) has no zeros in 
{a, b). It follows that 2=0. 

It may now be proved that there exists one and only one characteristic 
number Aq in the interval {Ai, ^). Since, for values of A in that inteiv^al, 
y{x) and u(x) have no zeros for a<x<b, it follows from the second comparison 
theorem ‘that 

K{b)y\b) ku'jb) 
y{b) ^ u{b) * 

But as A->. 4 i, 5 -->+oo and therefore 

u\b)ju{b)->-{’:x. , 

and since k>0, 

K{b)yXb)ly{b)-^+a,, 

Consequently, as A increases from Ai^to fjLQ, K{b)y'{b),y{h) steadily 
decreases from +qo to — x . The system has therefore one characteristic 
number, and one only, in the interval (/li, jUp). The sum total of these 
results is contained in the main theorem of oscillation : 

Theorem II. — The real characteristic numbers of the system (A) may be 
arranged in increasing order of magnitude and may be denoted by 

Aqs Ai, A25 . . .5 A^, . . . : 

if the corresponding cJiaracteristic functions are 

* • •» yimi • • 

then y^ will have exactly m zeros in the interval a<,x<.b» 

The supposition that 

lim {— g/k}=— 00 , 

upon which Theorem II. depends, was made for the express purpose of ensuring 
that the characteristic number Aq should exist. This condition, though 
sufficient, is very far from being necessary for the existence of Aq ; its chief 
importance lies in its practical apphcability. Another set of conditions, 
sufficient to ensure the existence of Aq and of some utility in later work is 
as follows. 

Up to the present it has been supposed that G, a, a\ jS and are defined 
in the open interval Ai<,X<,A^ ; it will now be supposed that the interval 
is closed at its left-hand end-point, that is to say that A^ belongs to the 
interval. Let 

Kiy <?i, a|, ai\ ^1' 
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be tbe values of the corresponding quantities when and suppose that 

gi^O, aiax'^0, 

but that aj and ai are not both zero, nor are und . 

Now consider the comparison system 

i d L du\ ^ ^ 

(C) dxj 

I ai'u(a)—aiuXci) =0 ; 

the dMerentiai equation may be written as 

u^—s^u^O, 

in which 

52==gi/ki>0. 

Suppose for the moment that s>0, then the solution of the comparison 
system may be taken as 

u(x)=a 2 cosh s(X'-a) + ~ sinh s(x—a), 
s 


so that u{ic) is definitely positive or definitely negative for 
Now if t'{x) is the solution of the system 

(D) 

( aiv(a) ^aiv'{a) = 0 , 

m which Ki and Gi represent K and G when A=/li, the first comparison 
theorem states that t’{x) can ha%^e no more zeros in (a, b) than u{x) has ; it 
therefore has no zeros in {a, in other words i=0. For a certain value of 
A greater than Ai, nomely X—jjlq, the solution y{x) of 



{ a'y{a)—ay'{a)=0 


(which reduces to v{x) when A=^i) will have a zero at 03=6. Since neither 
tt(x) nor y{x) has a zero in (a, b) when yli<A</to, the second comparison 
theorem may be applied ; it shows that 

Ki{b)y\b) ls:,u\b) 
y(b) ^ u(b) ’ 

%¥hen /li<A</^. The right-hand member of the inequality may be calcu- 
lated directly ; it is readily found to be positive, from which it follows that the 
left-hand member is also positive. Thus the expression 

K{b)y\h)ly{h), 

which assumes the value Ki{h)v' {h)jv{b) when A=/li, steadily diminishes 
from a v-^ue greater than zero to negative infinity as A increases from Ai 
to Since 

steadily increases from a negative value when A=/li, a point must come at 
which the two expressions become equal, and for that value of A, say Aq, 
y{x} satisfies also the second boundary condition 

m^)+^w)=o. 

There is, therefore, a characteristic number Ao in the interval (Ai, fig) 
distinct from and (except when j8=0, in which case Ao=/xo) such that 
the system (A) has a solution which h^ no zeros in the interval a<ix<ih. 
The special case s=0 may now be considered very briefly. The solution 



THE STUEMIAN THEORY AND ITS LATER DEVELOP:\IENTS 2S5 

u{x) is liere a linear function of the argument os— a. Furthermore u{ir) is 
definitely positive or negative in (a, b) and ls:u'{b)Ju{b) is in general positive 
but may he zero. Thus, as before, the characteristic number exists but 
may, in a special case, coincide with Ai, This case arises when 

Gi = 0, 

but in no other circumstances. Hence follows : 

Theorem III. — Under the assumption that 

§1^0, 

the system (A) has an infinite set of real characteristic numbers 
Aq, Aj, A 2 , . . ., A^, . . 
to which correspond the characteristic functions 

2/O5 Vli 2/2? • • *9 Vnii * • 

such that has exactly m zeros in the interval a<Cx<.b. The least characteristic 
number Aq is distinct from. Ai except in the case 

(ri = 0, ai=0, 

10-61. Application to the Sturm-Liouville System. — The group of 
theorems now known as the oscillation theorems were first proved by 
Sturm * in the case of the system 

]a'y(a)—ay'{a)=0, 

Uv(^)+M^)=o, 

which has already been met with.f 

In this case it will be supposed that k, g and I are real continuous functions 
of X when are independent of A and are such that /j> 0, g>0. The 

coefficients a, a\ and p' are also independent of A. Since G = Z— Ag steadily 
decreases, or at most remains constant for any value of x in (a, Z>) as A increases 
from Ai — — GO to yl 2 = +Go, the conditions which were imposed in the 
course of the proof of Theorem II. (§ 10-6) are satisfied. In particular 

— G=mm (hg—l) +00 , 

as A“^ + 00 . Consequently there exists an infinite set of real characteristic 
numbers A^), A^, A 2 , . . which have no limit-point except A=-f-^ J 
corresponding characteristic functions are z/i, 2 / 2 ? - • -s Vm exactly 
m zeros in the interval a<ix<ib- 
If the additional conditions 

Z>0, cxa'>0, i8j8'>0 

for A=0 are imposed, then A^ may be taken to be zero. In this case, when 
A=0, 

g==mm Z>0. 

and the characteristic numbers are all positive. This case is important from 
the physical point of view. 

Now consider the case in which Z>0 and g changes sign in the 

interval (a, b). The problem may be attacked by precisely the same device 
as that which was adopted in § 10*33. Rewrite the equation as 

d\ Jc dy) ^-Ag . 
dx\\X\dcc] 

* J.de Math- 1 (1886), pp. 139 . 148 . 


t H 9-41. 10-33. 
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it is now of the general type considered in § 10-6 if 

* = rri’ G=rr{-s 


K-- 


G-- 


l 


+g 


when A>0, 


when A<0. 


In either case, K and G steadily diminish as j A j increases ; if the conditions 
aa'>0, ^^'>0 are also satisfied, 


a'k{a) 


and 


mh) 


ajAl ^1A| 

steadily diminish as | A | increases. Up to the present point the required 
conditions are satisfied, but if it is noted that, since g changes sign in (a, h), 

€r>0 and K.>0, 

it is seen that 

— Gr/K— > — CO 


as I A [ -> X . 

Thus the conditions of Theorem I. (§ 10*6) are not satisfied ; it does not, how- 
ever, follow that the theorem is false in the case now considered. On the 
contran^ since g changes sign in (a, h) a sub-interval (a', b') can be found in 
which 

g>0 in the case A>0, 
g<0 in the case A<0. 

In either case, values of A may be taken sufficiently large in absolute value 
to make it certain that G<0 in {a'y b'). Consequently the required condition 
that “ 

00 

as 1 A i X is fulfilled in the interval {a\ b'). Thus A may be taken sufficient^ 
great to ensure that the solution of the system 

la'y(a)— ai/'(a)=0 

oscillates in {a\ h') and a fortiori in {a, b). The number of zeros in {a, h) may 
be increased indefinitely by taking A sufficiently large. 

But on the other hand the solution of the system 


<.dxl dcc3 




\ay(a)~-ay'{a)==0 

(w*hieh is the case A=fi) has no zero in (a, &) if Z>0 except possibly in the case 
1=0, when one zero may exist. 

Let it be supposed that 

Z>a, aa'>0, jSp'>0, 

and let the special case 

Z = 0, a'=j8'==0. 


which requires special treatment,* be excluded. Then the methods by 
wMcb Theorem III. (§ 10*6} was proved may be utilised here to demonstrate 
the existence of characteristic numbers to which correspond characteristic 
functions having 0, 1, 2, . . m, . . . zeros in {a, b). The only real 
difference is that the case A<0 separates itself from the case A>0 so that 


♦ Smh B timtoeut is given by Picone, Ann. Scmla Norm. Pisa, 11 (1909), p. 39 ; 
Bdcter, BuU. Am. Math. iSSoc. 21 (1914), p. 6. 
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there is an infinite set of negative characteristic numbers with the limit-point 
X =: — 00 as well as an infinite set of positive characteristic numbers with 
the limit-point A=+qo . The oscillation theorem now reads as follows : * 

If g changes sign in (a, b), and 

^>0, aa'>0, jSjS'>0, 


there exists an infinite set of real characteristic numbers which have the limit- 
points + 0 ® and ~oo . If the positive and negative characteristic numbers 
are arranged each in order of increasing numerical value^ and are denoted by 


A+ A"^ A"^ 

''o’ ’ '^2 ’ 


\ ’ ^1 > \ j 




and the corresponding characteristic functions by 


yt> y}> 


% ’ 2 /i ? 2/2 J • • •» ‘ 

then and y~ have exactly m zeros in the interval a<Cx<b. 


10*7. The Orthogonal Property ol Characteristic Functions and its Conse- 
quences. — Consider the differential system 


/ ~~ 17 / du 

(A) . ■ ■ +i5n-l-^+(Pn+^)W=0. 

I Vi{u)=0 (i=l, 2, . . .,n). 


in which the coefficients Pq, pi, . . p„-i, g in the differential equation 

and the coefficients which enter into the expressions Ui{u) are independent 
of the parameter A. The adjoint system is 


(B) 




dx” 


Fi(c)=0 


d {Vn-lX) 

dx 

+CPb+^)»=0. 
(t=l, 2, . . n). 


Let the system (A) admit of at least two characteristic numbers, say Aj and 
Xj, and let the corresponding characteristic functions be w; and Uj. Then 
the system (B) is compatible for and Xj ; let the characteristic functions 
be Vi and Vj. 

Now Green’s formula 


f {vL{u)-uL{v)}=U^r^^+U^Vz„-r+ . . . +172 „Fi 

J a 

(§ 9*31) holds whatever u and v may be. Let u—Ui and v=Vj, then the right- 
hand member vanishes since 


Consequently 


which reduces to 


Uj^{ui)^U2{Ui):^ . . . 

F,(vj)=V^(vj) = . . . =^V,(vj) =0. 


/ {vjL(ui) --UiL(vj)}dx=0, 

(Aj— Ai)|^ gUiVjda!=0, 


* SanUevioi, Ann. &. Norm. (3) 26 (1909), p. 19 ; Picone, loe. cU. ; Richardson, 
Math. Ann. 68 (1910), p. 279. 
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and since and A; are distinct 

/ gUiVjdx=^0. 

J a 

In particular when the system (A) is self-adjoint, 

.ft 

j gUiUjdx—O 
J a 




A set of functions 


W"jL» Uoj 


Wo, 


which are such that, the function g being assigned, 


j ^gUiUjdx=0 (^=j=j), 

are said to be orthogonal with respect to the function g ; if, in addition, 


fb 

gUi^dx>0, 

J a 

then each function Ui ma 3 " be multiplied by a constant so that 

rb 

/ gUiM-x==l, 

J a 

when so adjusted the functions are said to be normal. The characteristic 
functions of the system (A), w^hen the latter is self-adjoint, therefore form an 
orthogonal set. In certain cases, and in particular when g>0, they can also 
be normalised. 

|! From this orthogonal property follows the important theorem that 
if g>0 throughout the interval (u, S), the characteristic numbers are all real. 
For suppose that is a complex characteristic number, then since 

the coefficients of the system are all real, among the remaining characteristic 
numbers is the number conjugate to A^, say A^=cr— fr. If the characteristic 
function is s+it, then will be its conjugate s—it. Then 

-ft rb 

j gUiUjdx= / g(s-+i^)clx, 

J a J a 


which cannot be zero unless s = t = 0. Thus when g>0, the assumption of 
the existence of complex characteristic numbers leads to a contradiction, 
which proves the theorem. The condition g;>0 may be replaced by the 
less stringent condition g>0 pro\ided that the equality does not hold at all 
points of any finite sub-interval of (u, &). 


10*71. Application to Sturm-Liouville Systems. — The preceding investiga- 
tion is immediately applicable to the Sturm-Liouville system, 

I a.'y{a)—ay'{a)=0, 

lj8W)W(&)=0; 

if g is of one sign throughout the interval (a, b), every characteristic number 

is real.* 

If, on the other" hand, g changes sign in (a, &), then aH the characteristic 
numbers may be proved to be provided that the conditions 

k>0, l>0, aa">0, J3P'>0 

hold (cf- § 10*61 ). Let it be supposed, for the moment, that A^ is a complex 
♦ This theorem can foe traced foack to Poisson, BtiU, Soc, Philomath, Parts, 1826, p. 145. 
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ehaxacteristic number, say a+ir ; the corresponding characteristic function 
yi will be complex, say s-j-ti. Then the equation 




is satisfied identically. The real and imaginary parts, equated separately 
to zero, give respectively 

From these equations it follows that 

(s5'+«T)da!=[A(ss' +«')]*’ - 

*- -*a J <2 


Now 

by virtue of the restrictions 
also 


+a g(s^ +t^)daj — I * l(s^ = 0 . 

J a J a 

[ic(ss' +«')]* <0, 

act'^O. ^0 : 


-f k(s'2+i'2)d^<0, 

J a 

since /5>0 in {a, h), and and t' are not identically zero ; * and finally 

J a 

— J l{s^+P‘)dx^^. 

The contradiction which evidently follows proves that no complex or 
imaginary characteristic number can exist in the case mxder consideration. 
In this case also it may be proved that, if be any characteristic function, 


a 

Let Ai be the characteristic number to which yi corresponds, then 


If this identity is multiplied through by yi and integrated between the 
limits a and.&, it gives rise to the relation 

^ j^gyi^d£C= jyyi^da;+ j^^kyi^dx—^ky^i'^-^. 

The first term in the right-hand member is positive or zero, the second is 
definitely positive and the third is positive or zero. Hence 

j gyi^dx^O if Ai>0, 

<0 if Af<0. 


* s'ssf'sssO would imply — 1~0, and therefore Tg = 0; since T=f=0» 

contrary to the supposition that g chSiges sign in («, h)* 
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In the notation of § 10-51, the characteristic functions y+ and may 
be multiplied by appropriate real constants so that 

f a 

% 

Xow consider the more general system : ^ 


(B) 


+a‘22/(^) +^dy'i^) +^4y'{^) ==<^5 


(cl § 9*41). It is supposed that at least two of the ratios 


are unequal. If 


OLj^ Grf> OL^ Ct^ 

Wi S’ ft’ ft 


cci ^ ^ 

ft^ft’ ft~ft’ 

the system reduces to (A). This particular case is rejected as having been 
dealt* with ; in any other case the boundary conditions are reducible to 

(C) y{a)=yiy{h)+yiy'{b) 

y'{a)=Y^{b)+y2y'ib). 

It will be supposed that the condition 

(D) Kb)={YiY^ —yiYz)Ka)> 
that the system may be self-adjoint, is satisfied. 

Xow the relation 


— I k{s'^-\~t'^)dx — 1 l{s^+t^)dx=0, 

t “*a J a j a 

which is a necessary consequence of the supposition that the system (B) 
admits of a complex characteristic number, is violated when Z>0, if 

[a:(ss'+#')]*^ <0 > 

that is to say, if 

k{a)s{a)s\a) --'k{h)s{h)s\h) >0, 
h{a)t{aY{a) —k(b)t{b)f(b) >0. 

It follows from (C) that these tw^o inequalities are satisfied if 

M<^){Yi^^Yiv}{y 2 i+Y 2 'n} —Hb) iy >o, 

where i=s{b}, r]=s'{b}, or i=i(b), y=t'{b). By means of (D) this inequality 

reduces to 

7172?- +2yiV2l^ >0, 

wdlieh may also be written 

(7i72l+yi'72^?)-+yi72(yiy2’— yiV2h^ q 
7172 ^ ■ 

The condition (C) implies that YiYz—YiY 2 >^i it follows that the above 
inequalities are satisfied when both yiV 2>0 and 7172 >0- 

The system (B) then admits of none but real characteristic numbers. 


* MasOT, Tran*. Am. Math. Soc. 7 (1906), p. 337. 
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These conditions are satisfied in a ver}^ important case, namely that of 
the periodic boundary conditions, 

y{a)=y{b), y\a)^y\b). 

Thus if .^>-0, Z>0 and k{a)—k{h\ the characteristic numbers of the system 
are all real. 


10-72. The Index and Multiplicity of the Characteristic Numbers. — Consider 
again the simple Sturm-LiouviUe system : 

] a'y(a)—ay'(a)=0, 

' W)W{^)=o. 

If, for any particular value of A, the index of the system were 2, then the 
most general solution of the equation would satisfy the first boundary- 
condition, w^hich is clearly impossible. The index of the system, for each 
characteristic number, is therefore unity. 

Let A) be the solution of the differential equation which satisfies the 
first boundary-condition. Then the second boundary-condition imposed 
upon A) gives the characteristic equation, viz, 

F{X)=P'y(b,X)+Py\b, A)=0. 

Let A^* be a characteristic number, and 2 /( 0 ;, A^-) the corresponding characteristic 
function, then 

a)=o, 

%(a’. Ai)=0. 


By eliminating I between these equations and then integrating the eliminant 
between the limits a and b, there is obtained the relation 


\k{y{x, X)y'{x, Xi)—y'(a;, X)y{x, 4-(^— A)| Ai)z/(a;, A)dx=0, 


which, in view of the fact that y{x, X) and y{x, A^) both satisfy the first 
boundary-condition, while y{x, X^) satisfies also the second boundaiy^-condi- 
tion, reduces to 

X)dx=k{b)y'{b, Xi){^'y(J>,-X)+?y'{b, A)}/(A-Ai} 

Now as A-»Ai, 


F{X)l{X-Xi)~>F'(Xi) since 2^(Ai)=0, 
yix, X)-^y{x, Xi) 

uniformly because y{x, X) is an integral function of A. Consequently in the 
limit. 


P'lj{y(‘<!> \)}^dx=my'{b, X^F'iXi). 


If ^'=:j=:0, the left-hand member of the equation is not zero. It follows 
that F'{Xi)=^0, that is to say, A^ is a simple root of the characteristic equation. 

If ^'=0, a modification of the method leads to the same result with the 
possible exception of the case in which g changes sign in (< 2 , b), I is identi- 
cally zero, and a'=j3'==0. In that case the characteristic numbers may 
occur as double roots of the characteristic equation. 

B 
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10-8. Periodic Boundary Conditions.- -The system which will now be 
considered is the following : * 

y{a)^y{b). 

yXa)=y'(b), 

in which the condition that the system be self-adjoint, viz. K{a)=Kib), is 
satisfied. It includes, as a most important particular case, that in which 
K and G are periodic functions, with period (b—a), but in reality it goes far 
beyond this case. 

It is, as before, assumed that K and G are continuous functions of 
(x, A) wiien Ai<:X<A 2 , and that both decrease as A increases. 

The slightly more stringent restriction that 


ax 


<0 


is also made ; this does not exclude the most important of all cases, the 
Sturm-Liomiile case where G=l—Xg, g>0. It is also assumed that 

I- -g r ^ 

lijii lim =-1-00. 

Let yi (a:. A) and fundamental solutions of the differential 

equation chosen so as to satisfy the initial conditions 

yi{a, A)=l, y^ia, A)=0, 

yi{a, A)=0, y^ia, A)=l, 

then, by AbeFs formula (§ 9*4), 

(B) ^ 2/i(5, X)y 2 '{b, A) ^y.Jh ^)yi{b, A) =K{a)IK{b) =1, 

a relation satisfied identically for all values of A. 

The characteristic equation is 

2/i(a, A)— A), z/2(a, X) — y2(b, A) | =0, 

yi'{a, X)—yi{b, A), y^'ia, X)—y 2 ,'{b, A) 
or 

' 1— A) I =0, 

-yi'ihX), l-y^'ihX) 1 

which, by virtue of the above identity (B), reduces to 

(C) F{X)=y^{b, A)+i/2'(5, A)-2=0. 

A number A such that F(A) =0, but not all the elements of the characteristic 
determinant are zero, is said to be a simple characteristic number. If all 
these elements are zero, then there will exist two linearly independent solutions 
of the system (A). Such a value of A, for which 

yiih A)=l, y2{b, A)=0, 
y^{b, A)=0, A)=l, 

is said to be a double charaeteristic number. 

The immediate problem is to prove that, under the conditions stated, the 
characteristic equation admits, as its roots, of an infinite set of real character- 


^ Tiitas^ica, C. B. Amd. Sc. Faaris^ 140 (1905), p. 223 ; B6cher, ibid. p. 928 ; Mason, 
tMcf. p. 1080 ; Midh. Amm. 58 (1904), p. 528 ; Tram. Am. Math. Soc. 7 (1906>, p. 337. See 
alM Picard, TretM 8 (Isfc ed.), p. 140 ; (2nd ed.), p. 138. Extensions to the 

jgcnctml self-adjoint* linear system of the seoond order have been made by Birkhoff, Trans . 
Am. Math. Sm. 10 {imm}, p. 259 ; and Ettlinger, ibid. 19 (1918), p. 79 ; 22 (1921), p. 136, 
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istic numbers.*^ This problem is attacked- in an indirect manner, by studying 
the sign of F(X) for certain values of A corresponding to which the solutions 
of L(i/) =0 have certain ascertainable properties. 

In the first place, let A=p.i be a characteristic number of the system 

(D) jL('w)=0, 

|w(a)=w(6)==0- 

This system is of the Sturmian type, in fact it is the particular case of the 
Sturmian system (§ 10*6, A) in which a=jS=0. It has therefore an infinite 
number of characteristic numbers (i > 1 ) such that each of the corresponding 
characteristic functions Ui (x) has, in the interv’al t a^xcb, a number of zeros 
equal to the suffix i. 

The characteristic numbers fii of (D) are not in general, but in particular 
cases may be, roots of the characteristic equation (C). Now Ui{x) may be 
identified with Since in this case 

the identity (B) reduces to 

2 /i(^ y'i)y 2 {b, 

and hence 


Consequently 


yi{b, f^i) yt{h, fjLi) 

when yi{b, ixi)>0 but 4 = 1 , 

or when y 2 {b, fJLi)>0 but 4 = 1 * 

F(ixi)=0 when yi(b, fJii)=^yo'(b, fJLi)=l, 

when 2 / 1 ( 6 , fii) or yo'ib, fMi)<0. 


Now since y^ici., and 2/2(6, /x^)=2/2(«s /-td=0, y^ib, m) is positive or 

negative according to w’hether y^i^i Ih) has an even or an odd number of 
zeros in the interval a^x<ib. Therefore, when i is even, E(/xd>0 and 
consequently /x^ may be a root of the characteristic equation (C), and when 
i is odd, F{/jii )<.0 J and /jli is not a root of (C). 

The sign of F{X) at the points Ms? • • • exhibited graphically 

as follows : 


X= A, jui, JU2 

PiX) <0 <0 2:0 

Fig. 6. 


The characteristic equation F(A)=0 has therefore an even number of roots § 
in each interval (p-i, /xg), (fts, /X5), . . thus it is seen that there exists an 
infinite set of real characteristic numbers of the system (A). 

In the second place consider the system 

p(j;)=o, 

U ’'( a )=»'(^)=0 ; 

* The methods of the preceding section may be employed to prove that in a very large 
class of cases, the system has no complex characteristic numbers. 

“t The first end-point a is included, but the second end-point h is excluded because 
v{h)=u{a) ; there is no characteristic number jug since each Ui{x) has a zero when a? —a. 

I A very slight modification of the argument shows that < —4 when i is odd. 

§ A possible double root is counted twice. 
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it admits of an infinite set of characteristic numbers Vj('i‘>0) such that each 
characteristic function fi{x) has i zeros in the interval a<x<b. By identifying 
with i/iix, Vi) it is found, as before, that 

Miih n)y2.'{b, Vi)=h 

Consequently 

F{vi)>0 when yi(b, v^)>0 but =j=l, 

F{Pi)=0 when yi(b, Vi)=^l, 

F{Pi)<0 when yi{b, Pi)<0. 

Now yi{i\ Vi) has an even or an odd number of zeros in a^x<.b according 
as i is even or odd. Since ^i) =1 it follows that yi[b^ vi) is positive or 
negative according to whether i is even or odd. Therefore, when i is even, 
F(vi)>0 and may be a root of the characteristic equation (C), and when i 
is odd, F{vi}<0 and Vj is not a root of (C). 

The sign of F{X) therefore runs as follows ; 

X= A, V, V, A, 

FiX) ^0 <0 <0 

Fig. 7 . 

F(X) has thus an even number of roots in each interval {Ai, vi), r^). 
(>’ 3 ? - Now it is clear that 

because an increase in the number of zeros in a<£r<& implies an increase in 
the value of A. But, on the other hand, nothing can be said as to the relative 
magnitudes of /x^ and Supposing, merely for purposes of illustration, that 
y^i<Vi, the change in the sign of F(A) may be exhibited thus : 

X= A M< F M2 ^4 Ma ^3 A 
F<X) CO CO ^0 ^0 CO <0 ' ■ ■ 

Fig. 8. 

It has thus been proved that, under the conditions stated, there exists at 
least one characteristic number for the system (A) in each interval (/x£, /Xi+i), 

(ni 

The next step is to show that there is only one characteristic number for 
the system (A) in each interval (/x^-, or (vi, i)* In order to do so it 

will be sufficient to prove that F'(A) has the same sign at every root of F{x) =0 
which occurs in any such interval. Since ascending and descending nodes 
must succeed one another in the graph of a continuous function, the result 
will then foUovr immediately. To simplify the working it will now be 
assumed that is independent of A. Now 

, , , i^(A)-|/#,A)+2/2'(&,A)--2, 

and therefore 

^ A) 
dX dX 

Let ulx. A) be the unique solution of the system 
jL(i:x)=0, 

)ix(a)=a, u'(a)==a\ 



the STURMIAN theory and its later BEYELOPMENTS 245 


in which a and a are real numbers, independent of A, Then clearly 
satisfies the non-homogeneous equation 






du dG 

dxV" dx\WS~"^^ "■ ^ 


u. 


But the corresponding homogeneous equation 
is known to possess the fundamental pair of solutions 

dv f w / XN 


from which and derived by the method of variation of 

parameters (§ 5*23), thus ^ 

A)j/2(a% X)-yS, X)yi{x, 


d /du \ 


ex 


and 


8 / du\ 

d?^dx 


f)^ ^)i f ~ dX Xyy^'ix, X)-y. 2 {t, X)y^'{x, X) \4t. 


du 


Therefore, taking x=h and u—yi in the expression for it is found that 

CA 


= - J- /■' 

dX K{a)! a dX 


V\{U X)^y-i{t, X)y.(b, A)— ?/,(4 X)yi{b, A)|<ii, 


and taking x=b and u—y^ in the expression for -;^( it is similarly found 


dX^ dx ^ 


that 


dy-z\b, X) 


dX K(a). 
It follows that 


f X)y 2 (b, A)— !/o(f, X)yi{b, X)idt. 


= A)+[ 2 //( 6 , X)-y,{b, X)]y^{t, X}tMt, A) 

-y^'{b, X)y.^m, X)[dt. 

8G 

Since Z'(a )>0 and ^ < 0 , the sign of F'(X) is opposite to that of the 
dA 

quadratic form 

^(1. r,)=y^{b, X)^^+[y 2 'ib, X)-y^{b, X)]iy-y^'ib, X)y^ 
in which A), y=y4f^ X). The discriminant of this form is 

[y^'ib, X)-yx{b, A)] 2 + 42 / 2 ( 6 , X)y{(b, A) 
which, by virtue of Abel’s formula, 

yi{b, X)y^'{b, X)—yz{b, X)yi(b, A)=l, 

reduces to 

[y^ib, X)+yi{b, A)]2--4, • 

and therefore, for those values of A for which the characteristic equation 

yi(bf A)+2/2'(^5 A ) =2 

* It is to be remembered that A)=a, u'(a, A)=a' for all values of A, and therefore 
g® A)=0, |^u'(a, A)=0. 
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is satisfied, the discriminant is zero. For such values of A, the quadratic 
form may be written as 

s 2/i)>7P 

__ {yiv—Q^ 

yiih A) * 

Now at a simple characteristic walue of A 

cannot both be zero. It follo'ws therefore that jP'(A) is not zero and its sign 
is that of ^i(b. A) or --yo(b, A). Consequently F{X) changes sign at a simple 
characteristic value of A. 

?iTien, for any particular value of A, 

y^i^^ A)=z/?i'(&, A)= 0 , 

AbeFs formula reduces to 

yiib,X)+yo^(b,X)= 0 , 

and it then foUows from the characteristic equation 

yi{h, X) -{-2/2' {by A) =2 

that 

tjiib. X)=y 2 '{b, A)=l. 

The value of A in question is therefore a double characteristic number and for 
such a value 

JP(A)= 0 , F'(A)= 0 . 

Now it may be proved* by a method similar to that adopted in finding F'{X)y 
that 

X)}Htds. 

Since yi and ^2 independent solutions of the differential equation, and 
s and t are independent variables, 

yi{s, >)yS^ A)— 2/2(5. X)yi{t, A) 

is not identically zero. Consequently F'fX) is negative for a double cha- 
racteristic value of A, and therefore, in the neighbourhood of a double characteristic 
number, F{X) preserves a constant negative sign. 

Now since F(A) is negative at stnd at ^<2^4-1 and is positive or 

zero at p2m^ there must exist at least two simple characteristic numbers Xp 
and A^, or one double characteristic number Ap=Ag, in the double interval 
(Psm-I. such that 

1 <C Ap *^/i2m Ag- <c P'2 m + 1 • 

No double characteristic 'number can lie in this interval except at p2m* 
If then there axe additional characteristic numbers in A*'2m) they must 

be simple, and even in number. But for these values of A,’ F'(A) is of opposite 
sign ^ y^ib. A) which is impossible since y2{b. A) does not change sign at any 
interior point of the interval. Thus there are no characteristic numbers 
other than A^ and A^ in the double interval /X2m+i)* same 

way it may be proved that there are only two characteristic numbers in the 
double interval 5 obviously these characteristic numbers are 

Xp and A^ and therefore 

1 Ap ^ A^<I 1* 

It follows immediately that no characteristic number can lie in the open 
interval p^m) ^ fbe closed interval {p 2 m+i^ same 
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way it may be proved that F{X)>Q in the interval /Ii<A<i^o> therefore 
no characteristic number lies in that interval. 

Since and A^ are interior points of the double inten^al 
the corresponding characteristic functions and cannot have less than 
2m— 1 nor more than 2m+l zeros in the interval But, on account 

of the periodic boundary conditions, the number of zeros in that interval 
must be even. Consequently and t/g both have precisely 2m zeros in the 
interval a^xdb. 

Let the interval {Ai, i^o) denoted by (/co), and the intervals (jai, i^i), 
(ja 2 , V 2 ), ... by (ki), (kA^ . . . (Fig. 9). Then no characteristic number 
can be an interior point of any interval (k^. On the other hand, betv-^een 
any two consecutive intervals (k^) and there lies one and only one 

characteristic number ; * let it be denoted by and let ^i(x) be the corre- 
sponding characteristic function. Then ^o(^) ^oes not vanish in the interval 
yi(x) and y^ix) vanish tvice, and yj^x) vanish four times, and 
so on. This leads tc the folioving OsciUMion Theorem : 

There exists for the system (A) an infinite set of characteristic numbers 
Ai, A 2 , . . Aj, . . . such that, if the corresponding characteristic functions 
are denoted by yQ, ih, y 2 ,^ . , then yi has an even number of zeros 

in the interval a^x<b, namely i or i-f 1 zeros. 

(K,) ^ jK,) ' ^ 

\ Xg X^ . . . 

Fig. 9. 

.0*81. Equations with Periodic Coefficients. — The most important appli- 
ion of the theory of systems with periodic boundary conditions is to the 
se in W'hich the coefficients of the differential equation are periodic functions 
X with a period commensurable with (b —a). In particular, let K and G be 
en periodic functions, with period rr, and let the boundary conditions be 

y{-Tr)=y{TT), y\—n:)=y'(TT), 

len it will follow from the differential equation that if yi is any characteristic 
unction, yi^'^\—Tr)=^yi^^\7T), and therefore every characteristic function will 
be purely periodic and of period 27 t. 

It is convenient to define the fundamental solutions yi{x. A) and yfi^x, A) 
thus : 

z/i(0, A)=l, 2 / 2 ( 0 , A) =0, 

^/(O, A)=0, y^{0,X)=l, 

then yi{x, A) will be an even, and y^ix. A) an odd, function of x. For if 
yi{x, A), for instance, were not even, then yx{x,X)—yi{~x, A) wuuld be a 
solution of the equation, vanishing, together with its first derivative for 
a;=0, which is impossible. 

If, for any value of A, yi{—7r, A)=0, then yi{x, X) w’ould have an even 
number of zeros in the interval— '!7<a:<7r, which would violate the condition 
y'{-’'jT)=y\7r), and consequently that value of A would not be characteristic. 
|v . n.nv other value of A, yi{x, A) satisfies the condition 

y[ — tt)— 2/{7r)=f=0. 



( — tt ) =y'('rr) =0 
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is satisfied when Similarly, for aU relevant values of A, y 2 {co, X) 

satisfies the condition 

and also satisfies the condition 

7r)=2/(9r)=0 

when A=/£ 2 m* csLse, therefore, A^* is to be identified with Vi when i 

is even, and with /x^^i when i is odd. 

An interesting and important extension of this case is to periodic solutions 
of the second kind ; that is to say y{i7) and y'{7r) are not equal to, but are 
merely proportional to y{ —tt) and y'( —tt). The two linear boundary con- 
ditions are now replaced by a single quadratic boundary’' condition, viz., ' 

y( —7r)y'(7r) ~y'( — 7r)y(w) =0. 

The problem is essentially that dealt with in a later chapter under the name 
of the Floquet Theory. The system will there be seen always to have one 
solution, and in general, for all values of A, to have two linearly independent 
solutions. 

10*9. Klein’s Oscillation Theorem. — An example of an oscillation theorem 
will now be given, whose scope far outreaches that of the theorems due to 
Sturm. It gives an indication of the lines upon which further generalisations 
of the problem have proceeded. 

Consider the equation knowm as the Lame equation,* 

- J ^ y^O 

dx^ ~ x—e^mx {4:x—ei){x^e2){x—e^)^ ’ 

in which ei<,e 2 <.H- closed intervals (ui, be taken, such 

that each Hes wholly within one or other of the open intervals (^i, e^), (<?£, e^), 
(^,x ), but not both within the same interval. In this way the continuity 
of the coefficients of the differential equation is ensured in each of the intervals 
^i)» {^ 2 > ^ 2 )* The constants A and B are to be regarded as parameters ; 
the problem which is suggested by physical considerations is, if possible, so 
to determine A and B that the equation possesses, at the same time, a 
solution yi which satisfies certain boundary conditions relative to (a^, 
and a solution which satisfies other boundary conditions relative to (ao, ^ 2 )* 
Or, more particularly, it may be required to determine A aiM B such that the 
equation admits of a solution which vanishes at and and has mi 
zeros between Cj and bi, and also admits of a solution y^ which vanishes at 
^22 and b^ and has zeros between m-i and m 2 . This was the problem actually 
"'discussed by Klein; f his method of attack forms the basis of the rather 
more gener^ theory which will now be discussed. 

In the differential equation 

let C? be of the form 

{Ao+AiaJ+ . . . 

being thus dependent upon n+1 parameters. Further, let there be ?z-4 
cfos^ intervals 

(% (%» 61 ), . . (a„, &„), 

Chap. XXIII. 

I8(lS81),p. 410; GotL Nach. (1890), ‘ ^ 
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where 

such that K, I and g are continuous and ^>0 for values of x I>dng in any of 
these intervals.* 

The problem now set is to investigate the possibility of determining 
A 0 , Ai, . . , A„ in such a manner that n-{-l particular solutions of the equation 
can be found, say ?/o, 2/i, - . where satisfies the pair of boundary 

conditions 

Cl/2/r(«r) =0, 

lBrt/r{K)-^ryT'(Pr)=0 (j'=0, 1 , . . .. n), 

and has an assigned number of zeros, say in 5^). 

The oscillation theorem which provides a complete solution of the problem 
stated is as follows : There exists an infinite set of simultaneous cliaraeteristic 
numbers (Aq, Aj, . . A„), such that to each particular set there corresponds 

a set of characteristic fuyictions. If {n-j-1) positive integers or zeros {wq, 
mi, . . m„) are assigned, then the characteristic nujnbers (X^, A^, . . A„} 
can be chosen, in one way only, so that in each interval aj.<Cx<ib^, the correspond- 
ing characteristic function y^. has precisely zeros. 

The theorem is proved by induction; it is certainly true when n = 0, 
for then it reduces to the older oscillation theorem of § 10*6. Let it be 
supposed that the theorem is true up to and including the case of n para- 
meters ; it will then be proved to be true for the case of n—1 parameters. 
Now if G is rewritten in the form 

Gf={Z(^)-A^.r^g(a?)}-{Ao+Aia;4- . . . 

and the parameter A„ is, for the moment, fixed, then G may be regarded as 
dependent upon the n parameters Aq, A^, . , A^_i. Now the hypothesis 

is that these n constants may be chosen in one way, and in one way only, 
so that the characteristic functions y^, z/j, . . ., y^-i exist such that each 
satisfies its peculiar boundary conditions, and each has an assigned number 
of zeros in the corresponding interval. The n characteristic numbers Aq, 
Ai, . . . , A,j_i so determined naturally depend upon A,^, and therefore, if 
Aq, Aj,, . . A„_i are expressed in terms of A„, G may now be regarded as a 
function of x and of the single parameter A,^. If Sturm’s oscillation theorem 
can be applied to the equation 

so as to demonstrate the existence of a solution having zeros in the 
interval the theorem is proved. It is therefore imperative to 

make certain that G {x, A„) is such that the conditions requisite for the 
validity of the oscillation theorem are satisfied. 

In the first place, it will be proved that G (x, A,^) is a continuous function 
of {x, A„) for values of x which he in the interval b„). Now if A^' is any 
fixed v^ue of the parameter A,^, the difference 

Gix, X„)-G{x, A„') 

must vanish for at least one value of x in each interval a^^x^bj. (r<n — 1), 
for if this difference were constantly of one sign in any interval (a^, hf) then 
yr{os, A„) would, by the comparison theorem, oscillate more (or less) rapidly 
than z/,.(a7, A„'), which contradicts the fact that has exactly zeros in {a^ b^). 
Hence there is at least one point x^ in each interval {a^, b^) such that 

Gr{Xr, K') (r=0, 1, . . n—1). 

* Nothing is assumed as to the nature of K, I and g, for values of se which do not lie in 
one or other of these intervals ; in fact, in the case of the Lam6 equation, the coefficients 
become infinite for certain values of x (viz. Cj, €3) outside the intervals chosen. 
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But 

G(a:, AJ-GCa-, • • • +(A„'— AJa;«}^(a!) 

=(A„'-A„)(a;-a7o)(a;— a’l) . . . (a;-a:„_i)g(a:). 

Thus when x lies in (a„, &„) 

A„)-G(a:, A„')!<lA„'-A„|16„-«oil&7,-ail • • ■ | lU(a;) 1, 

from which the continuity of G{x, A„) follows. Also 

x—x^'>0 (r=0, 1, . . 72—1), 

when X lies in 5,^), and consequently 

G{x, K)~G{x, A/ , ^ 

A„-A/ 

for More precisely, 

G{X) Ajj)— > — 00 as A^— > qo , 

G{x, Ajj)— ^n[-oo as Ayj— > — qo , 

The conditions requisite for Sturm’s oscillation theorem are therefore satisfied- 
Consequently there exists one and only one characteristic number A„ such 
that admits of exactly zeros in the interval a^<,x<h^. The induction 
is now complete, and the theorem proved. 

The characteristic numbers which have been under consideration are real. 
As in Sturm’s case, the question arises as to whether or not there may also 
exist complex characteristic numbers, and as before the assumption of the 
existence of complex characteristic numbers leads to a contradiction. 

Let Ao, Ai, . . A„ be a . set of simultaneous characteristic numbers, to 
which corresponds the set of characteristic functions 72 q, 2^1 . . If, 

as is supposed, at least one of Aq, A^, , . A^^ is a complex number, while 

all other coefficients in the differential equation and in the boundary con- 
ditions are real, then the differential system admits- as a set of charac- 
teristic numbers the set conjugate to Ao,- A^, . . A^, 

together with the set of characteristic functions v^, 5 y„ conjugate 

to ? 2 o, 22 i, ...» Then 

^”|+{(Ao"rAi.r+ . . . -{-X^x^)g—l}Uj.=0, 

(?'=0, 1 n). 

On eliminating I between the two equations and integrating the eliminant 
between the limits and 5^ the following set of equations is obtained : 

rhf 

I {(Ao— /ki)+{Ai— fii)a:+ . - - +(X„—fji,„)x”}gu^Vrdcc=0 

J Uf 

(r=0, 1, . . 72). 

The (w-rl) numbers A^— /x,. are not all zero ; let it be. supposed, in the 
first place, that no one of them is zero. Then there are 72-f-l equations 
between the (ti+l) quantities (A,.— ; the condition that these equations 
should be consistent is that (C) 

P. . . / J(xo, . . x^)^Xo) . . . g(a:„)Mo(ab)wo(«o) • • ■ u„ix„)v„{x„)dxo . . . dx„=0. 
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where 

^(^09 • • -s : Ij - - •» I 

1, .Xi, . . j 

! 1, I 

=-UiXr-X,) [r>s). 

lip of the quantities vanish (which implies that the corresponding 

numbers are real) there will be ?i-fl equations bet^ween the fi— p-fl 
remaining quantities. The condition for their consistence is expressible as 
a number of equations of the form (C), in each of which the order of the 
multiple integral is n—p+l. The remainder of the argument is essentially 
the same in all cases. 

When n=0 the formula (C) reduces to 

-5 

j guvdx~0. 

Now in (C), 

/l(xo, . . xj>0 since Xo<Xi< . . . 

gr(Xr)>0, 

Uj.(Xy.)Vr(Xr)>0 sincc Ur and Vr are conjugate quantities. 

The integral therefore cannot be zero, a contradiction which proves the 
non-existence of complex or imaginary characteristic numbers. 

The theory can be extended, without any real difficulty, to the case of 
an equation in which 

(?=Z--Aog‘o— Aigi— • • * 

In the multiple integral, the product 

A(xo, , x„)g{xo) . . . g{x„) 

is replaced by the determinant 

goM, gli^ol • • . gni^^o) 
a(«l)> • - - g^(.^l) 

goM, gni^n) ■ 

The non-existence of complex characteristic numbers is assured if 
go^ gi’ ■ ■ ■> gn 2.re such that the determinant maintains a fixed sign when 

UQ^XQ^bQj . . 


MiscEuiAyreous Examples. 


1. Prove that the Wronskian of A; linearly independent solutions of a linear differential 
equation of order cannot have an infinite number of zeros in any interval (a, d) in 
which the coefficients are continuous. 

[Bdcher, Bull. Am. Math. Soc. 8 (1901), p. 53.] 

2. Let y be any solution of 


dxl dx 


Gt/=0, 


and and ^ be functions of x which, with their first derivatives, are continuous in the 
interval (a, b). Let 


then if does not vanish in (a, 6), ^ cannot vanish more than a finite number of 

times there, and ^ and 0' do not both vanish at any point of (a, b). 

[Bdcher, Tram. Am. Math. Soc. 2,(1901), p. 430.] 



252 


ORBIXARY DIFFERENTIAL EQUATIONS 


3 . If and are distinct solutions of the equation of ( 2 ), and if 

then between any two consecutive zeros of 0^, there lies one and only one zero of 00 . 

,Z [Bocher, ibid. 3 (1902), p. 214.] 

4 . Let and be functions ofnhe same nature as and <f >29 st^d let 

0^4,^y-<i>oKy\ W 

then if neither of 

vanishes in (a, b), then in any portion of (a, b) in which W does not vanish, 0 cannot vanish 
more than once. 

[Bocher, ibid., 2 (1901), p. 430.] 

5 . If none of the functions 

^2}* {^19 ^2} 

vanish in (a, h), then between two consecutive zeros of 0 lies one and only one root of IF 
and vice versa. 

[Bdcher, ibid., p. 431.] 

6 . If to the conditions of (5) is added the condition that {<^ 1 , ^ 2 } and {tpi, tp^} are of 

opposite sign, then neither 0 nor W vanishes more than once in (a, 6 ), and if one of these 
functions vanishes, the other does not. Consider the special case — i/f2=0. 

[Bocher, ibid. p. 431.] 

7. Let xi Xz similar to and ^ 2 > ^.nd let 

0^6iy W=^tp-^y— tp2^y'-> ^=Xiy 

then if none of the six functions 


— Xl4>2—X2<kl> {^19 <^2}> {^19 ^ 2)9 (Xl9 X 2 } 

vanish in (a, 6 ), if the last three have the same sign, and if the product of all six is negative, 
then between any root of 0 and a larger root of X lies a root of W, between any 
root of W and a larger root of 0 lies a root of X, and between any root of X 
and a larger root of W lies a root of 0 . 

[Bdcher, ibid. p. 482 ; in a special c^e, Sturm, J. de Math. 1 (1886), p, 165.] 


8 . If, throughout the interv’al (a, b) 

K>0, K'+O. G<0, £(f)<l ■ 

then the zeros of y, y\ y" follow one another cyclically in that order if K'^0, and in the 
reverse order if K'<^ 0 . 


9. The positive zeros of the Bessel functions *^ 71 + 1(^)9 + follow one another 

cyclically in that order if 1 , and in the reverse order if n<^ — l. 

[Bocher. Bull. Am. Math. Soc. (1897), p. 207 ; loc. cit. ante, p. 434.] 

10. For a system 



= 0 , 


where 




3Ii[y(a?)] ==yiy(x) -f BiKy'(x) {i = l, 2), 

and K, G, a/, yi, 5i depend upon A, let the following conditions for {a ^b), (/li<A<.d 2 ) 
be imposed namely : 

(Ai) K and G are continuous and jK :>0 for all values of (x. A) considered ; 

(All) K and G do not increase as A increases, and for any A there exists a value of x for 
winch A or G actually decreases ; 

(Am) the eight c€»efficients af, . . - , 8i are continuous real functions of A in the interval 
considered and 

! ®i 1 + l^£i>0, I yi I + lSil>0; 

(Aiy) either is identically zero or ai/^i does not increase as A increases, and either Si 
us identically zero or yi/S; does not increase with A ; 

(B) the conditions which will ensure the correctness of Sturm’s oscillation theorem for 
the system 


(IS 




(2) IdxV 

ji,[3/(a)]=0. MJj/(6)]=0; 
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(C) ao, ^0, Yqj Sq 

^ 1 , Yv h 

®o j ^o'> Ya'i 
Yil. 

Let y^ix. A) and y^{x. A) denote the two linearly Independent solutions of the differential 
equation satisfying the conditions 

=0, LJyt,{a)] = 1, 

then the characteristic equation for the system (1) is 

P( A) - A)] -f A)] -2=0, 

and there exists one and only one characteristic number between every pair of characteristic 
numbers of the Sturmian system (2). fti, . . - are the ordered characteristic numbers 

of the system (2) and Aq, Aj, . . . those of the system (1), account being taken of their 
multiplicity, then the following cases are possible : 

Ifl. ^q^Ao<^;il<^Ai^/Z2’^A2<^/^:*<f A3<^ . , , 

Ij. rii<Ao</Xo<Ai<;ftl<A2</X2<A2</X3< . . . <ri2, 

Ilfl. Ao<^/iO<[ AiS^fll«^A2<^a2‘<C.A3^/^3*^ • • • 

life. di</lo<Ao</Ai<Ai<;i2<A2</i3<A3< . . . <^2- 

The conditions for these cases are respectively 


la. 

MMA K)]>o, 


lb. 

M,[y,{b, A„)]>0, 

F(A^-r€)<0, 

lla. 

MAyo(b, A„)]<0, 


lib. 

M,[y,{b, Ao)]< 0 , 

F(A,-t-,K0. 


The characteristic function corresponding to the characteristic number Xp will have p— 2, 
p — l,p, p-f-l orp+2 zeros in the interval 

[Ettlinger, Trans. Am. Math. Soc. 19 (1918), p. 79 ; 22 (1921), p. 136.] 



CHAPTER XI 


FURTHER DEVELOPMENTS EST THE THEORY OF BOUNDARY 

PROBLEMS 

111. 0reen’s Functions in One Dimension. — The most powerful instru- 
ment for carrying the theory of boundary problems beyond the stage to which 
it was brought in the previous chapter is the so-called Green’s function, which 
•will now be defined.* Consider the completely-homogeneous linear differential 
system : 

(t/ , d^~^u , ' du . . 

(A) 

(£/i(u)=0 (i=l, 2, . . n). 

It will be supposed that this system is incompatible, that is to say,. it admits 
of no solution, not identically zero, which together with its first n—1 deriva- 
tives, is continuous throughout the interval {a, h). But though (A) possesses 
no solution in this strict sense, there possibly exists a function wMch formally 
satisfies the system but violates, at least in part, the conditions of continuity. 
Such is a Green's Function G{x, |) which 

(1°) is continuous and possesses continuous derivatives of orders up to 
and including (n— 2) when 

[2°) is such that its derivative of order (n—1) is discontinuous at a point ^ 
witlun (a, 6), the discontinuity being an upward jump of amount l/po(^). 
(3") formally satisfies the system at all points of (a, b) except 
It -will first of aU be proved that such a function G{x, actually does 
exist, and, moreover, is unique. Let 

%(*), «2(ir), . . ., u„(x} 
be a fundamental set of solutions of the equation 

L{u)=0, 

then, since G{x, |) satisfies the equation in the interval a<a!<|, it must be 
expressible in the form 

G{sb, ^)=aiUx{x)-\-aiUi{x)-{- . . . 
in that interval ; similarly it must be expressible as 

in the interval i<x<ib. But G{x, and its first (»— 2) derivatives are 
continuous at i, and therefore 

{ai«l(f)+02«2(^)+ • • • +On«n(l)}— . . . +&„W„(|)}~0, 
{aitli'(^)4-a2W2'(f)+ > ■ • 


* Bfldier, BuB, Am, Mttik. Soe. 7 (1901), p. 297 ; Hlbert, Grunds&ge dner aUgemeinen 
Theorie der linearen laii^m^eichtmgen, vii-ix. 
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The discontinuity in |), when x=^, gives rise to the equation 

These equations may be written 

^l%(l)+^2%(^}+ • • • ==^> 

Ci«i'(I)tC 2M2'(I)+ ■ ■ -rC„M„'(^)=0, 


where 

Ci=^hi—ai (z'=l, 2, . . ti). 

The discriminant of these n equations is the value of the Wronskian of 
Ui{x)^ u^ix), . . uj^x) when x~i ; it is not zero since the n solutions chosen 
form a fundamental set. Consequently the numbers Ci, .... may be 
determined uniquely. 

Thus far the boundary conditions in (A) have not been utilised. Let 
Ui{u)==^Ai{u)-^Bi{iL\ 

where the terms relative to the end-point a are grouped imder Ai^ and those 
relative to h under Bi^ Then, taking into consideration the fact that the 
representation of G in {a, f) diners from that in (f, h), it is seen that 

• • • +a^Ai{u^) 

+^2-®i(^2) + • • • 

which may be rewritten as 
5i27i(Wi)+52^i(^2)+ • • • 

(^~1, 2, . . n). 

The determinant | Ui{Uj) | is not zero since the n boundary conditions are 
linearly independent and the system is incompatible. The equations are 
therefore sufficient to determine bi, uniquely in terms of the 

known quantities Ci, C 2 , . . and the coefficients of ZJ^. 

Thus the coefficients ai and hi are determined uniquely ; G{x^ f ) is 
therefore imique. Also G{x, |) and its first (n— 2) derivatives are continuous 
in (a, h)^ whilst the next derivative has the discontinuity postulated, viz. 

lim g) d-^G{i-e, ^) \ ^ 1 

Now let Il{Xy denote the corresponding Green’s function for the 
adjoint system 

lFi(y )=0 (1=1,2, . . n). 

Let the interval (a, h) be divided up into three parts (< 2 , i 2 )> (Izj 

and consider the two Green’s functions 

li), v=^E{x,i^). 

Then Green’s formula 

j^^{vL{u)+uLiv)}dx = ^P(M, u)]* 

may be applied, with the proviso that the range of integration is regarded as 
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the limiting ease of the aggregate of the three ranges (a, — e), — e): 

ft) when € tends to zero. In each of these ranges, 
i(G)=0, L{H)=0, 

and therefore 

lim [P(G, + iim [P((?, + lim [P(G, fi)]* =0. 

Since, by virtue of the boundary conditions, 

FiG, H)=0 


when ^==<2 and when x=b^ this relation reduces to 

lim [^P(G, 

On referring back to § 9‘81, it is seen that the only discontinuous term in 
P(G, H) is 




w 

-1 


G 


d^-m 
dx'^ 


?]. 


and therefore 

and since 


= 0 , 


it follows that 

S(ii, h)=Gii2, ^i). 

This formula has been proved when equally well be proved 

when ifiKii- Consequently, if x and ^ are any two points in (a, b), 

" H{x, 

or in other words, the Greerds function of the adjoint system (B) is G{^^ x). 
Furthermore, if the given system is self-adjoint, the Green’s function is* 
symmetrical, that is to say, 

G(f, x)=G{x, i). 






Since the Green’s function of a ^ven system is unique, the converse 
follow's, namely that if the Greenes function of a given system is symmetrical, 
the system is self-adjoint. 


11-11. Solution of the Non-Homogeueous System. — It is known that, since 
the homogeneous system 


(A) 


L{u) =0, 

Ui{u)—0 (i=l, 2, . . n) 


is incompatible, any non-homogeneous system corresponding to it, and in 
particuisi the system 

(m iUi/} 

lUi(y)=0 (f=l, 2, . . n) 

admits of one, and only one, solution. When the Green’s function G{x, 
of (A) is known, an exfdieit solution of (B) can immediately be obtained, 

namely. 


(C) 

For 


tK^)=f6{x, i)r{i)di. 

{v=l, 2 , . . ., n^2). 



DEVELOPIVIENTS IN THEORY OF BOUNDARY PROBLEMS 257 


P) 

and since — uniformly continuous in {a, b) it follows that 

rim- 

But thfe integrand is now discontinuous at and therefore 

_ e i-*g"~iG{a;, i) 






=/! + ■“ 
-fe^G(^) , , r(a;) 


f ==a:-j-e 
e=X—e 




2»o(a;)’ 


and therefore 


L(y)=l L{G)r(i)di-^r(x) 

J a 

=r{x), 

since L{G)=0, The differential equation of (B) is therefore satisfied. 

Since Ui(y) involves no derivatives of y of higher order than (n — 1) it 
follows that 

Ui(y)=l'u^(G)r(i)di 

J a 

=0 (f=l, 2, . . n), 

since Ui{G)=0. Thus the boundary conditions are also satisfied. The 
expression (C) is therefore the solution of the system (B). 

The solution of the more general non-homogeneous system 

iL{y) =r{x}, 

^Ui{y)=yi {i=l,2, ■ . ; n) 

may now be obtained in a very simple w^ay. Let Gi{x) be the unique solution 
of the system 

[L{Gi) =0, 

- C7i(G,)= . . . =C/Vi(Gi) = L^ + n(Gi)= . . . =LyGi)=0 

I Gi(Gi) =1 ; 

then it may immediately be verified that the solution of (D) is 

y(cc)=f’’Gia;,i)r(^)di+yiG,(x)+y,G^ia;)-]- . . . +yA{x). 

J a 

« 

Let tti(aj) and Uzix) be linearly distinct solutions of the equation 


(D) 


dHi du 


and consider the function 


F(as, i)^Auj^(x) +Bu 2 (m)± 


Ui(x)uJ,S)-Ut{x)Ujii) 
2p.(£){Ml(l)U,'(l) -«*(f )M/(f )} ’ 


where the positive sign is taken when and the negative sign when 

F(ar, I) is continuous in (a, b) ; its differential coefficient has the finite discontinuity 
1IPq(^) when but is elsewhere continuous. The third term is independent of 
the solutions Ui(x) and u^(x) chosen. F{x, |) is therefore of the nature of a Green’s 
function, and by a choice of the constants A and B so that F(aj, |) satisfies assigned 
boundary conditions, becomes the Green’s function of that system. 

s 
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Esumpks.- 


= 0 , 


! dHi 

(1°) \dx^ 

(m(0)=m{1)=0. 
F{x, i)^A+Bx±i{i-x) 

G(x, f)=a:(|-l) 


(x<$), 

(x>i). 


(2=) \dx^ 


nhi=0, 

(ti(0)=M(l)=0. 


F(x, £)=A cosh nx+B sinh nx± — sinh n(£—x), 

(x<£), 

ix>£).. 


sinh nx sinh n(£ — 1) 


_ sinlinl sinh. n(x~l) 
n sinh n 


(r) 


. o ^ 

— ^4.n^=0, 

\dx^ 

\u(0)-=u(l). 


F(x, i)=A cos nxi-B sin nxdo r- sin n(|— *»), 

G(x, ‘^)= ^ n(i--x) +sin n ||— a? [ 

This last example shows that, when the system becomes compatible, i,€. when 
n=:2A;7r, where k is an integer, the Green’s function becomes infinite. 


The Greenes function of a System involving a Parameter. — The 

preceding investigation shows that when A is not a characteristic number of 
the system 

C L(u) + Att =r(a)), 

iUi(u)=0 (i=l, 2, . . n), 

a unique Green’s function G(x, i ; A) exists, and the solution of the system is 

u{x)=^fG{x, i; X)r{mi 

J a 

Similarly the solution of the adjoint system 

^X(o)+AB=r(a:), 

{Fi(o)=0 (i=l, 2, . . n) 

is 

vix)==j'G(i,x;X)r(i)di. 

As an important corollary it follows that if Aj is a characteristic number 
which renders the homogeneous system 

fIX«)+Ati==0, 

lU^(t^)=0 (i=l, 2, . , n) 

sin^y-eompatible, and if is the corresponding characteristic function, 
then 

Uc(a:)=(A-Ai)J^G(fl;, | ; AK(f)d|. 
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This result follows immediately from the fact that the differential equation 

L(u} + Aw =(A — A4)%(^) 

admits of the solution 

If yi(a^)y • • -j 2/n(^) form a linearly independent set of solutions of 

the homogeneous equation 

L{u)+Xu=0, 

the explicit form of G{x, ^ ; A) may be written down,* namely 


where 


G{x, A) = 


i ; A) 


2/2(i»), y„(3!), gix, i ; A) 

VxiVi), Uxiy^), U^g) 


U„{yi), VniVi), ■ ■ ; VniVn), UJg) 
Uiiyi), TJyiy^), . . L\{y,) 

^ 2 ( 2 / 2 ); -5 ^ziVn) 


^n(2/l)> ^niyz)) ^ ni^n) 

and 

2/i(a?). yzix), , yrix) 


g{x, ^ ; A)=±|- 


2/i(^). yz{^). 


Vnii) 


i s/i(?). yzii), • , yAi) 

the positive or negative sign being taken according as x<Z or > 

The existence theorem of § 3'31 shows that if L{u), r{x) and Ui(u) are 
independent of A, the solutions yi{x), • • -s 2/n{^) integral functions 

of A. It follows that G{x, ^ ; A) is an analytic function of A for all values of 
A except the zeros of A (A), that is, for all values of A except the characteristic 
numbers.! The foim which G{Xy i ; A) assumes in the neighbourhood of a 
simple characteristic number Aj which occurs as a simple zero of 4 d(A) will 
now be determined. 

If A (A) has the simple zero A^, the Green’s function may be written 

Giw, I ; A) = +Gi(x, i ; A). 

where Gi{x^ i; A) is analytic at A=A£. 

Now 


R{x, ^) = lim 
A-^Ai 


(A-A,)N(ar, j; A ) 
^(A) 


N{x,^; h) 

- A'iXi) ’ 


* Birkhoff, Trans. Am. Math. Soc. 9 (1908), p. 877. It is assumed that the eoefficieiit 
of uin) ua Z(u) is unity, 

t In fact, G(Wt i ; A) is a meromorpMc function of A. 
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In the expansion of the determinant for N{x, ^ ; A^), the coefficient of g{x, § ; \) 
is zero. Consequently N(x, i ; A^) and its first n derivatives with respect to 
X and i are continnons functions of (x, |) for a<a:<6, Moreover, 

N(x, i; A) satisfies the system 

jL^(u)+Xu=0, 

\Ui{u)=0 (^=1, 2, . . n) 

for all values of A, and therefore R{x, regarded as a function of x, satisfies 
this system for the characteristic nrimber A^-. This characteristic number is 
simple, and therefore R{x, is of the form 

CfUiix), 

where Ui(x} is the characteristic function corresponding to and Q depends 
upon I onh\ But regarded as a function of R{x, f ) satisfies the system 

iL^{v)+Xv=0, 

]Vi(v}==0, (i=l, 2, . . n) 

for the characteristic number A^ ; is therefore of the form 

where Ci is a constant. Hence 

R(x, i)=o^Ui(x)Vi(i), 

and it remains to determine the constant 
Now 

(A-A,)(?(^, I; X)^R(x, i) 

is analytic in A if A is sufficiently near to A^, and is continuous in x and 
since both G and E are continuous in x and f ; also 

lim {(A— Ai)G(tr, A) — } =0. 

It follows that 

lim(A— A;)l G{.t, i; k)Ui{i)di—ciUi{x)l Mi(|)i>i(|)d|=0. 

A-»Ai • ^ a 


But 


(A-Xi)jy(x, I; X)Ui(i)di=Ui(x), 


which is not identically zero, and therefore 

Cif\(iMi)di=i. 

J a 

The following theorem has thus been established : If X=\ is a simple, root 
of the cImracterisUo equation^ the Greenes function has the form 

(A -A,-)/ MiMm 

where 


and E(x^ ^ ; A) is reguMr in ike neighbourhood of A^. 

If all the cl^racteristic numbers whose moduli are less than a number A 
are simple roots of the characteristic equation, then 


G{x, I; A)=]g 


-hJS(x, A), 
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where E{x, f ; A) does not become infinite for any value of A such that 

1A|<A 

Since Ui{x) and Vi{x) satisfy homogeneous systems, they may be nonnalised 
so that 

I Ui(i)Vi(i)di=i, 

- a 

and then 

G(a;, = A). 


11“2* The l^lationship between a Linear Differential System and an 
Integral Equation. — Any non-homogeneous linear differential system with 
boundary conditions equal in number to n, the order cf the equation, may be 
wTitten in the form 

j^^/) =g(x)!/-Tr(.z), 

!i^'i(2/)=yt (e=l, 2, . . n), 

and, moreover, the main theorem of § 9*6 shows that when the system is given, 
g(x) may be so chosen that the homogeneous system 


(B) 


jL(u) =0, 

IUi(u)=^0 


is incompatible. It does not follow that (A) has a unique solution, or in fact 
any solution at all. Let it be assumed, however, for the moment, that (A) 
has a solution yi(x). Then the system 


\Uy) 

my)=Yi 

has a unique solution, and this solution is As in § 11*11, yi{x) satisfies 

the relation 




where G{x, is the Green’s function of the system (B). 

But now y{x) occurs under the integral sign ; the relation has therefore 
taken the form of an integral equation, of which G{x, is the nucleus. 
Write 

K{,x, e)g{i), 

f(,x)=y^Gi{x)+y2G2.ia:)+ . . . -i-y^G„(x)+l G(x, i)r(i)di, 

a 

expressions which, theoretically at least, are regarded as knovrn. Then the 
integral equation which vrould be satisfied by a solution of (A) is 

(C) y{x)=f{x)-^fK{x, ^)y{i)di, 

J a 

which is known as a Fredholm equation of the second kind.* 

It has thus been proved that any solution of the differential system (A), 
supposed compatible, satisfies the integral equation (C). 

Conversely if y^ioc) is a solution of (C), then 

y{x) =f{x) + K{x, |)t/2( ^)d^ 

satisfies the system 

\Hy) =g(«)*/2(®) +»<;«)> 

)l7i(y)=0. 


♦ WMttaker and Watson, Modem Analysis, § 
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But, in the integral equation, 2/(a?) =2/2(-'c) ; the differential system therefore 
admits of the solution 2/2(^)» is solution of the integral equation 

(C) satisfies the differential system (A). 

These two theorems are included in the general statement that the 
differential system and the integral equation are equivalent to one another. 

In particular, if A is not a characteristic number of the system 

{L{u)-\-Xu=Q, 

|u;(w)=0 (^=1, 2, . 


(B) 


in %vhich L{u) and are independent of A, then the system 

\L{y)+Xy=r{x): 


{VAy)=o 

is equivalent to the integral equation 


(z=l, 2, 


(F) 

where 


y{x)+^J^G(x, i)yii)di=f(a;), 


n). 


n) 


G{x, is, as before, the Green’s function of the system (B) ; let r{x, i ; A) 
be the Green’s function of the system 


(G) 


(L(n)+Ao= 0 , 

I Fi(n)=0 (i=l, 2, . . n), 

adjoint to (D). Then by applying Green’s formula 


f {vL{u)--uL{v)}dx—\p{u,v) \ , 
j a t la 


it is found, as in § ll'l, that 

(H) XI^Gix, ij)r(x, X)dx 

- a 

= r{£i, fa; A)-G(|2, li). 





The function P(tr, ^ ; A) which enters into this relation is known as the 
resolvent function of the nucleus G{x, i), for now the integral equation (F) 
and therefore the differential system (E) have solutions explicitly given by 

(I) y{®) =/(*) -A f r{x, i ; A)/(f )df, 

as is seen by substituting this expression in (F) and making use of (H). 

But since the characteristic numbers of the system (G) are the poles of 
its Green’s function r{x, ^ ; A), and since the poles of r{x, ^ ; A) are precisely 
the characteristic numbers of the homogeneous integral equation 

(J) «(®)+A[^G(a:, 

it follows that this in^gral equation is equivalent to the system (D), and in 
the same way the adjoint integral equation 

(f:) x)vii)di^o 

is equivalent to the adjoint system (G), 

If the solutions of the system (D) are denoted by and those of (G) 
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by Vi(ir)y then it is known from the theory of adjoint integral equations that 
the systems are biorthogonal, that is to say, 

j Ui{x)vj(x)dx=0 
J a 

The systems may also be normalised, so that 

fb 

I Ui(x)Vi{x)dx~l. 

J a 

Then G{x^ f), regarded as the nucleus of the homogeneous integral equation 
( J) may be developed thus : 

i = l ^ 

where A^, A 2 , . . A,^ are arranged in order of increasing modulus and 

E(x, i) is a nucleus which has no characteristic numbers of modulus less 
than I A„ I . This agrees with the development in the preceding section. 

When the given differential system is self-adjoint, and therefore the 
Green’s function is symmetrical, the results of the well-developed theory of 
integral equations with symmetrical nuclei can he taken over bodily. Thus, 
for instance, the theorems that at least one characteristic number exists, and 
that there can be no imaginary characteristic numbers are true for self- 
adjoint differential systems. 

Moreover, it may be shown that w’hen the given system is of the form (D) 
the Green’s function is closed, that is to say, there exists no continuous 
function such that 

foiw, im)ds=o 

J a 

identically. In such a case there always exists an infimte set of characterbtic 
numbers. 


11-3. Application of the Method of Successive Approximations. — The 
demonstration of the existence theorems of Chapter III. by means of the 
method of successive approximations is equivalent to the theoretical solution 
of a one-point boundary problem. By a modification of the method the two- 
point problem may also be approached.* This new aspect of the problem is 
valuable because it brings out very clearly the part played by the character- 
istic numbers. 

The differential system may be written in a variety of ways as 

=M{y)+r{x), 

^ ^ lUi{y)^Vi{y)^i (i=l,2 n). 


in which parts of the differential expression and of the boundary expressions 
have been transferred to the right-hand members of the equations. Thus 
L{y) is a differential expression of order n, and M{y) a differential expression 
of order lower than n ; Ui{y) and Vi{y) are linear forms in 
y(a), y\a\ . . y{b), tj{h\ . . 


The coefficient of y^^\x) in L{y) wiE be taken to be unity, the remaining 
coefficients in L{y) and those of M{y) wdll be supposed to be continuous in 
(a, 5). ^ 

' Now the given system may, by § 9*6, be so written in the form (A) that the 
system 


(B) 


[L{u) =0, 


(t — 1, 2, . . ti) 


is incompatible. 


LiouviUe, J. Mix£h. 5 (1840), p. S56- 
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Now let f/Q be a function of x such that M(2/o) is continuous in (a, b) and 
the expressions F^(^o) finite. Then since (B) is incompatible, a system 
of functions 

y2{^)y • • yri^)^ • * • 

is determined uniquely by the recurrence-relations 

(■ L{yr) =M{yr- 1 ) +r{x), 

^Ui(yr)=Vi(yr-i)+yi (^=1,2, . . n). 

In fact, if G(x, i) is the Green’s function of the system (B), 


yr{x)==I^G{x, S 


so that if 
then 


syi==2/n ^2^yz—yu 




(C) Vr{x)=^ r G{x, i)M{v,.:,(i)}di + f V,{v,.^{x)}Gi(x), 


where the functions Gi{x) are as defined in § llTl. 

The question now at issue is whether or not the process converges, that 
is to say w^hether or not the series 


V1+V2+ . . . +Vr+ . . ‘ 


and the first 1 derived series obtained by term-by-term differentiation 
converge uniformly in the interval (a, b). It will be seen that the question 
is now by no means as simple as it was in the case of the one-point boundary 
problem. 

Let A! be a number at least equal to the greatest of the upper bounds of 


I G{x, i) 


^ I 
dx I’ 




i Giix) 1, 1 G/ix) I, I, (.=1, 2, . . n) 

in the interval (a, b). 

Let F{x) be the sum of the moduli of the coefficients of M{v) and 13 the 
sum of the moduli of the coefficients of all the n expressions Vi{v), Also 
let a>r be the greatest of the upper bounds of 


in (a, 5). Then 




/I, . . I I 

1 |< J Ao}^^JR(t)dt+AQo)^^i (v=0, 1, . 

for all values of x in (u, b), or 
where 


n—1) 


coj.<zABco^--, 


B== I F(t)dt+JQ. 

The process therefore converges if Now it will be seen that A 

depends only on the coefficients of L(v) and Ui(v) and on r(x} and and 
B depends only upon the coefficients of M(v) and Vi{v), If, therefore, M(v) 
and Vi{v) can be chosen so that AB is sufficiently small, the process will 
converge. 

The most satisfactory way of attacking the problem is to consider the 
auxiliary system 

(D) =M-^{^)+J'i(a;)}+r2(a:), 

(i==l, 2, . . n). 



DEVELOPIMENTS IN THEORY OF BOUNDARY PROBLEMS 265 


■where 

riix)-^r.2ix)=r{ai). 

This system reduces to the original system (A) when A=l. 
Let yi{w) be chosen so as to satisfy the system 


SL(y) =rdx), 

<-Vi(y)=:di 2 , . . 

and let 

y.(x), . . ijXx). . . . 

be defined by successive approximation in (D). Then yiix) w'ill be 
independent of A and yr(x) will be a polynomial in A of degree r— In the 
limit this polynomial becomes a power series in A which will presumably 
converge for sufficiently small values of ] A 1. The point at issue is 
whether or not it converges for A=l. 

To settle this question, consider for the moment a system of a more 
general character than (D), namely 


(E) 


^L{w) =r{x). 


in w^Jhdch t{cv) and the coefficients of L(tc) are analytic functions of A throughout 
a given domain, and are uniformly continuous functions of x in (a, 5). 
Similarly and the coefficients of XJ:(:C; are analytic functions of A in the 
given domain. 

The formal expression of the solution of this system is 


! 2 / 1 j • • •’ 1/n 

zv{x)= \ Ui(a'o)— ^1, Ui(2/i), . . 

"^71(2/1)9 * ■ *9 




TJrXyn) 


in which Wq is a solution of the equation 

L(uO=r{-r), 

and 2/1, . . yn linearly-independent solutions of 

1(2/) -0. 

Now since t/i, • • yn solutions of equations w’hose coefficients are 
analytic in A and uniformly continuous in x, the two determinants which 
figure in the expression for ’w{x) are themselves analytic in A and uniformly 
continuous in x. Hence w{x) is also anal5i:ic in A and uniformly continuous 
in X except for those values of A for w'^hich the determinant in the denominator 
vanishes, that is to say, except for characteristic values of A. 

This result may now he applied to the sj^stem (D) to the effect that the 
power series in A which represents the limiting value of yr{x) converges in any 
circle whose centre lies at the point A=0 and which does not contain any 
characteristic number of the system 

[L{u) ==XM(u). 

^ ^ lUi(u)=XVi{u) {1=1, 2, . . n). 

It follows that the method of successive approximations as applied to the 
system (A) will converge if the system (F) has no characteristic number of 
modulus less than or equal to unity. 

A much more precise result can now be obtained. Let A=Ai, be a 
characteristic number of the homogeneous system corresponding to (E). 
Then (A— A^) will be a factor of the denominator of ^{x) and the multiplicity* 
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of this factor will be at least equal to the index of Aj. If it so happens that 
(A— Aj) is also a factor of the numerator of the same multiplicity as in the 
denominator, then the solution zjd{£c) will exist even for the characteristic 
number Ai. This will occur, for instance, when the multiplicity of A^ is 
equal to its index and the non-homogeneous system (E) has a solution 
when A=Ai. For then every minor of order n—k which can be extracted 
from the numerator of wlai) will be zero when A=Ai, and therefore the 
numerator, as well as the denominator, will contain the factor (A — Ai) repeated 
exactly k times. Thus tx:(x) will remain analytic when A=Ai. 

Applied to the system (D) this result proves that the process will converge 
when I A I <1 provided that if any characteristic numbers of (F) lie within or on 
the circumference of the circle | A | =1, the index of each such characteristic nurriber 
is equcd to its muUiplidty and that for each such characteristic number the system 
(D) is compatible, 

11*31. Conditions for the Compatibility of a Non-Homogeneous System for 
Chmcteristic Values of the Parameter. — When, as in the case of any con- 
sistent one-point boundary problem, there exist no characteristic numbers, 
the method of successive approximations certainly converges for all values 
of the parameter for which the coefficients of the equation remain continuous. 
On the other hand, the system corresponding to a two-point boundary 
problem has, in general, characteristic numbers, and in order that the 
method of successive approximation may be applicable, it is necessary that 
the system should remain compatible at least for those characteristic numbers 
whose moduli do not exceed a certain magnitude. Necessary and sufficient 
conditions for the existence of solutions of a non-homogeneous system for a 
characteristic value of the parameter are known.* In the present section 
such conditions will be given in the case of the self-adjoint system of the 
second order 

) Uiiy) =ajy{a) +a 2 y{b) + 0 ^ 1 / (a) +a^y'{b) =A, 

( UM +Mb) +Pzy'(ci) =B, 

All coefficients which occur in the system are supposed to be analytic 
functions of the parameter A in a given domain, K, G and It are further 
supposed to be imiformly continuous functions of x in {a, b). The condition 
that the system may be self-adjoint is that 

(B) 324^(a)=Si3E(Z^), 

whem 

Let Ui(x) and u^{x) be solutions of 

L{u)=0 

such that 

tAi'wg —U2U:s^=l IK, 

then the general solution of the equation 

Uy)^B 

IS 

y +C 2 W 2 +Ui I KRu^dx +U 2 f KEu^dx, 

J a J X 

* Such csoaditkms are gweu in the case of equations of the second order by Mason, 
^am. Am, Math, Soe, 7 (1906), p. 837 ; and in the case of equations of higher order by 
Bioi, Ann, cfe Mai, (3), 12 (1906), p. 243. 
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The constants Ci and €2 are determined by imposing the boundarj^ conditions 
thus : 

fb 

1 (^ 2 ) =-^4 — I KHiijdx 

■b ^ 

CiU2{ui)-TC2U2{u2)=B—{^iU2{a)-{-^2'^2{^)} / KEujdx 

J a 

I KBu2dx, 

J a 

Ever>d:hing depends upon the determinant 


A{Ui, U2) = 


U'i(Wl), L\(U2) 
Uoiuj), ^^2(^2) 


Values of A for which A is not zero are not characteristic numbers ; the 
given system is then compatible. The purpose of the present investigation 
is to discover what conditions must be imposed upon R, A and B in order 
that when A is zero, the system may admit of a solution. Two cases arise ; 

(1°) The minors of A are not all zero. 

The reduced system is now singly-compatible ; it admits of one and only 
one independent solution. Let Wi(^) be tliis solution, then 


C7i(%) = £J2(%)=0, 


but TJiiu^) and U 2 {u 2 ) are not both zero. 

A necessary and sufficient condition that the system (A) should be 
compatible is that 


Ui{u2)^B—{PiU2(a)+^^U2{a)} j {j02%(^)'T'j^4«i '(^)} j KRu2dx^ 

— £ 72 (^ 2 ) / KUuxdm'-{a2ibi{h)^a^Ui{h)} j KRu2daP^ =0, 


In the left-hand member, the coefficient of | KRu 2 dx may be written 

J a 


{a^Usia) +a3‘^2'(^)}{j^iUi(a)-i-^3Ux'(a)}—{a2n2(b)-i-a4U2'(b)}{^2^iW-^j^4^i'W} 

~8i3{ui'(a)u2(a)—U2'(a)ui(a)}—S24{ui'(b)u2(b) —U2'(h)ui(b)} 

— 

K(a) K{b) ^ 
so that the condition becomes 


(D) 


Now 


(E) 


— ?72('W2)[^ -rCL2U2{a)} j KBuxds^ =0.. 


^13% (^) 4'^23%(^) +^43^1 (^) 

for the left-hand members of these equations are of the form 

ft 

where i=l, 2, 8, 4 respectively. 
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By means of the relations ( 1 ?), (C) and (E) it may be verified that 

r U]_{u 2 ){PzK{a)ui{a)^^iK(b)>ii (6)}- Ui{M 2 ){“ 2 -K'(«)wi'(«)+ai-E:( 5 )Mi'( 6 )}= 0 , 
1 ri"(«2){^4jS;(a)?ii(fl) +B 3 K(b)ui(b)} -U 2 .(uo){aiK{a)ui(a) +asKib)uiib)} =0, 
1 Ui{M2){f82F:(a)Mi(a) -^ 3 ^(^)«i'(^)}-^^ 2 (M 2 ){a 2 -S^(«)wi(a) -asK{b)ui'(b)}= 0 , 

(c 7 i(« 2 )i 84 ^(aK'(a)-j 3 i^(&)«i(^)} -t^ 2 (“ 2 )K-K'(a)«i'(«) -aijS:(&)Mi(6)} =o. 

Now Ui(uz) and UgCwo) are not both zero; they may therefore be 
eliminated between (D) and any one of the four equations of (F). Thus 
the eliminant of (D) and the first equation of (F) is 

{a 2 K{a)ui{a) -raiK{h)ui{b)} +^ 3 ^ 2 "(<t )} j ■K'Rttidajj 

— j 82 E’(a)Mi'(ffl)TjSlE’( 6 ) 2 £i'(&)}[^— {aiM2(a)+a3M2'(«5^)}/ JfRMid® j =0, 

which reduces to 

{a^TB — jSo-if )-K{a)wi (£*) "bCaiR — ^iA!)B.{b)u^ RBuidx—O. 

Moreover, the process may be reversed, that is to say, the eliminant so 
obtained and the first equation of (F) lead back to (D), except when 


CL 2^(^)^1 (^) (^) — ^5 

^ 2 K(a)u{{a) +^^K{b)u^'ib) =0, 




that is to say, except when Si2=^ when Ui{a)—Ui(b)= 0 , In the latter 
case, both u^{a) and Ui(b) must be distinct from zero, and therefore the first 
and second equations of (E) show that S^o =^5 which is thus the only excep- 
tional case. The equations obtained by eliminating Ui{u2,) and V^{u^) 
between (D) and the four equations (F) are respectively 

I (aoB— +^12 J KJRuxdw—% 

(a^B ~-^^A)K{a)ux{a) +(a3jB —^^A)K(h)Ux{h) +§43 J KRu^dx =0, 

{a 2 B ~P^A)K^ a)u 2 {a) —{a^B —P^A)K{b)Ux (b) 4-^23/ KRu^dx^O, 

J a 

\{a^B—^4A)K{a)ui'{a)—{aiB—Px-d)K(b)ui{b) +8^4^ f KRuidx=0, 

Any one of these is equivalent to the condition (D) provided that the corre- 
sponding determinant S12, S43, S23 or §14 is not zero. Now if any three of 
these determinants are zero, then all determinants are zero, which is 
impossible, since the expressions Ui{u) and U^iu) are independent. Hence 
at least two of the equations (G) are significant. 

Hence a necessary and sufficient condition that the system (A) he compatible 
when the corresponding reduced system has only one distinct solution is 
that A, B and R should satisfy one or other of the relations (G) with non-zero 
determinant 

When A and B are both zero, the condition is that 


f KRu^dx^Q. 

J G 

(2®) The minors of A are aU zero. 

The reduced system is now doubly-conopaiahle and admits of the two 
solutions and The equations (E) still hold, but there is now also 
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a precisely similar set of equations in Suppose for the moment that 
= 0 , then, by (B), §04 = 0 * The first equation in (E) becomes 

^21% (^) +^41^1^^) — 

and similarly 
But, by (C), 

K(b){ui(b}u2(b) —U2(b)tii(b)} =1, 

and therefore 

^21 =^41 

Similarly 


^ 23 ~^ 43 — fi* 

All determinants are thus zero, which is impossible ; it follows that §13 and 
S^i are not zero. 

Since 

Ui(ui) = Viius) = Uziui) = Uziuz) =0, 

necessary and sufficient conditions for the existence of a solution of the 
system (A) are that 

A—(aiU2(a)+a2U2(a)} I KEuida^—laoUiibj-i-a^Ui'lb)} I KBu2dx=^0^ 


These equations are equivalent to 

{ {aiB—^iA)K{a)u2{a)-T{a^B—^^A)K{a)ii2{a)-r^i2 j KRuoda:—0, 
(H) I 

(^2^ ~0L2B)K(b)ux(b) +(fi^A —a^B)K{b)ui\b) -f §24 1 KRuxdx= 0 , 

Other equations of the same type may be found, but only tw’o are independent. 

A necessary and sufficient condition that the system (A) may be compatible 
when the corresponding reduced system has two linearly distinct solutions Ui 
and U2 is that A, B and R should satisfy one or other of the relations (H), 
When A and B are zero, R must satisfy the relations 


rb fb 

I KRuxdx=Q, / KRu 2 dx^ 0 , 
J a J a 


11'32. Development of the Solution of a Non-Homogeneous S^tem. — 

Consider the particular system * 

2/'(a)— %{o)=0, 

where g, I and p{x) are continuous, and k does not vanish when 

Let Ux and U2 be a fundamental pair of solutions of the homogeneous equation 


such that 


Mi(«)=l. Mi'(a)=0, 

%(a)=0, M2'(^)=^- 


* Kneser, Math, Ann. 58 (1904), p. 109. 
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Then the general solution of the differential equation in (A) is 




where Ci and C 2 are arbitrary constants. Each of the four terms which 
enter into this expression is an integral function of A when a 
The boundary conditions of (A) lead to the relatiosos 

C^—hCi=0, 

Ci{ui{b ) -i-Huiib)} -rCsluzib) -i-Suzib)} ^ 

■j-{ui'(b)-i-llui(b)}l U2(t)p(t)dt-{u2'(b)+Hu2(b}} f Ui(t)p(i)dt=0, 

J a J a 


which determine Ci and ^ 2 - Thus 

y=:w{a}, A)/Zl(A), 

w'here w{x, A) is, for all values of a? in {a, b), an integral function of A, and 
4(A), the characteristic determinant, is an integral function of A alone. 

Let Ai be a characteristic number of the homogeneous system 


(B) 


r d^j^dv 
Id^ld^ 




( v\a)—}iv{a)^v'(]b)--\-jE[v{h)—Q, 

and let Vi{x) be the corresponding characteristic function. Then since this 
system is simply-compatible, a necessary and sufficient condition that the 
non-homogeneous system may have a solution when A==Ai is that 


(C) 


r 

I k{x)p{x)Vi(x)dcc=^0. 
J a 


If this condition is satisfied, the function 'w{x, A) /4(A) will be finite 
when A=Ai. Let it be supposed that the condition is satisfied by all charac- 
teristic functions 

• • • 

then w(Xj X)jA{X) will be finite when A assumes any of the values 

Ai, A 2 , . . A«, . . 

that is to say, it is finite for all values of A for which A vanishes. Conse- 
quently, when (C) is satisfied for all integral values of i, y(x) is an integral 
function of A and may be developed, when in the convergent series 

2/(r)=ao+aiA+ , . . 4“CtraA”-t- . . . 

in which the coefficients Oq, a„, . . . may be determined by the 

method of successive approximations. 


11'4« The Asymptotic Development of Characteristic Numbers and Functions. 

— In the Sturm-LiouviHe equation 

it wUl be supposed that, throughout the interval the functions 

kj g and I are continuous and k and g do not vanish, that k possesses a con- 
tinuous derivative, and that gk has a continuous second derivative. Then if 
the following transformations are made 

where K is the oonstant 
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the equation assumes the normal form 

+{p2-5(z)}«=0, 

where 

and ^( 2 f) and 4^{z) are respectively and Z/g, expressed as functions of 2 . 
The interval a<tr<Z> becomes 0<2<'7r. Throughout this interval g{z) is 
continuous ; for the present no further restrictions are necessarj^’*' but later 
work requires also the existence and continuity of the first two derivath^es 
of q{z). 

The boundary conditions are not altered in form by the transformation ; 
they will be supposed to be 

ju'{0)--hu(0)=:0, 

(u\Tr) 4-Hu{7r) = 0 , 

where the constants h and H are real. 

If now the equation is written as 

— +p^u=q{z)u, 


its general solution may be expressed s 5 nnbolicaliy as 

u(z)=A cos pz+B sin pz-T{D^-rp^)~'^q{z)u{z) 


1 

=A cos pz+B sin pz-\ — / sin p{z—t)q{i}u(t}dt. 
pjo 

•The differential system as it stands is homogeneous ; to make its solution 
quite definite, the first boundary condition will be replaced by the non- 
homogeneous conditions 

^ 4 ( 0 )=! ; u{0)=h. 

The constants A and B are then uniquely determined, t and 


u(z) =cos pz+- sin pz+-f 
P pJo 


sin p(z—t)q(t)u(t)dt. 


The fundamental existence theorem affirms that | t[(z) j is bounded in 
(0, tt). Let M be its upper bound, then 

I u(z) j <(^1 + + +— I qit) \dt. 

r ' pjo 

Since | u{z) | is continuous in the closed interval 0<a:<'rr, it attains its upper 
bound, and therefore 

+^) I sW \dt. 

whence 

for all values of p greater than a fixed positive number. 

If now the second boundary condition is applied, it is found that p is 
determined by the equation 

, P 

taxiTrp = — 


♦ These restrictioiis may be considerably lightened by adopting the methods of Dixon, 
pm, Trans, E, S. (A) 211 (1911), p. 411. 

t The relation thus obtain^ Is interesfang historically as being the first recorded 
instance of an integral equation of the first kind, Liouville, J. de MaJh. 2 (1837), p. 24. 
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where 

p ==h -f-H -T I jcos pt—~ sin pt (q(t)u{t)dt, 

J Q ^ P ^ 

p'==: I sm pt cos pt ^q(t)u(t)dt 

Since 

A/<l+0(p-i), 

in (0, tt), it follows that | F | and | P' | are both less than finite numbers 
independent of p. 

The development 'will now be carried a step further.* Since u(t) is of 
the form 

^ , a(p, t) 


cos pt + 


where a(p, t) is bounded. 


and therefore 


w(s) =cos pz^l—-j sin pt (^cos pt + q{t)dt^ 

-fsin pt (^cos 


where 


ti(z) =cos ps{l+0(p“2))_|-sin pz {Q{z)p-'^ -\-0{p-^)}. 


Q(z)=h+ij ^g(t)dt. 


It is now easy to verify that 

F=h-hE+h^+0(p~^% F'=0(p-i% 

where 

^■i=i J'^q(t)dt. 

The characteristic equation now becomes 


tan TTp- 


k+H+h+Oip-^) 


P+0{p-^) ’ 

and therefore, for sufficiently large values of p 

Trp 

=«+ +0(«-2\ 


where c is independent of n. This e::^ression incidentally furnishes a new 
proof of the theorem that there exists an infinite set of characteristic 
numbers. 

Now 

cos p^z=ms fiz {1 +0(n-2)j.— sin nz {czn-^+0{n~^)}, 
sin p^z^sin wz{l+0(7Z“2j}+cos nz{czn-^-{-0{n'-^)}, 
and therefore the characteristic function corresponding to p^ is 
ti 42 ;)=:Cos nz{l+0(n--^)}+fim nz {a{z)n-^+0{n-^)}^ 

* Hobson, Proc. London Math, Soc, (2) 6 (1008), p. 374. 
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where 

a{z)=Q{z)—cz. 

Let the characteristic function be normalised, and then denoted by 
thus 

= cos n 2 :( 1 . 4 - 0 (w“ 2 )}_Lsiii nz{^{z)n-^-i-0{n-"-)}. 

This is the asymptotic expression for the characteristic functions ; it is of 
particular utility in computing the characteristic functions for large values 
of 71 . The expression may be carried to any desired degree of approxima- 
tion.* 

Two exceptional cases deserve mention, namely (1^) when either h or H 
is infinite, (2®) when both h and H are infinite. t In the first case, at one of 
the end-points, but not at the other, u{x) is zero ; then 

Pn=K-fi-rO(n-i). 

In the second ease, u{x) vanishes at both end-points, and 

11’5. The Storm-LiouTille Development o! an Arbitrary Funciioii. — Let 

u^{x), Mi(a:), . . ., Urix), . . . 

be the set of normalised characteristic functions of the system 

(S+fp*-3(*))«=0, 

(A) J 

^ ^ ‘ u'{0)-hu(0)=0, 

u'{7T)-\-Hu{7r)—0, 

corresponding respectively to the characteristic numbers 

PO? Pl> • • *9 Pfi9 * • • 

where, as in § 11*4, 

p^=n+cn-^^0{n~^). 

It will first be shown that this set of characteristic functions is closed, 
that is to say, if p(x) is any function continuous in (0, rr) and if 

fTT 

/ p{x)uJ^x)dx=^Q 
J 0 

p{x)=0 

^ +{p2— ?(®)}o+J>W=0, 

. o'(0) -hv(0) =v'(7r) +Ev{w) =0. 

When p is not a characteristic number, this system has a unique solution 
which may be expressed in the form of the infinite series 

(D) v{x)=Vq-{‘P^Vi-\- . . . • - •> 

* Horn, Math. Ann. 52 (1899), pp, 271, 340 ; Scblesinger, iMd. 63 (1907), p. 277 ; 
Bixkhoflf, Trans. Am. Math. Soc. 9 (1908), pp. 219, 373 ; Blumentlial, Archiv d. Math. u. 
Phys. (3), 19 (1912), p. 136. 

t I^eser, Math. Ann. 58 (1904), p. 136. 

J Ibid., p. 113, 


(B) 

for all values of n, then 

identically 4 

Consider the system 

(C) 



274 


ORDINARY DIFFERENTIAL EQUATIONS 


where t’o, Vj 


, satisfy the equations 

^0 

d^vi 


=0, 


dx^ 

dx^ 


— ^^1+^0 — 


^ —q^n+^n-l=^^ 


From these equations it is easily verified that 


fTT ( 

I 5 ^ 
J 0 ' 






^]dx= J^{v^v„-v„+iv„-i}da;. 


^m-ri ^2 da;2 

Now the left-hand member of this relation reduces to 

[om+lOn'— + 

which is zero on account of the boundary conditions. Hence 

r^m-hl^n-l^= r ‘^rtPndx. 

Jo Jo 

The common value of these integrals therefore depends only upon the sum 
of the suffixes ; it wiU be denoted by Now 

j (av ^- 1 j- i)^dx = W 2m- +2W + 

J 0 

which cannot be negative for any real values of a and J3^ and therefore 
considermg a=0, J3=0 in turn, 

^2«+2>0, 1F2^-2>0. 

Moreover, since the quadratic form in a, jS is jtositive, 

and therefore W 2 m either zero for all values of m or always positive. 
Suppose that IFo>fi» 

IFo^IFo^*-* ~W2m 

Now it 'follows frona § 11“31 that if the systern (C) has a solution Vn{os) 
when then 

'-I 

p(ic)Vn{x)dx=0, 


i: 


and conversely. Moreover it was proved in § 11*82 that if this relation holds 
for all integri values of n, the system (C) has a solution v(x) for all values 
of p, and this solution, by the fundamental existence theorem, is represented 
by the series (D) which then converges for all values of p and for all values 
of X in (0, tt). Consequently the development 

J^^vov[x)dx=l>Fo+p^Wi+ . . , +p2«]F„+ . . . 

is finite for all values of p, which is impossible in view of the inequalities (E). 
It therefore follows that I 

FP'q=;W^2^ . - • =IF2,jj= . . • =0. 
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Consequently 

Vq =0 and p{x) =0 

identically in {a, h). 

Now let f(x) be an arbitrary function of the real variable x. The theory 
of Fourier series suggests that it may be possible to develop f{x) as an infinite 
series of normal functions, thus 

S{x)^CqU^(x)+CxUi{x)-\‘ . . •. 4-c„w„(^)-f . . . 

If this development is possible, then on account of the orthogonal properties 
of the functions ujix), it is easily found that 

SO that the coefficients are determined uniquely* 

The two main questions which arise are 
(1°) whether the series 

2 “r(*) 

converges uniformly in (0, tt) or not, 

(2°) when the series converges, whether it converges to the value f{x) or 
to some other limit. These questions will be dealt with in the succeeding 
sections. 


11*61. The Convergence of the Development. — In the first place, a very 
special function <l>{x) will be dealt with, which is continuous and has con- 
tinuous first and second derivatives in (0, tt). Consider the series * 


Now 


2 Uj.{x) I 

J-=:l j 0 




=-/: 


q{ty 

4>it) 




dt 


oPr‘‘—qii) dt- 

L ^ Jo ^^ 'dt4pr^-q{t)l ’ 

on integrating by parts ; in view of the boundaiy conditions this reduces to 
E^{Tr)ur('rT) , h<j>{0)Ur{0) 


Pr^—qipr) p^^—q{Q) 


+ 




Now since ^(t) is continuous and has continuous first and second derivatives, 
and the same hypothesis has heen made with regard to q(t), it is clear that 


d^ 4>{t) 


-q{t) 


} 


and 


.0^ 
^ dt 




1 


m , 

»-q{t)] 


are bounded for sufficiently large values of p, say p^py, and for aU values 
of t in (0, tt). Hence 


2«r(®) ' 

where the constants are finite for all values of r. The series is therefore 


^(oK(o) I A 

P.2 -3(0) "^p.^ 




* Knes&t, Math. Ann. 58 (1004), p. 121. 
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absolutely and uniformly convergent in the interval 0<a;<'7r. The sum of 
the series 

(A) X^r(^) I ^ Ur{t)<t>{t)dt 

is therefore a continuous function of x in (0, tt) ; let it be denoted by ^(a). 
Then since term-by-term integration of the series for ijj{x)Un{x) is justified 

by its uniform convergence, 

I ''ii(x)u„(x)dx=y f u^{x)ti„{x)dx [ u,{t)4>{t}dt 

= / u„{t)<^(t)dt, 

J 0 

on account of the orthogonality of the functions Un{x), Thus it is seen that 

-TT 

/ { ljj{x) --cj>{x)}Un{x)dcC =0 , 

J 0 

for all values of w, and therefore 

tft{x)=<f>{x) 

identically in (0, rr). The series (A) therefore converges absolutely and uniformly 
in the interval 0<a7<7r, atid in that interval its value is fix). 


11*52. Comparison of the Sturm-Liouville Development with the Fourier 
Cosine Development. — It will now be supposed that f{x) is a continuous 
function of the real variable x in (0, tt) ; no further restrictions will be put 
upon it. Let sj^x) be the sum of the first terms of the Sturm-Liouville 

development, thus 

««(■») = / At) % u^{os)Ur{t)dt. 

■ 0 rto 

The behaviour of Sj^{x) as n tends to infinity will now be investigated.* 

The Fourier cosine development is a particular case of the above ; the 
differential system to which the normal set of orthogonal functions 


(!)*• (1) 


2 


cos £t% . . 




(i)' 


cos nx. 


corresponds is 


dx^ 




(i?'(0)=u'(7r)=0. 

It win now be shown that the Sturm-LiouviUe development of f(x) 
behaves in all respects exactly like the Fourier cosine development. Let 


then if 


f”" (1 2 

o‘n{x)= ( f{t)] — I — y cos rx cos rtidt, 

J 0 ITT 3 


it follows that 


^n{x, <) -= V Uj{x)uJf) — j- 

r=0 



COS rx cos 
1 



^„(x, t)f(t)df. 

* Haar, MaiA. Ann. 69 (1910), p. 389 ; Mercer, Phil. Tmns.R. S. (A) 211 (1910), p. 111. 
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By means of this relation mil be proved the remarkable theorem that 

uniformly as 7i-> x . The proof depends upon two lemmas. 

Lemma I . — There exists an absolute comtatit Jf such that 

I t) I <31 

for all values of n. 

On account of the asymptotic form of u^(x) it is easily seen that 
2 

uJx)u^{t) cos rx cos rt 

7T 

=(~) {P{^) rt-T^{x) cos rt sin rx}^ 4"^^ ) 

Since the sums of the series 

2 sin r[x+t) 'r{x—i) 

are bounded, and ^{x) is bounded in (0, it), the lemma follows. 

Lemma II . — If <f {x) is continuous in (0, tt) and has continuous first and 
second derivatives in that interval, then 


I 0Jx, t)<^(t)di-^0 

J 0 

uniformly in (0, rr) as n-^x . 

For if ^n(^) represent the first « terms of the Sturm -Liouville 

and the cosine developments of <f>(x) respectively, then 


J 0 

But gn(^) and h^{x) both approach <^{x) uniformly, which proves the lemma. 
The main theorem may now be attacked. 

Since f{x) is continuous in (0, tt), a sequence of continuous functions 

- • -> <f>rX^% ■ ■ ■ 

having continuous first and second derivatives can be formed w’hicli tends to 
f{x) uniformly in (0, tt). These functions may, for example, be polynomials 
of degree equal to the suffix.* Then 

s„(x) —Onix) = j 0„(X, -t - 1 ^„(x, t)6Jf)dt. 

Jo .0 

Since approaches / uniformly, m may be chosen such that for all values 
of i in (0, 77 ) 

\m-<f>At) i< 

where M is the absolute constant of Lemma I. Then 7n having been so 
chosen, n may by Lemma II. be taken sufficiently large to make the absolute 
value of the second integral less than Jc. Consequently 

uniformly for sufficiently large values of n. This proves the theorem : 

The Sturm-Liomille development of any continuous function f{x) conv^ges 
or diverges at any point of the interval (0 , tt) according as the cosine development 
converges or diverges at that points It converges uniformly in any sub-interval 

* Weierstrass. Math, Werke, 3, p. 1. 
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of (0, tt) when and only whe?i the cosim series converges uniformly in that sub- 
inkrvaL 

This result is of far-reaching importance because it implies that the 
enormous volume of work which hks been done concerning convergence or 
divergence of the Fourier development of an arbitrary continuous function 
applies with merely verbal changes to any Sturm-Liouville development of 
that function, when the conditions of continuity and differentiability which 
have been imposed upon the coefficients k, g and I are satisfied.* 

But more lies in the theorem than appears on the surface. Thus let 
be the arithmetic mean of 

Sq{x), s^(a:), . . s^ix), 
and let Sni^) be the arithmetic mean of 

O'oW* Oi{x), . . (Tn(x). 

Then from the fact that 


s^{x)—an(x)-^0 

uniformly as , it foUow’s immediately that 

Sn{(x:)-Sni!r)-^0 

uniformly. Now" the cosine development of a continuous function is always 
uniformly summable by the method of arithmetic means.f Consequently 
the Sturm-Liou\d]le development is summable (C.l). 

♦ It is also supposed that the constants h and H in the boundary conditions are real 
and finite. 

t Fej^r, Math. Ann. 58 (1904), p. 59. 
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CHAPTER XII 

EXISTENCE THEOREMS IN THE COMPLEX DOMAIN 


121. General Statement. — The purpose of the present chapter is to extend 
the work of Chapter III. concerning the existence and nature of solutions 
of differential equations with one real independent variable to equations 
with a complex independent variable. In the first place a single equation 
of the first order 


ds 

dz 


=J{z, k) 


will be considered. 


dzi- 


In order that the equation may have a meaning, ^ must exist, that is to 

say w is to be an analytic function of z. Let f{z, te) be an analytic function * 
of the two variables s and tv. With this assumption, the Method of Successive 
Approximations (§ 8-2) can be applied with merely verbal alterations. The 
main theorem may be stated as follows ; t 

The differential equation admits of a unique solution n,=x(:), which is 
analytic within the circle \ 3— ::o I which reduces to Wq when z=Z(j. 

The Cauchy-Lipschitz method can also be extended so as to be applicable 
to the complex domain.| But perhaps the method most appropriate to the 
complex domain is that known as the Method of Limits, § to which the 
following section is devoted. 


* By Cauchy’s definition, f{z, w) is an analjlie function of 3 and w in a domain D if 

?/ ct 

(i) f{z, w) is a continuous function of z and a; in D ; and (ii) both exist at every point 

cs csr 

of D. This definition implies the Riemann conditions that if s=:e-f it/, w=u^ii\ /(s. at’) 
=P(x, y, tt, r)+2Q{a7, y, w, v), then P and Q are differentiable, in D, with respect to their 
four real arguments and their first partial differential coefficients are continuous and satisfy 
the equations 

dx dy ’ 02 / dx* cu cv ’ cv du * 

(See Picard, Traiti (^Analyse, 2, Chap. IX.) 

The condition of analyticity when the variables are complex, replaces the condition 
that, when the variables are real, / is continuous and satisfies a Lipschitz condition. The 

df 

fact that, when/(s, w) is analytic, ^ is bounded takes the place of the Lipschitz condition 
in the proof of the existence theorems. 

f The number h is here defined precisely as in § 3*1. Painleve, Bull Soc. Math, France . 
27 (1899), p. 152, has shown that, in certain cases, the radius of convergence may exceed h, 
I Painlev4, C. R. Acad, Sc. Paris, 128 (1899), p. 1505, and Picard, ibid. p. 1363 ; Ann. 
tic. Norm. (3), 21 (1904), p. 56, have shown that the method leads to convergent develop- 
ments representing the solution throughout the domain in which it is anal}"tic. 

§ Cauchy, C. R. Acad. Sc. Paris, 9-11, 14, 15, 23 (1839-46) passim, (Euires (1), 4-7, 
10 ; simplified by Briot and Bouquet, C. R. 36, 39, 40 (1853-55), passim ; J. tc. Polyt. 
(1) cah. 36 (1856), pp. 85, 131. The method was apparently independently discovert 
by Weierstrass, Math. Werke, I, pp. 67, 75 (dated 1842) ; J. fur Math. 51 (1856), p. 1, 
Werke, 1, p. 153]. Weierstrass’ treatment was simplified by Koenigsberger, 
J. ftlT Math. 104 (1889), p. 174 ; Lehrhtich, p. 25. See also Briot and Bouquet, TMorie 
des Fonctions EUipUgues, p. 325. 
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12'2. The Method of Limits. — In the equation 

dzo ,, , 

5 -/(*.»). 

the function f{z, w) is supposed to be anal^ic in the neighbourhood of 
(%. There is, however, no loss in generality in supposing s and w to be 

written in place of s —Zq and w —Wq respectively ; which amounts to assuming 
that ; 2 g=ttJo= 0 . The conditions of the problem may therefore be re-stated 
as follows ; 

Let f{z, w) be analytic when z and w remain respectively within circles 
C and r, of radii a and b, drawn about the origin of the and 2£?-planes. 
Further let /(s, uj) be continuous on the circumferences C and F. In these 
conditions |/(s, se?) | is bounded within this domain ; letM be its upper bound 
Thus 

[/I <M w^hen | z | <a, | w [ <&. 

By repeated differentiation in the equation, the successive differential 
coefficients 

d^w d^w d^w 

lis’ M" * * ‘ 

are found, thus 

d^w __ df . df dw 
dz^ dz dw dz ^ 

d^f dw , d^f(dw^^ df d^w 

dz^ dz^ ^ dzdw dz ‘ dw^\ dz ) 8w dz^ ’ 


and it is to be noted that these expressions are formed by the operations of 
addition and multiplication only. With the relation 

(Si -•«»•») 

as the starting point, these relations determine in succession the values of the 
coefficients in the Maclaurin series 


w 


__j dw\ z , /d^w\ z^ 

\ 2 z'^i A 552 


+ 


^ d^w \ 


Hdz*- 0 




It is clear that the series for w, so defined, formally satisfies the differential 
equation ; the essential point is to prove that it converges for sufficiently 
small values of s. 

To this end let the Maclaurin development of f{z, w) in the neighbourhood 
of z==zw—0 be 

f{z, 

where 


But * 


^ plqAds^diifl^o 


am ’ 

and hence 


* Picard, TraiU d" Analyse, 2 (1st ed.), p. 239; (2nd ed.), p. 259. 
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from which it follows that, if 

F{z,w) = 

\8zPdtL^'o ^ SzPdzL^ 0 
for all positive integral or zero values of p and q. 




But 


F{z, k ;) — * 


31 


and thereforCj if 

dz 'ol^V dz^ ’o^' ‘ 

is the solution of 

^ =E(c, IF) 

which reduces to zero when z=Q, then 




/dW I 2^ 
dz^'orl' 


(^W 

V dz^ 


) >(}S ) . 

' 0 ' 0 


for the successive terms are formed from the coefficients ( f--~) 

dz^ /fj \dz^c^/Q 

by precisely the same law of addition and multiplication as that by which 


the terms ( ) were derived from the coefficients ( ) . 

The series for W is therefore a dominant series for the function u\ that is 
to say the Maclaurin series for u? converges absolutely and uniformly within 
any circle concentric with and interior to the circle of convergence of the 
series for W. But an explicit expression for the radius of convergence of 
the series for W can easily be found, for if the differential equation 

dW 


=Fiz, W) 


is written in the form 


/ _ W\dJV __ 
^ ^ b/ dz 


31 


z' 

a 


the variables are separate, and the solution which reduces to zero when s =0 
is readily found to be * 


)?'=4-6Ay|l + ?^log(l. 


■ii;- 


The radius of convergence p is therefore determined by the equation 

i+?^“log(i-£)_o, 

or 

p =a( 1 — e 

and therefore the series formally obtained converges absolutely and uniformly 
within any circle [ 2 | —p—e, where 0<;€<p, and is in consequence a solution 

* The principal value of the raffical is taken, %,e, that which becomes 4-1 when a— 0. 
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of the differential equation.* Since the coefficients in the Maclatirin series 
for w are obtained in a definite manner by operations of addition and 
multiplication, and since the Maclaurin development of an analytic function 
is unique, the equation admits of one and only one solution which satisfies 
the assigned conditions. 

12*21. Extension to Systems of Equations. — The method of limits can be 
extended so as to apply to the system of m equations of the first order, 

dzju-t j, , V 

=/lfe ^2. • • 

diWo / 

=/2fe «^2. ' 


dz 




Again, without loss of generality, the initial conditions may be taken to be 
such that 2 Ci=zco= . . . =5x^=0 as s— 0. Let the functions /i, / 2 , . . ., /^ 
be analytic in the domain | 2 : | <a, | j <5, | ^£^2 | <&, . . | 1 and let 

M be the upper bound of the set /j, . . ., /^ in this domain. Then 

the dominant functions may be taken as the appropriate solutions of the 
equations 

dWj__dW^_ _d^ M 

The functions JFi, W 2 , . • are all zero, when s=0, and are therefore 

all equal. The set may therefore be replaced by a single dorninant function 
W which satisfies the equation 

dW M 




or, taking into account the initial conditions, 


^^b-b[ 


1 + 


{m+l)Ma 


log(l-5 






and therefore the radius of convergence is 

p~a{l—e OwTiWa)* 


12*^. An Existence Theorem for the Linear Differential Equation of 
Order n . — In view of the very great importance, theoretical and practical, 
of ordinary linear equations, an independent proof of the existence of solutions 
satisfying assigned initial conditions for s^Zq will now be given.f The 
analogy’- with the theory as it is in the case of an equation, or system 
of equations, of the first order will be clear. 

Let 








* It may’- be noted that the radius of convergence of the series obtained by the Method 
of Limits is than that obtained by the Method of Successive Approximations. Note 
also that, within the circle \z\ =p, jzojcrh; the oriemal hypotheses are therefore not 
\iolated by the solution. 

t Fuchs, J,fuT Math, 66, (1866) p. 121 ; [Math, Werke, 1, p. 159]. 
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be a homogeneous linear differential equation of order n, in which the 
coefficients pi(z), . . pni^) are anahi:ic throughout a domain D in the 
s-plane. In the Taylor series 




=:^c,(z-=on 

in which Zq and s are in D, let the coefficients or the corresponding 

coefficients ev, be so determined that the series formally satisfies the 
differential equation. The n initial values 

(^o) ' * •? 

are to be assigned arbitrarily ; the succeeding values 

. . . 

may be determined from the differential equation as it stands and from the 
equations obtained by its successive differentiation with respect to s. Thus 
the constants or Cj. may be determined uniquely ; since they are 

determined from the initial values by processes of addition and multiplication 
only, they remain finite so long as the initial values are themselves finite. 
Let the recurrence-relations which determine be 

r 

v.i^){zo) = 2 (r > ?i). 


The coefficients Pv(;:) are bounded throughout the circular domain 
I z—Zq I <a which is supposed to lie entirely within D ; let the upper bound 
of I Pj, (sjj on the circle F or | z—Zq | =a be Then since 

Py{~)=Pv°-TP^Hz-^)± • ■ • 

1 (F p (z ) 

where is the value of when z~Zq^ it follows by the Cauchy 


integral theorem that 




2mJ r(z-z:o)’-^^ 


< 


M, 


Hence if is defined by the equation 




M, 


I _ 


then I py{z) I < I Py{z) | within the circle F and on its circumference. 
Now consider the differential equation 

dHV „ , 

=-Pi(z) -j: :;; — ' i- 


dz^ 




dW 


let it be satisfied by the Taylor series 

r^(y ‘ 

which is such that Co=l Col 9 Cl = I Cl I, . * = Let the recurrence 

relation determining W^^\zq) be 



286 


OEDIXARY DIFFERENTIAL EQUATIONS 


Since the coefficients of the expansion of Py{z) are positive real numbers, and 
since Brs is derived from those coefficients and from Cq, Ci, . . Cn-i by 
addition and multiplication, Brs is a positive real number, and 

1 ^rs 1 


whence it follows by induction that 


and hence 

1 -Series CrCs -=%)'- 


The circle of convergence of the dominant series "^Criz—ZoY may be 
found without difficulty; in fact it will be shown to be \z—Z(i\=a. Write 
2 g=a^, then the differential equation which determines W{z) becomes 


(1-D 


d"lF 


fjn— 

=31. a 


IW 

1-1 




la” 


^dW 

~dl 


+M^a^W ; 


if it is satisfied by the power series the following recurrence relation 

must hold 


(Ti-fr)! 1 )! (n+r— 5) ! Msayn+rs- 

S = 1 

But in order that ’^YrV ^^7 formally identical with ^Cr{z—ZQY, 
{whenr=0, 1, 2, . . n— 1). It follows by induction that yy>0 

for all r. 

Hence 

, Q 

Yn+r — 1 " ^ ' yn + r— 1 “rC^n4-r—2» 

w'here Now Mi is not restricted except by the condition that 

I ‘Pi{^)\ on the circle F ; let iff 1 be chosen so large thatiff ia>? 2 , then 

yn 4 - r 2>yn 4- r — 1 

for ail values of r, and consequently 


when 5>2. 


whence 


Now^ 


yfi4-r— l^yn-i-r — ^9 


Yn^r ^r±Mja , y (n+r—s ) ! Mga^n+r-s 
Yn-r-l r-Yn {«+4 ! Tn+r-l ’ 


lim -5^- = 1 . 

r — >00 yft4-r— 1 

Hence the series ^YrV' converges when | ^ |<;l, and therefore the dominant 
series is convergent when | z ~Zq j Ca. Consequently the differential equation 
admits of a solution which satisfies the specified initial conditions when 
s==%, and which is expressible as a power series which is absolutely and 
uniformly convergent within any circle with Zq as centre in which the 
coefficients p^{z) are anal 3 rtic. 


12'3. AnaWM Gtontmuation of the Solution ; Singular Points. — The 

method of limits shows that there exists a solution 

TF(s — iSoX 

of the differential equation 


dw „ . 

^ =/(«• 
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which is analytic throughout the domain j j:— 2 ^ where 

SineeM is the upper bound of \f{z, w)\ in the domain b—roj <a, Itc—ccoj 
it is clear thatM in general depends upon the choice of % and tiiQ. 

Now the solution obtained is the only analytic solution which corre- 
sponds to the initial value-pair (sq, ^o). But there still remains the question 
as to whether or not there may exist non-analytic solutions which satisfy 
the initial conditions. This question has been completely answered in the 
negative ; for the purposes of the work which follows it will be sufficient 
to show- that there can be no solution, satisfying the initial conditions, wMch 
proceeds as a series of other than positive integral powers of z—Zq."^ In this 
case the conclusion is ob\ious, for if the series involved negative or fractional 
powers of the variable, then on and after a certain order the differential 
coefficients w'ould become infinite when z^Zq, But the values of i/oCr; as 
obtained from the differential equation and its successive derivatives are 
necessarily finite, w^hich leads to a contradiction. 

In the statement that only one solution corresponds to the initial value- 
pair {zq, tco), the supposition is implied that these values are actually attained. 
Let it now be supposed merely that as along a definite simple 

curve C in the s-plane. Since the path described is a simple curve, given 
€>0, it is possible to find a point % curve such that 

1 I 

and it is also supposed that there exists S>0 such that 
|ze— teoi<3 when jz— So|<€. 

Let W be the analytic solution, and let W -rW be supposed to be a dis- 
tinct solution satisf 3 dng the modified initial conditions. Then 

as z->Zq along C. 

Now 

fiW 

^ =/fe W-rW)-fiz, W) 

=WF(z, W, W), 

where F represents a series which converges when 2 is a point on C such 
that jss—sol ^^5 when 

I W —Wq I \W 4-iF —Wq I 

Assuming that W ^0, 

iog!r-/S=//*. 

and if \z—Zq ( <a, | E | has an upper boimd M so that 

I j\Fdz\<Mjjdz\<3il, 

where I is the length of the path considered. On the other hand, since 
as Z'^Zq, the value of 

i//*i 

may be made indefinitely great by carrying the corresponding integration 

♦ Biiot and Bouquet, J. £c. Folyt. (1), cah. 36 (1856), p. 133 ; Bieard, Tredte (T Analyse^ 
2, p. 314 ; (2nd ed.), 2, p. 357 ; Paiiile^, Lemons mr la thSorie aruUyiiqm des iquaiions 
diffSrmUdles (Stoddiolm, 1895), p. 394. 

t Hamburger, J,fur Math. 112 (1893), p. 211, 
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along C sufficiently close to zq. This leads to a contradiction provided 
that I is finite,^ and consequently there does not exist a solution of the kind 
postulated, other than the original analytic solution. 

Let Zi be a point mthin the circle \z-~Zo\—p, then all the coefficients in 
the series 

fFi{^-.a)=PF(%-So)+W^'(%-:2b)(2-%)+ • • - + 

can be determined, and are finite, and the series Wi{z~Zi) has a radius of 
convergence at least equal to ;so!- sector common to their 

circles of convergence Wx(z—Zi) and W(z—Zq) are formally identical, 
Wi(z—Zi) is therefore, at all points at which it is analytic, a solution of the 
differential equation, and is the only solution which reduces to the .value 
W{zi—Zq) when z=zi. If f(z, w) is anal 3 rtic within and continuous on the 
boundary of the domain [ 2 ^— Si|=ai, |zo— zoi|=5i, and if Mi is the upper 
bound of \f{z, t£j)| within this domain, the function W i{z— z-^ is anal3rtic 
throughout the domain 1^— vrhere 

Pi—a^l—e~ 

If Pi>p — |zi— 2o|, the circle of convergence of Wi(z—Zi) will extend 
beyond the circle of convergence of W(z—Zo) ; this in general will be the case.f 
Let 2:2 be a point within the circle of convergence of Wi(z—Zi), though not 
necessarily within the circle of convergence of JV(z-~Zq), then the series 

W2(z-Z2) = JFi(Z2-Z,)-i-W,'(z,-Z^)(z-Z2)+ . . . +WMz,-z,)i^-^^^' + ... 

is formally identical with Wi(z—Zi) in the region common to their circles of 
convergence and therefore satisfies the differential equation. It is therefore 
an analytic continuation of the solution W(z—Zq). 

The process may be repeated a finite number of times, giving in succession 
the solutions 

Wi(z-zi), 2 *), 

which are analytic continuations of the solution W(z—Zo)- 

The series-solution W(z—Zq) together with aU the series obtained by 
analytical continuation defines a function F(z ; Zq, Wq) in which the initial 
values So, Wq appear as parameters. This function is analytic at all points 
of the domain | D defined by the aggregate of the circles of convergence of 
w. Wi. 

If z~l is a point such that for the value-pair s== w—F{^ ; Zq, Wq) the 

function /{s, ec) is not analytic, then this point $ is not an internal 
point of the domain D. Such points, together with the points for which 
F{^ ; Zq, u'q) becomes infinite, and possibly the point at infinity are the 
singular pohiis of the differential equation. These singular points will 
now be studied more closely. 

12“4. Init ial Yaluesfor which /(s, w) is Infinite. — It has been seen that if 
/{s, sr) is uniform and continuous in the neighbourhood of (^q, Wq), then w 

♦ For discussions of the case when I is infinite (for example, when C is a curve 
encircling z spirally) see Painlev^, Lecons, p. 19 ; Young, Proc, London Math. Soc. (1), 34 
(1902), p, 234. 

t Picard, BuU. Sc. Maik, (2), 12 (1888), p. 148 ; Traite d:^ Analyse, 2, p. 311 ; {2nd ed.), 
2, p. . A representation valid throughout the whole of the domain in which an analytic 
solution exists can he obtained by replacing the Taylor series by series of the polynomials 
of Mittag-Leffler, €. M. Acad. Sc. Paris, 128 (1899), p. 1212. 

t But^ not (unle^^ tte domain is simply connected) necessarily analytic throughout 
the domain L. For instance, the fimction log z is analytic at every point of the domain 
but is not analytic throughout this domain. 
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may be expressed as a convergent power series in (z—Zq). In other ivords, 
if (zq, £i'o) is an ordinary point of the function f{z, ic) it is also an ordinary 
point of the solution w =F(z ; Zq, zi’o). On the other hand, there will in 
general be points for which the conditions of uniformity and continuity 
imposed upon f(z, w) are not fulfilled ; in the first place it will be supposed 
thntf(z, 2 c) becomes infinite at (zq, -Wq), but in such manner that the reciprocal 
lif{z, w) is analytic in the neighbourhood of this value-pair. In this case 

=zAq(z} -r*f i(^)(n.' —u:q) —A t • • 

in wEich the coefficients Ai(z), A^iz), . . . are themselves developable 

in series of ascending powers of z—Zq^ and 

It will be assumed that not all of the coefficients Aiz) are zero wEen 
z =Zq ; for definiteness it will be supposed that 

Ao{zq)=Ai(zq)= . . . A-^(Zfj'i=f^Q, 

The difierential equation may now be written in the form 

dz 1 
dzc zif 

in which z is regarded as the dependent, and a." as the independent variable. 
The method of limits may be applied to it ; since the successive differential 
coefficients 

dz d-z d^z 

dw’ 5 ^^’ * * 


are zero for z^Zq, 


w=^Wq, whereas 


d^^^z 


is not zero, the equation admits 


of a unique solution whose development is 

in ■which Co4=^- follows thatzo— rco can be expressed as a series of powers 

1 ( i } 

of the (A’“|-l)pZe valued function {z — Zq)*-!, he. a- 

w'here denotes a power-series whose leading term is of the first degree 
in the argument. There are therefore A* -4-1 solutions which satisfy the 
initial conditions ; and the point Zq is a branch point around which these 
solutions are permutable. 

In particular, let the differential equation be 

dw __ g(z, te) 
dz ~~ h(z, w) ’ 


in which g{z, w) and h(z, w) are polynomials in whose coefficients are 
analjrtic functions of z ; let the degree of k(z, w) be n. Let Zq be such that the 
equations g{zQ, w)=0 and h(zQ, w)=0 have no common root, then to Zq corre- 
spond n values of Wq such that to each of these initial value-pairs Wq) 
there corresponds a set of solutions having a branch point at Zq. If the point 
Zq is supposed to describe a curve in the z-plane, such that for no point ;so 
on this curve do the equations g(zQy zc)==0, k{zQ, w)==0 have a common root, 
then every point of such a curve is a branch point for one or more sets of 
solutions. The branch points may therefore be regarded as movable 
singularities. On the other hand, any other singularities which may appear, 


* If all these coefficients vanisli when it is possible to write 

where g(s, w) is analytic near (2o> and G(z) is a function of « only which vanishes when 
The point is then a singular point of the equation. See §§ 12*6, 12*61. 

U 
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and in particular any essential singularities, arise through the coefficients of 
the polynomials g(z, w) and h{z, w) ceasing to be anal 5 d:ic. Since this occurs 
quite independently of w, such sin^larities are fixed ^ as to their position 
in the z-plane. 


12*41. Values of z for which the Function F{z ; zq, wq) becomes Infinite.— 
Let Zi be a value of z for which the solution 

w=F{z; Zq, Wq) 

becomes infinite ; the mode in which F(z ; Zq, Wq) becomes infinite will now 
be investigated, certain assumptions being made as to the behaviour of 
f{z, w) when 2 ;=%, z£;=gc . 

Write w=W'~'^, so that the differential equation appears as 
dW 

W~^) 

W), say. 

In the first place assume <f>{z^ W) to be analytic in the neighbourhood of 
z=^Zi, W~0. The initial value-pair (zi, 0) thus relates to an ordinary point 
of W, and the corresponding development of W is 

W—(z--Zi)^{Co+Ci{z--Zi)+C2iz---Zi)^+ . . . }, 

in which k is a positive integer (not zero). Consequently 

2:i)“^{yo+yi(25— Si)+y2(2^~2:i)2+ . . . 

that is to say the solution 'w=F(z ; Zq, Wq) has a pole of order k at z=Zi or 

U?==P_;5,(2^— ^l)- 

Now let (f>{z, W) become infinite at (Zi, 0), but in such a way that lj(f>{z, W) 
is analytic in the neighbourhood of that value-pair. Then (as in § 12*4) 
there exists a set of solutions which permute among themselves around the 
branch point z=zi thus 

and consequently 

_ j^_ 

to==:lF~i=(3-2i) *-i-Hyo+yi(s— %)+y2(^'“2i)2+ . . . }, 

or 

w =P_i| (z —Zi)&+i 

and therefore is both an infinity and a branch point for the solution 
w==F(z; Zq, i£.*o). The fixed singular points of the two types met with in 
this section are collectively termed regular. 


12*5. Hjmd aud Movable Singular Points. — In this section /(is, w) will be 
restricted to be a rational function of w, say 


where 


f(z, w)= 


g(z, w) 
h{z^ w) ’ 


^(z, io)=jp(,(z)4;pi(z)to+ . , +p^(z)ze^, 

h(z, w)=qo(z)+qj^(z)to + . +g„(z)a”. 

Then any singularities of solutions of the differential equation, which do not 
fall into one or other of the classes discussed in the two preceding sections, 

* Wbut is here said concerning the fixity of essential singularities refers only to an 
equation of first order ; it is not true in '^e case of equations of higher order Ilian the 
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can only arise for discrete values of s ; in other words they are independent 
of the initial value of the dependent variable u\ Such singularities may 
arise at the point z=Zi, where 

(a) is a singular point for any of the coeihcients ^ p and 


€4, 

Solution : 


^ ^ 

& ' 


(b) Zi is such that h{zi, 'w) is identically zero, 

dw w 
dz 


e.g. 

Solution ; 


{=- 


^Ce 


The preceding example also illustrates this case. 

(c) Zi is such that the equations 

g(zi, w)=Q, h{zi, zi')=0 

are satisfied simultaneously by particular values t of a'. 

sm(2-3i) 

^ 1 1 • 

Here gz=zh=0 when z=z^, a’=0. 

Solution : T dt. 

I a 

Now let W =zw-^ and 

cf>{z, = ir-i) 

h{z, wy 

this fraction being reduced to its lowest terms in W, Singularities may then 
arise at z=Zi in the cases 

(d) Zi is such that hi{z, zjd) is identically zero, 

(e) Zi is such that the equations 

gi(si, IF)=05 h{zi, Jf )— 0 

are satisfied simultaneously by particular values of JF, 

The point at infinity is also examined for singularity by transforming 
the differential equation by the substitution and testing the point 

^=0 in the light of the above investigation. 

The singular points which then arise are known as the Fixed or Intrinsic 
Singular Foints of the Differential Equation ; they can be determined 
a priori by inspection of the function f{z^ w). Let each of those fixed singular 
points which lie in the finite part of the plane be surrounded by a small circle, 
such that no two circles intersect and let each circle be joined to the point 
at infinity by a rectilinear cut, in such a way that no tw^o cuts intersect. 
In this way a simply-connected region E is defined in the j;-piane, such 
that at every point of the surface, every solution F{z ; ^o, txq) is regular. 
Now let Zi be an interior point of the region R, and let it be supposed that 


♦ It is assumed that if any such singular point can be eliminated by multiplying g(s:, «n) 
and a?) by an appropriate function of z, it has been so removed. 

t The equations cannot be satisfied simultaneously for a continuous sequence of values 
of w without g and h having a common factor in 2 , such a factor is suppos^ to have been 
removed. The singular values 2 , are obtained by eliminating w between g( 2 , m)— 0 and 
h(2,m)=0. 
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as the variable tends to the value Zi, F{z ; Zq, tends to a limiting value^ 
finite or infinite ; let 

F(z ; Zq, WQ)-^tJDi as z^Zi. 

The following cases may then arise : ^ 

1 ". If /(c, tv) is analytic in the neighbourhood of {zi, Wi) then F{z ; Zq, Wq) 
is analytic in the neighbourhood of the point Zi, which is an ordinary point 
of the equation, 

2 "^. If Wi is infinite, but 4>(z, w) analytic in the neighbourhood of {zi, 0 ), 
then, as was seen in § 12 * 41 , F{z ; Wq) has a pole at the point which is 
a regular singularity of the equation. 

3 ®. If z€i is finite, but f(zjy £cq) is infinite, then, since the coefficients p or g 
are analytic in the neighbourhood of h(z 2 , Wi) must be zero. But the 
possibility of gizi, tiq) being also zero cannot arise in the region R, Hence 
l//(s, w) is analytic in the neighbourhood of {z^, Wi), and therefore Zi is a 
branch point of F{z ; Zq, zvq) and a regular singular point of the equation. 

4°. If, is infinite, and w) also infinite in the neighbourhood of 
(si, 0 ), l/i(s, w) is anal^dic near {sj, 0 ). Then z^ is an infinity and branch 
point of F(z ; Zq, tu'o) and a regular singular point of the equation. 

The only possibility which remains is that as s: tends to Zi, F{z ; Zq, Wq) 
may not tend to any definite limit. It will be shown that this is impossible.* 

Let a mo\’ing point start from Zq and describe a simple curve C in the 
region R. Suppose Zi to be the first point encountered at which there is 
any doubt as to the existence of a limiting value of F{z; Zq, Wq), Then let 
the roots of the equation h{zi, k;)=0 be cox, . . co ^, multiple roots being 
enumerated once only. 

Let S be an arbitrarily small positive number, and define a region A in 
the 2c-plane as the aggregate of the points which satisfy the inequalities 

|?:£ 5 — 0^1 j<S, . . ., lz 0 |>l/ 3 . 

Now suppose that as s approaches %, F{z; Zq, Wq) assumes values corresponding 
to points lying ultimately within Then a positive number e exists such 
that for every point 2 of C, for \vhich | z —z^ | < e, one or other of the inequalities 

}«:— CUxl<S, . . \'W—CJOn\<8, |t£)l>l/^ 

is satisfied. But F{z ; Zq, t£’o) varies continuously as 2 moves on C from 
Zq to Zi and therefore only one of these inequalities can be satisfied. Hence 
w assumes one or other of the definite values coi, . . ., 00 , when z=Zi. 

The alternative supposition is that as z approaches z^, the values of 
w=^F{z ; So, Wq) ultimately correspond to points lying outside the circles d. 
Then a number y exists such that when \ z—Zi\<Cyy \h{z, aj)| has a positive 
lower bound, and therefore \f(z, w) j is bounded. Now let i be a point of C 
such that 1 21 — ^2l<|y then whatever number w is associated with 2, the 
series-solution of the differential equation corresponding to the initial values 
2=2, has a radius of convergence not less than some definite number 

/A, provided only that w lies outside the circles A. Choose then a point Zi 
on C whose distance from 2i is less than the smaller of /a and and let the 
value Wi associated with it be icx=F(2i ; 20, Wq), Then the circle of conver- 
gence of development of 2 as a power series in z—z^ includes the point zi 
and therefore the function F{z ; Zq^ Wq) is analytic at 21. 

Thus in all cases w==F(z ; Zq^ Wq) tends to a definite limit, finite or infinite 
at every interior point of the region R. A singularity arises at Zi only for 
particular values of Wy which depend in their turn upon (20, z&q). A change 
in (20, wdll in general move the singularity from 2x to another point of the 
2-plane. Any point of the 2-plane may be a singularity of one or more 

• Faioiev^, Amt, Fac, Sc. Tctdcnm (1888), p. 88 ; Lemons, p. 32 ; Picard, TrcdU 
ifAnalysey 2 (2nd ed.), p. 370. 
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solutions of the equation. Take the point Zj. for instance, and let be any 
root of the equation k(z^, rc)=0. Then if g(zi, Wi)=>^0, a singularity arises 
for w—w^. Such singularities, which move in the 2-plane as the 

initial values are varied are known as Movable or Parametric Siiigidaritles.* 
The theorem proved in the preceding paragraph is equivalent to the state- 
ment that there cannot be, when the equation is of the first order and first 
degree, any movable essential singularities. 

As an example consider the equation 

drc , z 
dz zc 

in which case g(z,w)=—z, h{z, zl')~zv. The solution which corresponds to the 
initial pair of values (Sq, Wq) is 

or 

The singularity, in this case a branch point, arises when h(z, tc)=a'=0. Any 

point Zit can be made a singular point by choosing and zr^ such that 

In conclusion it is to be noted that whereas the movable singularities of 
an equation of the first order are regular and not essential singularities, 
this is not generally true of equations of higher order than the first. 


12*51. The Generalised Riccati Etuation. — It was seen in the previous 
section that singularities of solutions of the equation 


dzc 

dz 


=f{z, M.-) = 


h{z, rv) 


fall into two categories : 

(a) The fixed singular points, which are points in the z-plane whose 
positions are independent of the initial values. 

(b) The movable singular points, which depend upon the initial values, 
and move over the s-plane as the initial conditions are varied. The movable 
singularities may be either poles or branch points. 

The question now arises as to w*hat restrictions must be imposed upon 
/( 2 , w) if no solutions with movable branch points are to be possible. Let 
Sq be any point of the z-plane vrhich is not one of the fixed singular points. 
Then it is necessary that there should be no value of w for which the equation 


w )=0 

is satisfied. But this equation always has roots unless h(Zf), zc) is inde- 
pendent of w. Since Zq is any non-singular point of the s-plane it follows 
that h{z, w) is a function of z only. In other words, f{z, zv) is a polynomial 
in w, say 

f{z, w)=po{z)+pi{z)'w+ . . . 

For a similar reason. 


W) = -W^M 

==-po{z)W^~Pi{z)W-~pdz)-p^(z)W . . . 

must be a polynomial in W, and consequently it is necessary that 

Ps(^)=Pi(^)= • • • =J>n(z)=0 

identically. 


* Hamburger, J, far Math. 83 (1877), p. 185 ; Fuchs, Sitz. Akad, Wiss. BerMn, 32 
(1884), p. 609 IMatk^ Werke, 2, p. 355]. 
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The differential equation is therefore necessarily of the form 
duo 

^ =2?o(2)+Pi(3)»+P2(z)zo2, 

and the condition that it be of this form is easily seen to be sufficient for the 
non-appearance of movable branch points. The equation thus obtained is 
the gmeralised Riecdti Equation ; * when P2(^) identically zero, it reduces 
to the Mnear equation. 

The condition that the equation should be completely dissociated from 
movable branch points leads to an important conclusion as to the form of the 
general solution. Let Zq and 2; be two points in the region B (§ 12-5) ; they can 
be Joined by a simple cuiwe which does not pass through any branch point. 
Let Wq be the initial value of the dependent variable chosen to correspond to 
Sq, and let w be the value at z obtained by analytical continuation through 
the medium of a finite number of circles which in the aggregate completely 
enclose the path Through all the steps of this continuation the solution 
or its reciprocal remains an analytic function of Wq, and the final value of 
w is an analytic function of z£?o. Whatever value, feite or infinite, may 
have, w is uniquely determined, for the region R is completely free from branch 
points. Hence Wi regarded as a function of Wq is one- valued, analytic, and 
devoid of singularities other than poles, and is therefore a rational function 
of Wq. 

But the process may be reversed, w being considered as an arbitrary 
initial value and Wq the value derived from it by anal5d:ical continuation ; 
Wq is thus a rational function of w. This rational one-to-one correspondence 
between w and wq can only be if ze? is a linear fractional function of Wq, i.e. 

^^Cwo+D’ 

where A, B, C, and D are functions of z. 

It follows from the properties of the anharmonic ratio that if Wx, and 
£% are any three particular solutions of the Riccati equation, then the 
general solution is expressible in the form 

w —Wx ^ ze?3 — Wx 

w—w^ — ^2’ 

where A is a, constant. 


An alternative method of finding the general solution is as follows. The 
equations 

^/=Po 4-PiW>2 
w/ -hPiU^a +Pa^3^ 

are consistent if 

w\ 1, zo, zc® =0. 

ZOj', 1, Wi, tE?i® 

sn/, 1, u?2, 

This condition is equivalent to 

dV w—Wi zos—zog l Q 

whence the result follows. 

♦ d’Alembert, HiM. Amd. BerKn^ 1© (1763), p. 242 ; Tiouville, J. J^c. Polyt. cab. 22 
(1838), p, 1 ; J. de Mcdft, 6 (1841), p. 1. The parti<mlar case to which the name of Hiccati 
is more wininonly attached has bean studied in § 2-15. 
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12*62* Reductioii to a Linear E^uatioE of tiie Seoiiid Order. — If p^i^) 
is identically zero, the Riccati equation degenerates into a linear equation of 
the first order. Set this case aside, and TVTite 


•w- 


u 


then the Riccati equation becomes 


P2(z)u’ 






' (^ 2 )“ “ P% “ ’ 




P2U ' 

and reduces to the homogeneous linear equation of the second order 

P2(s)^g -{P2'(«)-i-Pl(=)j52(=)}^ t-Po(s)P2-{=)M = 0- 
Conversely the equation of the second order 

—Qi^}u=0 

is transformed by the substitution 

w—idju 

into the Riccati equation 

dw 


dz 


= -Q(z)-P(.)^- 


The theory of the Riccati equation is therefore equivalent to the theory of 
the homogeneous linear equation of the second order. 

The general solution of the linear equation is of the form 

u=CiUi{z) -tCoU 2 (z}, 

and therefore the general solution of the Riccati equation is 

CiUi(z)^CoU2'(z} 

Pi{z){CtUx{z)^C2U«{Z)y 


Example. — Deduce that the movable singularities of the Riccati equation are 
ail poles. 

12*6. initial Values for whicii f[z, w) is mdeterininate. — The equation of 
Briot and Bouquet,* 

dw 

z-j Aw=aiQZ-l-a^z^-raiiZw-^aQ2'^^'T • • -s 

dz 

is characterised by the fact that for the pair of initial values 2 =s £'=0 the 
differential coefficient, being of the form 0/0, is indeterminate. The question 
of interest is whether or not there may exist one or more solutions, analytic 
in the neighbourhood of z=0, and reducing to zero when z=0. 

Let the series 

w(z)=CiZ+C2Z^+ . . - -fc„s^+ . , - 

be supposed formally to satisfy the differential equation, then its successive 
coefficients are determined by the relations 

(1 — A)Ci=%q, 

(2 — A)c2 =^20 

(p A)c,j • • •> • • •» — 1)> 


* J. Pc. Polyt. cah. 36 (1850), p. 161. See Picard, TraiU d* Analyst, 3, Chap. II. 
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in wMch is a polynomial in its arguments, whose coefficients are positive 
integers. Thus the successive coefficients Ci, C2, . - . . . may be 

calculated, provided that A is not a positive integer. The series w(z) then 
represents a solution of the differential equation if it converges for 
sufficiently small values of \z\. That the series does actually converge may 
be proved by an adaptation of the method of limits, as follows. 

Since n—X is supposed not to be zero, a number B can be found such 
that j n— A I for all values of n. Let the series 

aiQZ-ra2QZ^+aiiZW+ao2W^+ . . . 

converge within the domain | z j =r, | w | — J?, and let it be bounded on the 
frontier of the domain ; let M be the upper bound of its modulus on the 
frontier. Then the function 

is a dominant function for this series. 

Consider that root of the quadratic equation 

BW=<P{z, W), 

which is zero when s is zero ; it may be developed as a Maclaurin series 
1F=CiS-t-C2S^+ . . . 

which has a finite, non-zero radius of convergence. 

The coefficients of this series are successively determined by the relations 
BCi=AiQ, 

BC2 =A 2 jo+A iiCx +AQ2C29 


BCf^ P^{A^q, • - ‘s *^0n > * • *> ^n—l)> 


wffiere the polynomial is formally the same as that which determines 
{n— A)c,i. Consequently, since 

R<|n A|; - 4 io>|aio|, . . ., ^on^l^nl? 
it follows, by induction, that 

l^nl* 

Thus when A is not a positive integer, the equation admits of a solution, 
anai^iiic in the neighbourhood of z—0, which vanishes when z is zero. This 
analytic solution may easily be proved to be unique.* 

In the case when A=l, no analytic solution can exist unless £Zio= 0 . 
When this is the case, ci may be chosen arbitrarily, and the remaining 
coefficients determined. In the same way, if A=n>l, there exists an 
analytic solution if, and only if, there is a certain algebraic relation between 
the coefficients 0^^, where r+s<n. Thus, when A = 2 , this relation is 

In the case A=n, the coefficient is arbitrary. 


* Hriot and IBonqiiet proved that wlieii the real part of A is negative, there exists none 
but the an^ytic solution so long as z tends to zero along a path of finite length which 
do^ not wind an infinite number of times around the origin. On. the other hand, when 
the part of A is positive, the equation admits of an infinite number of non^an^ytic 
solutmns which reduce to zero when z is zero. Representations of these non-analytic 
^lutions have been givm by Picard, C. JB. Acad. Sc. Paris^ 87 (1878), pp. 430, 743 : Bud. 

12 (1S83), p.48, and Poineard, J. ^c. Bol0. cah. 45 (1878), p. 13; 
J. de Mam. (3), 7 (1881), p. 375 ; 8 (1882), p. 251 ; (4), 1 (1885X p. 167. 
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As an example consider the sinipie case, 


The general solution is 


^dw 

^dz 


—Xw^az, 


je=_^_s-fC3^ ifA=i=l, 
1-A 

w—az log z^Cz if A=l, 
where C is an arbitrary constant. 


12*61. The Generalised Problem of Briot and BouQuet ; the First Eednced 
Type. — The problem of the previous section will now be generalised and 
restated as follows. It is required to investigate the existence of solutions 
of the equations 

_g{z, a:) 

■' dz h{z,wy 

which vanish when z~ 0 ^ where * 

g(0, 0)=:h(0, 0)=0. 

It is assumed that w) and h{z, w) may be expanded as convergent ascend- 
ing double series in z and tc near the origin, and also that neither g nor k is 
divisible by any power of z or w. 

In g(z, w) let the term invohing w to the low’est pow’er and not multiplied 
by a power of z be that in Then let 

zft be the low^est power of s which multiplies re”"* '- 2 ., 


and the low^est power of s which has a constant coefficient. 

Both w'^ and must exist, for g is not divisible by any powder of 2 or zi\ but 
any of the other terms mentioned may be absent. 

The numbers Vi, r 2 , . - •> are positive integers, not zero. If all the 
terms of higher order than those corresponding to these indices are omitted, 
g(z, ££;) is reduced to a polynomial in z and zv. 

Similarly h{z, w) involves terms such as 

the first and last of which must exist, together with terms of higher order. 

The problem in hand is that of investigating the possibility of a solution 
which is O(s^) at the origin. The equation (A) itself may be wTitten in the 
form 

h(z, ttO- 

Now construct a diagram similar to the classical Newton’s diagram, repre- 
senting any term be the point whose Cartesian co-ordinates are (f, 7 ]), 
Let the points represent the various terms of zg{z, tr) and the points 

represent the terms of h(z^ which, for the purposes of the diagram is 

regarded as equivalent to wh{z, w), t 

Among these points there is one point Qo(^» n-fl) on the 7|-axis and no 

♦ Briot and Bouquet, C. 22, Amd, Sc, Paris, 39 (1854), p. 368 ; J. PoZj^. cah- S6 
(1856), p. 133 ; Poincar^, loc, cit. ante ; J, de Maf/i. (4), 2 (1886), p. 151. 
t Note that since w^O(zf^) it follows that 

2^=0(af‘)= :0{®). 
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point F on that axis. Also there is one point 0), and no point 

Q on the |-axis. Nor are there any points in the segments OQo and OP^. 

The figure below illustrates the case 

dw _ z^w^, zw^, z^w, 

in which the terms of lowest order in z£?®, w^, . . , are given without numerical 
coehicients. 



Construct the polygon QqP^, which is known as the Puiseux diagram,^ 
It is the broken line everywhere convex to the origin such that all points 
Pi and Qf either lie upon the line or on the side remote from the origin. Since 
the line begins at Qq and ends at P^ there must be at least one side which 
contains a point P and a point Q. Put aside the case where these two points 
coincide, and let these points correspond respectively to terms 

These terms are associated with one another as terms of equal order ; if 
any other points occur on the side of the polygon considered, the correspond- 
ing terms are of the same order, ail points not on this side relate to terms of 
higher order. Now^ since 


it follows that 




where is the fraction (x/b in its lowest terms. This association of terms 
may therefore be expected to lead to a solution which is O(z^) at the orisrin, 
where ^ ^ 


and therefore jfi is the slope of the side of the polygon considered. 
To investigate a possible solution, let 

js aj -j- higher terms. 


* Tte appHcation of the Puiseux diagram to the theory of differential equations is 
discussed m detail by Fine, Amer. J. Math, 11 (1889), p. 317 , ^ ^ 



then 


EXISTENCE THEOREMS IN THE COMPLEX DO>L\IN 299 




and if 
then 
Thus if 


zg{z, w)^0{P'), 
h{z, 


where u is 0(1) at the origin, then 

zg{z, w) Uq I - j- higher terms, 
k{z, w)^t^'-WQ-^t^^~^-^Wi-rhigheT terms, 

where Uq, Ui, . . Vq, Fj, . . . are pol^uiomials in u. 

The equation (A) then reduces to 

(B) +^^w^{Fo+Fii-r • • • }=HUQ-i-Uit^ . . . }, 

and if 

u=u^+0(t), 

where %=i=0, the roots of 

F{u) = huVo—kUo~0 

give the initial values icq. 

Equation (B) may be written 

(Fo+Fii+ . . . )t^=F{u)+{kUi-huV^)t-h . . . 

To avoid complications, assume in the hist place that u:==u^ is a simple 
root of the equation F{u) =0 •; then 

F{u)=(u-UQ)F'iii^)+ . . 

where 

F'(%)=fO. 

Assume also that 

Fo 4=0 when u^Uq, 


and write 
Then 

or 


Fo=ao-fai(ii— Wo)-f • . . 

^du _{u—Uxi)F'{u^)-{-{kVi—huVi)t-r 
~dt ao+^i('^ -“%)■!- • • ■ 

dv 

t ^ =Xv -\-at +higher terms. 


(ao=fO). 


where v =u —t^o and A4=0. The equation is now said to be of the First Beduced 
Type, and is of the form studied in the preceding section. Thus, apart from 
the exceptional case where A is a positive integer, the originai equation has 
a solution 


i»=i*(M0 + Vc^r) 


=P*(zi'*). 

where denotes a power-series in whose leading term is of degree k. 

Suppose now that is a multiple root of F{w)=0, so that 
then if, as before, u=^Mq is not a root of Fo=0, 

^du _ (kUi-^huFi^+ . . . 
dt <Z0-|-'<ii(w — fiid) “f" - • •* 
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or if p==u— 

-f-terms of the second and higher orders. 
at 

This is merely the particular case of the First Reduced Type where A==0, 
and calls for no special remark. 


12*62. The Second Reduced Type. — Consider now the case in which 
is a common zero of F{u) and of Fq, so that both 

and ao=0. 

If, as before, z?=u— equation assumes the form 

.dv . . . 

dt ^ av-r^t^ . . . ’ 

where a, jS, a\ B' are constants, any or all of which may be zero.* The right- 
hand member has still an indeterminate form at the origin. An examination 
of the polygon corresponding to this case leads to the tentative assumption 
that the first approximation to a solution at the origin is 

CL v-j-^ i=0. 

Write therefore (assuming that a'=f 0) 

v={—~r 


and the equation becomes 


dt 


^ — +ca?i + 


Then if the equation is reduced to the new form 

^ 2 ^ =AT;i+< 2 i-f higher terms. 

If, on the other hand, a'jS— ap^=0, the right-hand member is still indeter- 
minate at the origin. The process is then repeated and either leads to an 
equation of the form 

fz _j_^ +higher terms 


or to one in which the right-hand member is of the form 0/0 at the origin. 
In the latter case, the reduction is continued. It can be proved that after 
a finite number of reductions, the right-hand member ceases to be indeter- 
minate at the origin, and thus an equation of the form 


fn-rl 


dVm 

dt 


-\-at d-higher terms, 


where m is a positive integer >1 is arrived at. This is the Second Redicced 

The origin is, in general, an essential singular point of the equation of 
the Second Reduced Type, for if A4=0, m>l, the equation cannot be satisfied 
by an ascending series of powers of t in which the leading term is P, If 


♦ Necessary bat not mfficient conditions for the existence of this ease are that the 
side of the polygon considered contains (a) at least two points P and two points Q, or 
(b) no points P, or (c) no points 

f For a study of the behaviour of solutions this equation in the neighbourhood of the 
origin, see Bendixson, Ofv. Vet- Akad. Stockholm, 55 (1S98), pp. 69, 139, 171 ; Horn, X/wr 
Math. 118 (1897), p. 2p7; 119 (1898), pp. 196, 267; Math. Ann. 51 (1898), pp. 346, 360. 
A further generalisation is due to Perron, Math. Ann. 75 (1914), p. 256. 
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A=?= 0 , the equation can formally be satisfied by a Maclaurin series, 

which, however, diverges for all values qf t. 


For instance, the equation 


has the formal solution 





tPi A« 


2”, 


which ob\dously converges only if s=0. 


12*63. Special Cases of the Reduced Forms of the Equation. — (i) The 
equation 




da' 

dz 


=Xw-raz 


is of the Second Reduced Type. But it is also a linear equation and can 
therefore be integrated by quadratures. Its solution is 

w z=ze-^l^^}^aJ*e^^^^z~^dz—Cy 

If A =0 the integral is algebraic, but in the general case. A=AO, there is an 
essential singularity at the origin. 

dw 

(ii) =az^-r^zi'^ {a= 0 , ^=^ 0 ) 

is a case of the Riccati equation. The polygon corresponding to this equation 
(Fig. 1 1 ) has tw^o sides, PiQo QqPq- 



In the side PiQo» is associated with zw, which suggests a solution 
w=0{z) at the origin. Let 

w =zu^ 

then the equation becomes 

+u==az+^u^. 

The equation which determines % is 

F{u) «=0, 

and has the non-zero root W 0 =l/j 6 , 
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Then if «=z;+I/^» 


dv 


=az+v+^v^. 


which is that case of the Briot and Bouquet equation where A=l. It has 
no analytic solution unless a=0. To find the nature of the solution, if any, 
near ;:=0, write the equation in the form 




which is a Riccati equation in v/z. Now transform it into a linear equation 
of the second order by writing 

V _ 

It then assumes the very simple form 

z}V"=:-a^W, 

and this equation has the two distinct solutions 




z^- 


and 


2 ! ^2.3 !' 

log z+Wo, 


where TVo is a power series in z- 

Thus Wi alone leads to a solution of the Riccati equation, and this 
solution is 


- 




4 ' 


2 ’ " 


^2.8! 



which is indeed an analytic solution of the equation but it does not satisfy 
the initial conditions z—w—Q. 

Since the side PiQo has failed to reveal an analytic solution, the side 
QqPq is now tried. It associates zw with and suggests a solution 
w=0(z*^) at the origin. Let 

w—z^u, 

then 

+2u^a+^zu-. 


In this case 

and therefore Write 

then the equation becomes 


F{u)^2u—a 

u=^a+v. 


dv 


+2v=pz(ia+v)^ 


^d is a Briot and Bouquet equation of the first type, with A =—2. There 
is here no complication ; there exists an analytic solution 


mid therefore there is one solution of the original equation which is analytic 
in the neighbourhood of the origin, and assumes the value zero there, namely, 

w^zma+^a^Pz+ . . .). 
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Miscellaneous Examples. 


1. In the equation 

^ _ P(2!, zc) 
dz Q{z, lo)* 
let 

P(z, w)=az-i-bw+ . . . , Q( 2 , tc)=a24-j0zc-|- . . 
and let A=Ai/Aa, where Ai and Aj are the roots of the equation 

a— A, jS 1—0. 
a , 6-A i 

Prove that if neither A nor 1/A is a positive integer, or if A is not a negative real number, 
two particular solutions exist analytic near z— 0, 05=0 and are of the forms 

U(Zj w)^gz-\-hw+ . . . =0, V(z, w)~yz+^~t- . . . =0, 
where gK—hy^O, and that the general solution is 

U(z, w)=c[V(z, ic)]A. 

where c is an arbitrary constant. 

[Poincare.] 

2. l-A-Tien, in the notation of the preceding question, A or 1/ A is a positive integer, prove 
that there exists in general one and only one anal^ic solution such that u?=0 when z=0. 
Let this solution be V(z, w), then the general solution is of the form 

S(z, 05) . , , 

+A log F( 2 , a5)=eonst., 

where 5(s, w) is analytic in the neighbourhood of 2=0, O5=0. The number h depends 
upon the earlier coefficients a, 6, . . . , a, jS, . . . in P and Q. Discuss the particular 
case h—O. 

[Poincar^, Bendixson, Horn.] 

3. If A is a negatiye real number, two particular analytic solutions exist such that 
jc=0 when 2 = 0 , but the general solution is not of the form specified in Ex. 1. Transform 
the equation into one of a similar type in which a=l,jS=0, a=0, & = A, and writing 

S5X)-A=pl-A, a5=2e«, 

prove that the general solution admits of the development 

p-}-p^A 2 (u)+p^Az{u)+ . . . =const., 

where Az, Aq, . . . are analytic near w=0, and the series converges when ‘ p <S, « <(?, 
w'-here G is arbitrary and 8 depends upon G and tends to zero as G tends to infinity^ 

[Bendixson.] 



CHAPTER XIII 


EQUATIONS OF THE FIRST ORDER BUT NOT OF THE FIRST 

DEGREE 


13‘1. Specification of the Eanations Considered.— In the differential 
equations which are now to be dealt mth, the differential coefficient is not 
defined explicitly in terms of z and k;, but is related implicitly * to z and w, 
thus 


4.4^) 


= 0 . 


Of this general class of equations only those equations in which the left-hand 
member is a polynomial in w and ~ will be considered. Writing 


p= 


duo 


it is then possible to express F{z, iso, p) in the form 

Aois, w)p+Am{z, w), 

where the functions A(z, w) are assumed to be polynomials in w, whose 
coefficients are analytic functions of z. It is now further supposed that 
the above expression is irreducible, that is to say not decomposable into 
factors of the same anahdical character as itself. 

The main problem is to determine necessary and sufficient conditions 
for the absence of movable branch points, f and thus to obtain generalisations 
of the Riccati equation. 

Let B{z, w) be the p-discriminant of the equation 

F{z, w,p)=0i 

it is a polynomial in ts, whose coefficients are analytic functions of z. 

A number of values of z are excluded from the following discussion, 
namely those for which 

(a) D{z, a:)=0 independently of w, 

[b] A(j{z, a')=0 independently of w, 

(e) the coefficients A possess singular points for general values of w, 

(d) the roots of D(z, zo)=0, regarded as an equation in w, have singular 
points. 

All these values of z are fixed, and depend only upon the coefficients A. 
They correspond to singular points fixed in the z-plane. Henceforward 
Zo will be considered as an initial value of z distinct from one of the singular 

* A knowledge of the dementaiy properties of implicit algebraic functions will be 
assumed. 

t Fuchs, Sits. Akad. Wiss. Berlin, 32 (1884), p. 699 [Math. Werke, 2, p. 355]. 
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values enumerated ; let % be the corresponding initial value of w. Then 
there are four distinct cases to consider, according as 

(i) D(so, 'Wo)=^0, AoizQ, zco)4=0, 

(ii) 1 }(zq, AQ{zQy st'Q)=Oj 

(iii) D(zq, 2e*o)=0, Aoizo, teo)4=0, 

(iv) D{zq, Wq)= 0 , Ao(zo, Wo)= 0 . 

These four cases will now be considered in detail. 


13*2. Case (i). — When neither D( 2 :, w) norAo(z, w) is zero for tc=«ros 
it follows from the theory of algebraic functions that the equation 

(A) F{z,w,p)=0 

determines, in the neighbourhood of ( 2 ^, u’q), m distinct finite values of p. 
Let w assume the fixed value Wq, then the equation 

Fiz, Wq, p)=0 

will have p distinct roots which are analytic in the neighbourhood of Zq* 
Let these roots be 

* * * ^371> 

then in the neighbourhood of (zq? expressions of the form 

m) 

exist. Since and the coefficients Q are anaKiiic in the neighbourhood of 
Zo> these expressions may be written as 

(B) p=tcfi<^^+Fi(z—Zo> zv—zi'o) (f=l, 2, . . ., ?n% 
where is the value of z^i when z=Zq, and denotes a double series which 
converges for sufficiently small values of jz— Zoj and | u*-— u'o and vanishes 
when z=Zq, w=zvo. Thus the original equation (A) is replaced by the set 
of m distinct equations (B), each of w'hich is knowm to possess one and only 
one analytic solution which reduces to zc 0 when z—Zq. The equation (A) 
has therefore m distinct analytic solutions 'which satisfy the initial con- 
ditions. Nor has it any other solution. 


13'3. Case (ii). — When Ao(^, zvo )—0 but D(zo, u'o)4=0? equation (A) 
determines m values of p, one of wffiich becomes infinite at (z^, Uq). There 
cannot be two values of p which thus become infinite, for this w’ould neces- 
sitate Ai(zo, Wo )=0 and D{zq, Wq)= 0 . So there are m—l distinct expressions 
forp, analytic in the neighbourhood of (zq, zc'o)? these lead to a set of 7n—l 
solutions of the equation which satisfy the initial conditions. 

To investigate that root which becomes infinite at (zq, let 


then the equation 
has a root 



1 


P 


P(z, uj, P-i)=0 


F^P{Z—Z0, W-~Wq) 


vanishing at, and analytic in the neighbourhood of (zq, equation 

has a solution 


z==Zo+Pr(zo— 5ro)^ 


where r<2 since 


— : =0, when 
aw 
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The solution of (A) corresponding to the value of p which becomes infinite 
for (zq, Wq) is therefore 

C i) 

Thus Case (ii) always leads to a solution which has a branch point at Zq, 
i.e. a 7norabie branch point. This leads to the first necessary condition for 
the absence of movable branch points, namely : 

The equation Ao(z, z£')=0 Jim no solution w=^{z) such that D(z, a:^)4=0. 

Case (iii). — The left-hand member of the algebraic equation 
D{z, ’w)=0 

IS a polynomial in w with coefficients which are analytic in Let zv=7j(z} 
satisfy this algebraic equation, then r}{z) ceases to be analytic only at the 
singular points of D(z, tc) and possibly at a limited number of other points. 
Let these points, which are fixed, be excluded in what follows. 

The equation 

F(Z, 7], p )=0 

has at least one multiple root in j?, say p—m ; let it be of multiplicity A. On 
the other hand, for general values of the equation 

F{z, w, p)=0 

has m distinct roots. Let those roots which become equal to one another 
and to w wffien w=7j be 

Pi. P2. • • P^' 

Let s be fixed for the moment and let w describe a small circuit around 
the point t] corresponding to the value of s chosen. On the completion of 
this circuit, pi returns either to its initial value or to one of the values 
P2? • • *5 Pa* ^^ter a(<A) complete circuits have been described, q)i returns 
to its initial value. Let the sequence of values assumed by pi during this 
process be 

Pi. P2. * - Pa. Pi ; 

this sequence is said to form a cycle of order a. 

Thus pi, regarded as a function of zz\ has a branch point of order a~l 
at w =^ 7 ) ; write 

then Pi becomes a uniform function of W, But pi=m when w=7], and is 
bounded wffien w is in the neighbourhood of ? 7 . Therefore pi is developable 
in the ^laclaurin series 

00 

r=l 

wrhose coefficients depend upon s, and which converges when z takes non- 
singular values and If is sufficiently small. Let Cj^ be the first of the coefficients 
which does not vanish identically, then 

and thus w—7i(z) satisfies the differential equation 
d{w^7i{z)} dri , , , 

■ — =^— ^ -rcd'^—ri{z)}c.+c^+i{zt)—7](z)} a -f . . .. 

13-41. Conaificm lor the Abwnce of Branch Points in Case (ii).— In the 
particular case a— 1, the right-hand member of this equation is analytic 
(except for isolated i>omts) in z and in w — rj(z) ; the equation then has an 
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analytic solution. If, however, a>>l, the right-hand member is non-uniform 
and then p is said to have a branched value. Consider first the case in which 


m 



identically. The isolated values of z for which m and ^ are equal are 
excluded. Let 


• • • (oo^O), 

C,=c/0)+Cr(l>(2— 2o)+Cr<2)(2— Sfl) 2 -!- . . . {r>k), 

then if, as before. 


W—r]{z)=W^, (a > 2 ) 

dW 

=-ao+ai(z~Zo)+a2iz-Xo)^ + . . . 

. . . }W^ 

and the right-hand member of this equation is anal^'tic for sufficiently small 
values of z—Zq and W. Consequently 


dz 

dW 


Oq 


FF^'i+higher terms, 


and this equation has a unique analytic solution of the form 


•2— 2o=Pa(FF). 

On inverting, this becomes 

JF=Pi|(2— 2o)5|, 

and the original equation has a solution 
a)=Tj(2)+Pi|(2— 2 o) 5 | 

=r7(2)+Pa|(2— 2 o)h| 

='>7(2)+(2 — 2o)|yo+>'l(2~2o)a+y2(2— 2<))a-r . . . 

Thus there is a parametric branch point whenever the equation 



is not satisfied identically. A necessary condition for the absence of para- 
metric branch points is therefore : 

If p=:mi, - • • G.re multiple roots of F(2, tj, p)= 0 , and correspond to 
branched valves of p, then 

dri 

_ = nri=«X 2 = ■ . . 

identically. 

Consider further the condition that 

drf 
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identically. The equation now becomes 

• • • Iff'’" 

One solution is obvious, namely W =0 or 

ZV==7J(Z), 

It is the Singular Sohdion of the equation, which has arisen as a root of the 
p-discriminant. 

There may possibly be other solutions ; this possibility" will be considered 
(a) when a — i>-/r, (b) a — l</t. 

When a—l'>ky let a—l =^*4-7*; the equation may be divided out by 
and becomes 

dW 

aW^ "f terms in W and (z—Zq), 

where r>l and when % not one of the fixed singular points of 

the equation. Thus 

terms, 

all ^ 

an equation having the analytic solution 

^ Z=^Zo+’Br^^(W), 

wLich in turn leads to 

JF=Pi5(3-XoFii|, 

and thus the solution of the original equation is 

( 

u: ^7j(z) +Va} (s —^oV 1 5^ 

and since r>l this solution always has a movable branch point. 
Alternatively, w'hen let 

k=-a+s~l {s>0). 

After division by the equation becomes 

dW 

a~^ =:^^{0)j^p'5_|_};iig]2er terms. 

dW . 

In this case is an analytic function of W and z —Zq, and therefore there 
is an anaivtic solution 

W=F^iz^Zo). 

If .^>0, an obvious solution is FF==0, and by the fundamental existence 
theorem it is the only solution reducing to zero when z=Zq, Thus the 
singular solution 

W=7]{z) 

is the only solution when ^>0. 

If «=0, there exists the analytic solution 

W^''-^\z-zo)+F^iz-Zo), 
and therefore the solution of the original equation is 

w=^{z)+'Baiz—Zo) 

which has not a branch point at z=Zq, 

Thus the condiiian k'^a — 1 is necessary for the absence of movable branch 
points* 
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13*5. Case (iv). — In t-his case a’==ij(s) is a solution common to the two 
equations 

D{z, k;)==0, Ao(z, w)==0, 

and the equation 

F{z, 7}, p)=(j 

has a multiple infinite root. Of the roots Pk 

F[z, w, p)=0, 

which become infinite when u:=7)(s). let pi, p 2 ? • • pa form a cycle of order 
aOl) ; then pi, for instance, ^\ill be expressible in the form 

_ X* 1 2 

where the coefficients c depend upon and k is a positive integer which has 
been so chosen that Cq is not identically zero. As before, it is supposed that 
So is such that 

^q^^^=Co(zq)^0, 

Let 

{w~ri{z)}^W% 

so that the equation becomes 

. . . } 

or 

. . . 1 “ 

~ JW) ^ -rhigher terms. 

Since 1>0 this equation has a unique anal 3 i:ic solution 

Z-So='Pk+a(W), 

whence, by inversion, 

PF=Pl|(s— 3o)^'|, 

and therefore 

f 1 ) 

to =7](Z) -f Pa| (Z —ZQ)k-ra^. 

Since ^>>0, this solution has a movable branch point, and this is true 
even when a=l, and the expression for pi is one- valued. 

Hence a further necessary condition for the absence of movable branch points 
is that Ao(z, w) and D{z, w) should have no common factor of the form z£—7^{z). 

The conditions thus obtained may be summed up as follow's : Necessary 
conditions for the non-appearance of movable branch points are : 

(A) The coefficient Aq{z, m) is independent of w and therefore reduces to 
a function of z alone or to a constant (§§ 13*3, 13* o). The equation may then 
be divided throughout by Aq and takes the form 

'W)p'^r^+ • • • +^TO-i(z, w)p+ilij,z, ic)=0, 

in which the coefficients ^ are polynomials in w, and anal}d:ic, except for 
isolated singular points, in z, 

(B) If w= 7 )(z) is a root of B{z, w)=0, and p=w{z) is a multiple root of 
F{Zj 7), p)— 0, stick that the corresponding root of F(z, w, p)—0, regarded as a 
function ofw--'rj{z) is branched, then f^ 13*41) 
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(V) If the order of miy branch h a, so that the equation is effectively of ike form 

21 — I7(s)}a 

then (§ 13*41) /fc*>a— 1- 


IS‘6. The Dependent Yariable initially Infinite. — ^To consider the possi- 
bility of the dependent variable becoming infinite at a branch point, let it 
be assumed that 


^lake the substitution 
so that 
and write 


as 

u:^W-\ 
W->0 as >Zo, 

dz FF2’ 


then the equation becomes 

lF-l)rF 2 pm-. 14 . . . . 


In order that the coefficient of each power of P may be rational in W, the 
coefficient of P^ being unity, it is necessary (and sufficient) that ai), 
ipQ(z, a-), . . should be of degrees 2, 4, . . 2m at most in w. 

When m=l, and this condition is satisfied, the equation simply reduces to 
the Riccati equation. 

Thus condition (A) of the previous section must be supplemented by 

(A') u’) is at most of degree 2r in w. 

Now let D'(z, W) be the P- discriminant of the transformed equation. If 
the discriminant D{z, ze] of the original equation has a factor w—7](z), then 
Dfz, W) will have a corresponding factor W —l/'q{z), and therefore, if con- 
ditions (B) and (C) are satisfied for the original equation, they are satisfied for 
the transformed equation. But, in addition to such factors, the discriminant 
Dfz, W) may also contain W as a factor. More exactly, when condition 
(A') is satisfied, D{z, is at most of degree . 2 in w, but may be of a 
low^er degree, say 2m(m— 1)— Z)'(s, TV) will then contain the factor FF^. 

This last case has to be considered apart, and gives rise to special con- 
ditions for the absence of movable branch points.* If P, as deduced from 
the transformed equation and regarded as a function of W, has a branch 
point corresponding to 1F=0, then (condition B) P=0 when IF=0. It 
follows that IF must be a factor of the term IF~i). But since IF 

is also a factor of the discriminant, it must also be a factor of the preceding 
coefficient IF”"^). 

It then foilow’s, as in § 13*41, that the equation, when solved for P, gives 

k 

P^Cjf^yjfa+higheT terms, 


♦ Tbe necessity for the special treatment of this case was first pointed out by Hill and 
Berry, Proc, Lmdm Math, Soc. (2), 9 (1910), p. 231. These writers give the equation 

={w-/(3)}>” + ^ 

hhete w and r are pcmtive int^ens prime to one another and r<Cm as an instance of the 
necessity of special ocmditkiiM. The equation satires conditions (A), (A'), (B), (C), but, 
as the solutkm 

r r 

I&OWS, it has a movabte braach point, for whidb w is infinite. 
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c^m being a constant, not zero. In order that this expression for P may 
give rise to a solution which has not a movable branch point it is necessary 
that 


The two new conditions which have been obtained may be formulated 
as follows : 

(B') If the equation is transformed by ike substitution and JF is a 

factor of the discriminant of the transformed equation^ then if P is a many- 
valued function of W, W must be a factor of the last two coefficients in the trans- 
formed equation, 

(C') If the order of a branch is a so that the eqtiaiion is effectively of the form 

= Ci<0)» a, 


then k'^a — 1. 

The conditions (A), (B), (C) and the supplementary conditions (A'), (B'), 
(C') are necessar}^ and are clearly also sufficient for the non-appearance of 
movable branch points. 

By adopting a line of argument not essentially different from that applied 
in § 12*5 to the case of the equation of the first degree, it is not difficult to 
prove that solutions of the equation 


p^+rjji{z, K))23™-i+ . . . w)=0 

have no movable essential singularities.* This is true whether the equation 
has movable branch points or not. 


13*7. Equations into which does not enter explicitly. — Consider the 
case in which the equation is of the form f 

pm+Ai{w)p^-i+ . . . +A^-i{u:)p+AJw)^0, 
in which the coefficients A are polynomials in w with constant coefficients 
and the polynomial A^ is of degree not exceeding 2r. Further, let the 
equation be such that its solutions have no movable branch points. 

Now, except possibly for the point at infinity, the equation admits of no 
fixed singular points, for such singular points are singularities of the co- 
efficients A, and these coefficients are independent of 2 . 

Let w=(f){z) be any solution of the equation, then since the equation is 
unaltered by writing z-{-c for s, where c is an arbitrary constant, 

w=<f){z-\-c) 

is a solution. Since it contains an arbitrary constant it is the general solution. 

Since, therefore, all solutions of the equation are free from branch points 
and essential singularities in the finite part of the s-plane, such solutions 
partake of the nature of rational functions. Consequently any solution, 
continued analytically from a point Zq along any closed simple cur^'^e in the 
^-plane, returns to its initial value at Zq^ and therefore the point at infinity 
cannot be a branch point. It may, however, be an essential singular point. 


In the case of the Riccati equation, when z does not appear explicitly, the 
equation may be integrated by elementary methods. Let the equation be 


dw 

dz 


=% -f Uite) -f 


where Oq, are constants ; the variables may be separated, thus 

dw 

* Painlev^, Lemons, p. 56. 

t Briot and Bouquet, J. J^. Palyt, (1) cak. 36 (1856), p. 199. 
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Let Pi and tlie zeros of then if P 2 =f=Pi» 

dzv 

. 

whence 


te'— p2 


= Ce^2<Pi~p2?“, 


or if pg=pi 

C-a^z' 

C being an arbitrary constant in each case. 


13*8. Biaomiai Etnations of Degree m. — Consider now the class of 
equations included in the type * 

(A) p^^A{z,w)=^0, 

which is assumed to be irreducible. It is to be supposed that the conditions 
for the absence of movable branch points are all fulfilled. In particular, 
A{z, i€) must be a polynomial of degree 2m at most ; suppose for the moment 
that its degree is less than 2m, and that it is not exactly divisible by xv. 
Write then the equation becomes 

/ dW 

V^:) +{-'^TW'^^A{z, W-^)=0; 

but here the term W-^A(z, is of degree 2?ti in IF- On the other hand, 

if A (z^ a') is of lov’er degree than 2 ??i in :v and contains the factor zv, let a be 
such that —a is not a factor. Then, by writing w —a = IF“ i and proceeding 
as before, an equation is obtained which does contain IF-"**. There is thus 
no loss of generality in supposing that A(z, zu) is exactly of degree 2m in w. 
Since (A j has equal roots if, and only if, A{z, ’w)=0, the p-discriminant 
is effectively A(z, tc). Let xjc —7j{z) be a factor of A{z, w), then p =0 is a root of 

p^-rA{z, 7j)=0. 

First let the corresponding root of (A ) be branched when 'w~r]{z). Then by 
condition B {§ 13*5), which here reduces to 



7i{z) is a mere constant. 

Secondly, suppose that the corresponding root of A{z, w) is not branched. 
Then A(::, u:) contains either {tc: — rj{z)y^^ or {tc — 75 ( 2 )}”^ as a factor. 

If is a factor, the equation becomes 

pm ^K{z){w =0 

and is reducible, contrar}" to supposition. If {w—7]{z)}‘^ is a factor and the 
remaining factor can be written as k{z){w — 7 ji(z)}^, the equation is again 
reducible. Hence if {a’— is a factor, any other factor w — 7]i(z) can 
only occur to a degree less than m, from which it follow^s that the value of p 
corresponding to a— 7 ji{c) is branched and therefore 72 i(s) is a mere constant. 

Consider first of all the case in which A{z, w) does not contain a factor 
{tt' —Tfifs)}*. The equation may then be written in the form 

p" +K’(z)n(K! —Oif* =0, 

where is a ci>nstant, and 

y/4i=2m, 


• Briot and Ikmqwt, EUipHques, p. 388 ; for the simpler type =/(to), ) 

Briot and Bouquet, 0. B. Acad. Sc. Pam, 40 (1855), p- 342, 
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and p may be developed in a series in which the leading term is 

Let !m be reduced to its lowest terms and written Iq/ai, then, by condition 
C (i 13-5), 

1 

or 


Oi Oi * 

since ai'^2. Hence 

Thus the problem of finding all possible types of binomial equations of 
the form 


pm J^K{z)F{w) =0 


is that of finding sets of rational numbers — such that 


> V = 2. 

m ' 

But since 

P2 

m Oi^ C4 ’ 


any fraction — which is less than unity is of the form ^ where a >2. 
771 a 

There are six cases to consider, in %vhich the equation is of a degree higher 
than the first, and irreducible. 

Type I. — There is one factor whose exponent pj^ exceeds m. Let the 
remaining exponents (none of which can exceed m) be 


then 

whence 


m\ 


1 \ 

( . 1 \ 

, . . 7n\ 

U A 

ao 

^ a, 



. . + m[ 1 

)<m, 


f ^ 

1 

1 

+-+ . . . + 


0-2 

a. 


<Jn 

since ai, are integers greater than unity. Hence r=l, and thus 

the only possibility is that of two factors whose exponents are m+1 and 
m—1 respectively. The equation then is 

I. p'^ +K{z){w ^ =0, 

where m is any positive integer. 

Type 11. — ^Let pi=m, then if the remaining exponents are as before, 


whence 



r 





Here arise two possibilities r=l and r— 2. If r=l the equation reduces to 
one of the first degree, viz. 

p {z){w —aiXw — 02 ) =0. 
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But if r==2. 



CZl 0,2 


whence =a2=2. The exponents are therefore m, |m, and the equation 
is reducible unless ?n=2. Thus the only irreducible equation of this type is 

II. i?- -rA'{-)(n: —ai)-{w —a2){w — ag) =0. 

Types IIL-VL — Ail the exponents are now less than m. The only sets 

of numbers of the form whose sum is 2 are : 


h h h h h h I; I. h i; § 

These give rise respectively to the four t;^q>es of equation : 

III. (;3)(t€ —ai){w—a2){'W —aQ){w — %) =0, 

IV. -a2)HrJD -a^)^ =0, 

V. -rA^{3)(u; — ai)3( to —a2)%w =0, 

VI. -rK{z)(w — ui)5(uj —(h)^ =^5 

where, in all cases, nj, a 2, <23, ^4 are distinct constants. 

No’w return to the case in which the factor {'w—7](z)}^ 
equation can be written 

+K{s}{’j: — •ij(s)}’»n (io — =0 , 


4 - 


occurs. 


The 


and as before the condition 

must hold. But since, in this case, pi<im, the only possibility 

is that of two exponents and p2 such that 


Pi =p2=i'^^- 


But the equation is now reducible unless m=2. The only possible equation 
of this type is therefore 

J^K(z){ti‘ —7i{z)}^w —aoX'w—a^) =0, 

where U2=f Tiiis is a generalisation of Type II., to which it degenerates 
when 7}(s) becomes a constant Uj, distinct from ag and Og. 

These six t\q>es (including under T^’pe II. its generalised form) exhaust 
all those cases in which the binomial equation 

p”^+A{z, zo)=0, 

where m>l and A{z, u) is exactly of degree 2m in ce, have solutions free from 
movable branch points. 

Corresponding to each of the six main types of equation are equations 
in which ir occurs to a iow’er degree than 2m, Such equations are obtained 
by the substitution where w — occurs as a factor in A{z^ w). 

It may be verified that the following list of equations so derived is exhaustive. 
The type given is the main type from which the new equations are derived. 


Typel. 

p™ +K{z)('w —a )®*- 1 =0, 
p* (s)(® — a)™ +1=0. 

Type IL 

p2 -i-K (2)(a — ai)2{a: — ag) =0, 
p^+E(z){v:—ai){ie—az)=0. 

Type III. 

p2 +jK^(z)(a- — ai)(a) — 02)(re —Og) =0. 

Type IV. 

p 3 +K (2)(a’ — ai)2(a> —Og)^ =0. 

TypeY. 

p*+K{z}{w —ai)\w —ag)^ = 0 , 
p* +£^(z)(a? — ai)®(te — 02)2= 0. 

Type VI. 

p« +jS:{zXio — ai)5(io — 02 )* =0, 
p« +£(z)(w — ai)5(iD — 02 ) 3 = 0 , 

p« +£’(zX® — —02)3 = 0 . 
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13-81. Integration of the six Types of Binomial Eanations.— The equation 
of Type I. may be written in the form 

=:z{A(z)}^{w—aiy^"^ —<32)”^“' 

Let 

W — 02 

then the equation is transformed into 

dt ( 01 — 02 ) 

and therefore its general integral is 

{^if=C+^-^i^lAiz)dz. 

Consider now the most general equation of Type II., which may be 
written as 

={A{z)}%w --r^{z)}^z€ -Ui ){w -as). 

Let 

w—a^ 

then the equation becomes 

which is a case of the Riccati equation. 

In the case where 7]{z) is a mere constant, say 7], let 

ai — rj=b, — ' 7 =^ 2 > 

the equation is then reduced to 

and, so far as t is concerned, its integration involves only elementary quadra- 
tures. 

The integration of the four remaining types involves the introduction of 
elliptic functions. In these types there is no loss of generality in replacing 
E(s) by —1, for since each equation is of the form 

the substitution 

(dzT=-K{z){dz)^ 

leaves terms in w unchanged. Nor is there any loss in considei-ing, not the 
main equation of any type, but any equivalent equation. 

Thus the equation 

(^) =iw—ai)(w-a2.)(w-as} 

can be taken to illustrate Type III. 

Type IV. may be represented by 

/ dw\^ 



Let 


(w —ai){w — Oa) =*8, 
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then, bv differentiation, 

Jt 


or 


dt 

d: 




Type V, may be represented by 
f dnj 


(J) 


Let then this equation reduces to 

='2 V +% —%)}* 

Type VI. may be represented by 

=(0-’ -ai)*(«> -«2P- 

Let w -r^i> then this equation reduces to 
— = Jy' (^3 —a^)- 

Thus in every case the equation is reducible to one of the form 

|=VP3« 

where PsC^) represents a cubic function of L This differential equation 
integrable only by means of elliptic functions.'*' 

By a linear transformation, this equation may be brought into the form 
dt 


dz 




whence ^ 3 )> where a is an arbitrary constant. 


♦ "IVliittaker and Watson, Modern Analysis^ § 20*22. 
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NON-LrXEAR EQUATIONS OF HIGHER ORDER 


14’1. Statement of the Problem— The study of the uniform functions 
defined by differential equations of the first order, certain aspects of which 
were treated in the preceding two chapters, may be regarded as fairly com- 
plete, and does not present any very serious anaMical difficulties. The 
comparative simplicity of this investigation is accounted for, at least in the 
case of equations which involve p and k rationally, by the absence of movable 
essential singularities. In the case of equations of the second and higher 
orders, e%'en of a very simple form, movable essential singularities may arise, 
and add greatly to the difficulty^ of the problem. 

To take a simple case, the equation 

2!B— 1 

dz^ \dz ) ’ 

has the general solution 

ro=tan{log (.43—15)}, 
where A and B are arbitrary constants. 

As z tends to BjA, either in an arbitrarj- manner, or along any special path, a’ 
tends to no limit, finite or infinite. In fact an infinite number of distinct branches 
of the function spring from the point BjA, which is both a branch point and an 
essential singularity. As this point depends upon the constants of integration, 
it is a movable singular point. 

The problem thus arises of determining whether or not equations of the 
form 

(A) te,p) 

exist, where F is rational in p, algebraic in w, and analytic in 3, which have 
all their critical points (that is their branch points and essential singularities) 
fixed.* 

An obvious extension is to the more general equation of the second 
order 

F(z,’w,p,q)=0 ( 5 =^). 

but this generalisation is not at present of any great interest. 

* Picard, C. R. Acad. Sc. Paris, 104 (1887), p. 41 ; 110 (1890), p. 877 ; J. de Math. 
(4), 5 (1889), p. 263 ; Acta Math. 17 (1893), p. 297 ; Painlev6, C. R. 116 (1893), pp. 88, 
173, 862, 566 ; 117 (1893), pp. 211, 611, 686 ; 126 (1898), pp. 1185, 1329, 1697 ; 127 
(1898), pp. 541, 945; 129(1899), pp. 750,949; 133 (1901), p.910; BuU. Soc. Math. Francs 
28 (1900), p. 201 ; Acta Math. 25 (1902), p. 1 ; Gambier, C. R. 142 (1906), pp. 266, 1408, 
1497 ; 143 (1906), p. 741 ; 144 (1907), pp. 827, 962 ; Acta Math. 38 (1910), p. 1. 
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1411. The Creaerai Solation as a FoncMon of the Gonstaats of Integratioa. 
— In the case of equations of the second order, it is important to dis- 
tinguish between the various modes in which the constants of integration 
may enter into the solution. The fundamental existence theorems show 
that when the critical points are fixed, and s is a non-eriticai point, the 
solution is completely and uniquely specified by the knowledge of the values 
si*o and Uq' which the dependent variable zv and its first derivative w' assume 
at the point ::o- solution may thus be regarded as a fimction of Wq 

and Uq' whose coefficients are functions of z—Zq. 

Three cases may arise, as follows : 

(i) The solution may be an algebraic, or in particular a rational, function 
of Wq and zvq or of an equivalent pair of constants of integration ; thus, for 
instance, the equation 

ZL'" -j-SwzD’ =^(s) 


has the general solution •w—ti'lu, wffiere w is a general solution of the linear 
equation of the third order 

u"'=q{z)u. 

Since u is of the form 


u =AiUi “f--4oW2 


■where Wi, Uo, % form a fundamental system for the linear equation, and 
Aij A 2 , Az are arbitrary constants, the general solution of the equation in 
w is 

^ +BU2 

and is a rational function of the two constants of integration, B and C. 

(ii) The general solution is not an algebraic function of two constants of 
integration, but nevertheless the equation admits of a first integral which 
involves a constant of integration algebraical^. In this case the general 
solution is said to be a semiAranscendental function of the constants of 
integration. Thus the first integral of 

XI’" -t-2xi'w' =q{z) 
is 

w' — r£'- ~J*q{z)dz -\~A, 

and depends linearly upon the constant A. The general solution is therefore 
a semi- transcendental function of A and the second constant of integration. 

(iii) Neither (i) nor (ii) is true. The general solution is in this case said 
to be an essentiallyAranscendental function of the two constants of integration. 

Only those equations which come into the last category can be regarded 
as sources of new transcendental functions, that is to say of functions distinct 
from the transcendental functions defined by equations of the first order with 
algebraic coefficients. 


14“12. OaOine of the Method of Procedure. — The equation (A) may be 

replaced by the system 




dz 


^=F{z, w, p). 


or, more generally, by a system of the form 

■dw 


dz 


w, u)^ 


du 

dz 


=K{z^ u?, u). 


(B) 
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It is convenient to suppose, for the moment, that H and K are functions 
of a parameter a, which are analytic in a throughout a domain D of which 
a=0 is an interior point. The following lemma will be found to be of import- 
ance in all that follows. If ike general solution of the differential system is 
uniform in z for all values of a in D except (possibly) a=0, then it icill he unijorm 
also for a 

For let vifz, a), a) be that pair of solutions of the s\"stem which 
corresponds to the initial conditions 

'w—zcq, w.=Wq. 

Let C be a closed contour in the ::-plane, beginning and ending at Zq, on which 
zi'q{z} and are anahdic, where 

Z£o(z)-=VLiz, 0), Uo(z)^li{z, 0). 

Then if the functions zv(z, a) and u{z. a) are developed as series of ascending 
pow'ers of the parameter a, thus 

a)=zt*oG)-i-ati'i(2)-fa%2(-)4- • - 
ti{z, a)=iiQ(z)-\-aUi{z)^a-u, 2 ,{z)-r • . 

these series will con^'erge for values of c on C and for sufficiently small values 
of j a |. Let zi\,{z) increase by Av 2 describes the circuit C, then 

^ Ava^=0 

for OCla I < 00 , and consequently 

Av=0 

for all V, It follows that zioiz), and in a similar manner Uq(z), 

U 2 (z), . . . are uniform.* 

The method to be adopted breaks up into two distinct stages. First 
of all a set of necessary conditions for the absence of movable critical points 
is obtained. Then a comprehensive set of equations w'hich satisfy these 
necessary conditions is derived, and it is shown, by direct integration or 
otherwise, that the general solutions of these equations are free from movable 
critical points, thus proving the sufficiency of the conditions. In order to 
obtain the set of necessary conditions, a parameter a is introduced into the 
system (B) in such a way that the new system has the same fixed critical 
points as (B) and, in addition, is integrable when a=0. The functions 
U'o(s:), Wi(z), . . Uq(z), Ui(z), - . . are determined by quadratures ; the 
conditions that their critical points are all fixed are necessary conditions for 
the absence of movable critical points in the given system. 

Let 

U=g(Zo, Wq) 

be a pole of one or both of the functions H(zQy Wq, u), K(zq, ti’o, w). There 
is no loss in generality in supposing g(z, U’) to be identically zero, since 
u —g{Zy tc) could be replaced by a new' variable U. This being the case, the 
system (B) may be wuritten as 

=Koiz, w)+uKi{Zy w)+ . . 

where one at least of the numbers m, n is greater than zero. 

* It would be sufficient to know that w(z, a), u(z, a) are uniform in z for an infinite 
sequence a^, , of values of a, having asasQ as a limit point. 
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First suppose that mcCn-f-l, where n is greater than zero, and introduce 
the parameter a by writing 

z—ZQ+a^-^^Z, , u—alJ, 

then the system becomes 

I =Ko(zo, Wo)+O{a). 

Except possibly when a —0, this new system has fixed critical points when 
those of (B) are fixed. When a= 0 , it becomes 

=^o( 2 o= «’o)= 

and this system has a solution of the form 


U={{7i-i-l)KoZ+Ar-^^ 

where A is an arbitrary constant. The solution of the system w^hen a =0 
has therefore a movable branch point, and in consequence of the lemma 
cannot have fixed critical points when a=L 0 . The system (B) therefore has 
solutions which have movable critical points when m<n+l. 

Suppose, on the other hand, that It is sufficient to suppose 

that 771=71 -f-1, allo\\dng at the same time the hypothesis that ^ 0(^5 w) and 
possibly others of the ffinctions K{z, w) may be identically zero. Write 

z =Zq -rd^Zy u =aUy 

then the system becomes 

I =Ho{Zo, a))+0(a), 

=Ko{zo> ^)+Oia) ; 


if 


Ho{so, w)=T]{w), Ko{zo, w)=k{w). 


the system reduces, when a =03 to 


dw , . 


This new system may be integrated by quadratures ; in order that the 
original system may have no movable critical points, it is necessary that the 
branch points of the solutions of this reduced system should be fixed. 

This condition, when applied to all the poles of H{Zy zej, u) and K(Zy Wy u) 
of the form u=g(zy w) or w=h(z)y and to the values u=(x> and ze ?— 00 , gives 
a set of conditions which are necessary for the non-appearance of movable 
branch points in the general solution. The same process must also be 
applied to any v^ues u=g{z)y w=h{z) which render H ox K indeterminate, 
as well as to the singular points of H and Ky should any occur. 


14*2, AppIicaticHi of flie Miefbod. — Consider the equation 


(C) 


^=B(z, w, p). 
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where Bis a. rational function of zc and with coefficients anah’-tic in z. It is 
to be supposed that R is irreducible and therefore expressible in the form 


R{z, ic, p)-. 


■ Q(z, p) ’ 


where P and Q are polynomials in p with no eoinnion factor. 
The equation is equivalent to the system 


idz£ 

\dz 




dp 

Jz 


R(z 


^Ph 


In this case m is zero; if R w^ere to have a pole p—glz, it), the condition 
m'^n+1 could not be satisfied. Hence if no movable critical point is to 
appear, B can have no such pole, and must be a polynomial in p ; let it be of 
degree q. 

But (C) is also equivalent to the system 
idw _ 1 
I dc u' 

=—u^R{z, It', u~'^)=Rq{z, zL')-riiEi{z, . . . 

In this case m=l, n=q—2, and thus the inequality 1 leads to the 

condition that q is at most 2. Consequently, if the general solution of (C) 
has no movable critical points, it is necessary that it should be of Ihe form 


(B) 


drxju 


w)p^-+M{z, w)p^N{z, 


^'h 


in 'which L, M and N are rational functions of a;, "with coefficients aiial>i;ic 
in z, 

No'w let 

Z=Zq-\-ClZ, t£/=CtII , 

then (D) is equivalent to a system vrhich reduces, when a=0, to 

(dW^l 

1 dZ u’ 


and this system is equivalent, in turn, to the equation 


dnV 

dZ^ 


IF). 


It is thus necessary, in the first place, to determine explicitly those equa- 
tions of the form 


(E) 


d^w 

dz^ 


=pn(w\ 


whose solutions have only fixed branch points. 


14*21. The First Necessary Condition for the Absence of Movable Critical 
Points. — The first step is to show that the function l{w) has only simple pol^ ; 
let w =ie?i be a pole of order r. Since this pole may be made to coincide with 

Y 
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the origin by a translation, which does not alter the form of the equation, 
may be taken to be zero. The equation is then equivalent to the system 

f dw 

j ^ = p^w-'{k +0{m)}. 


where k is a constant. Write 

then the system becomes 


w =aW, p —a^P, 


I dz ^ 

When arranged in ascending powers of a, the solution of this system is 

11 ITn , _ V 


where 


/c(z+C) 


+ 0(a), 




and r>l. Thus when r>l the critical points are certainly not fixed. 

When r=l, the system becomes 

(^=p 

' dz ’ 

I dP kP^,^, , 

when a=0, this system has the solution 

W when 

or ffr ^gAz-hB when Tc—l, 

and this solution has a movable branch point except when 

or k~l, 
n 

where n is an integer, positive or negative. 

Now the equation 

may be integrated once ; the first integral is 

At any pole, w l(w) is to have a principal part of the form 

1+i 

nx* 

W — Wi 

and therefore contributes a factor {w — to the expression Let 

V be the least common denominator of the exponents of all such factors, then if 

(Y) 
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^(zv) will be a function having no singulaiities other than poles in the finite 
part of the plane. The transformation re = shows ti:at it has. at most, 
a pole at infinity and is tiierefore a rational fiuictioii. Thus the problem 
is made to depend upon the question of determining those equations of type 
(F) whose solutions are free from movable branch points ; this question was 
disposed of in § 1^3*8. Now (Fj, on differentiation, becomes identified with 
(E) if 

and thus the knowledge of the types of equation (F) which have no movable 
branch points leads to the conclusion that l{zi') must be either identically 
zero, or of one of the following types : 

Type 1. v=m, ^{a-) = " 7 -. -;r. ~ 




III. 




zi ' — 


. 

U' — €[± 




V. .=4, l(w) 




VI. 


=G, l{zv) 


3 


ZiJ—ai ■ IC— ^2 ' 

The constants Ui, ao, ao, may have any values, any one of which may be 
infinite, and are not necessarily all unequal. Type II. is omitted, as for the 
present purpose it may be regarded as a degenerate case of Type III. 

The manner in which arose from h{z, zc] leads to the conclusion that 
a necessary condition that solutions of the equation 

=L(z, a-)p2+-U(~, w) 

may be free from movable critical points is that L (z, ic] should be ideniicaUj 
zero or else belong to one or other of the five main types enumerated above, zciiCre 
di, a^, ^3, % are ?iozd to be regarded as functions of z, 

14*22. The Second Necessary Condition for the Absence of Movable Cfritical 
Points. — The next step taken is to show' that the poles of M{z, zi'} and 
N{z, w), regarded as functions of zv, are simple, and are included among 
the poles of L(z, w). Let zc=h(z) be a pole of order J of 3/(2, zc) and a pole 
of order h of N(z, zv). Since the substitution JV =zc ~~h(z), while not essentially 
altering the form of the equation, changes the pole in question into W —6, 
it may be assumed that h{z) is identically zero. The equation may then be 
written in the expanded form 

S +S(.«W+o(»»-i-.^(-V(--)TO(»», 

where, if w —0 is a pole of L(z, zv), n is a positive or negative integer distinct 
from 0 or 1 ; if is not a pole of //(s, zc), then n=l» 

Make the following transformation : 

w=aWj z =Z q if A* < 2j — 1 , 

or zv—aW, if A*>2j — 1, 

P=^, Mo=M{zo), No=N(zo). 


and write 
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Then 


dnv __p2 
dZ^ ~ IF 
dm _P‘ 
dZ^ ~ W 
dm p^f 
dZ^ “ W 


(l - i + ^ + 


if &<2i— 1, 
if k>2j —1, 
if k=2j—l. 


The third of these equations effectively contains the other two when 
a=0, on the supposition thatMo or Nq may be zero. Now the equation 

dm_PV 1\ Mo? No 
dZ^ IFV-^ n/'^ W3 ■‘■)F23-i’ 


in which, whenMo=0, 2j— 1 is to be regarded as a symbol standing for the 
positive integer k, and therefore 2j is an integer not less than 2, may be 
replaced by the system 


I du 


W 

w(i — i +Mou +No«2 j 




Now assume, in the first place, that j>l, then since n is an integer, J=(=~ 
Moreover, Mo and A^o both zero, from which it follows that the equation 

NqU^ +MQU+j =0 


hats at least one non-zero root, say u=ui, a constant. Then u—u^ is a par- 
ticular solution of the first equation of the above system. But the second 
equation of the system, which becomes 


dZ 

Iw 




has then (since i>l) a solution with a movable branch point, and conse- 
quently the general solution is not free from movable branch points. Thus 
the possibility j'>l, and similarly the possibility must be ruled out. 

Thus ifM{s, zc) and N{z, w) have poles w~h{z), these poles are simple. 

Now assume j=A:=w=l, that is to say, suppose that W=0 is a simple 
pole ofM(s, £c), or of N{Zy ix’), or of both, but not a pole of L(z, w). Then the 
reduced equation is 

d^V MoP+A'o 
dZ2 W 

and is equivalent to the system 

CdW 1 

\dZ~u^ 

\du ti^Mo+Nou) 

[dZ^ W 

This system in turn becomes, on replacing u by au, Z by oZ, 


fdW 

1 

dZ'^ 


du 

ati(Mo+aNo^) 


W 
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-^vhen solved for IF and u in series of ascending powers of a, with coefficients 
which are functions of Z, it has the solution 


Wt) 

log ( )+0(a2), if .1Jo=0, 

Wo 

or u =Wo -aWoMoS log ( Ifo ) ~-0(a^), itJIo = 0 . 


Here the solution has a naovabie critical point, so that the only possibility 
w'hich remains is that expressed by 


n=f=l, j—k=l. 


that is to say w=h(z} can only be a pole of M(z, st’) or of X(z, zv) if it is 
also a pole of L(z, zl^). Thus the poles of :£•) and y(z, tc) are simple, 
and are included among the poles of L(z, xso). 

Now, on referring back to the Types I.-VL, it will be seen that L{z, zv) can 

be WTitten in the form ~ — where D(z, zz- } is at most of the fourth degree 
JJ(Z, Z€) 

in w, and A(;::, ££;) is at least one degree lower than D. 3i and A" can therefore 
be expressed in the forms 


M{z, zv) = 


D{z, z^y 


N(z, 


tc) 


D{z^ Zi'.,' 


wffiere /x and v are polynomials in zv whose maximum degree is to be determined. 
Let D{z, ZZ-) be of degree S in 

In equation (D) write zv=W~\ then that equation becomes 


-^^{2W-L(z 


W--^)}W 


-i 


dW\^ 


)Um(z, w-i)^ -jnx(z, ir-i). 


If the numbers a which occur in the expressions for L(z, zv) in Types I.-VI. 
are all finite, then { 2 W~-L(z, be finite {or zero) at fV—0. Con- 
sequently W =0 cannot be a pole of 31 ( 2 , JF-i) or of W'^N(z, from %vhich 

it follows that the degree of /x(z, zv) in zv is at most 8, and that of v(z, zv) at most 
8 + 2 . If, on the other hand, L{z, zjo) is either identically zero or of a degenerate 
type, in which one of the numbers ai, Uo, ^ 23 , 224 has been made infinite, 
then IF =0 is a simple pole of { 2 TF— jL( 2 , IF-i)}ir~-, and therefore may be a 
simple pole of M[z, W~^) and of W^N{z, IF~i). In this case fi(z, zz) and 
v(z, w) are of degrees not exceeding 34-1 and S-fS respectively. 

Thus, in general terms, the second necessary condition for the absence* of 
movable critical 'points is that if D{z, w) is the least common denominator of the 
partial fractions in L{z, w) and is of degree 8 in zi\ then 31{s, z£) and N{z, zc) 
are respectively expressible in the forms 

fJL{Z, w) v(z, w) 

D{z, wf D(z, wf 

where p and v are polynomials in w of degrees not exceeding S-j-l and S-f-S. 


14-3. Reduction to Standard Form. — It has been seen that if the solutions 
of an equation of the second order have no movable critical points, the 
equation is necessarily of the form 

where L(Zf w) is either identically zero, or of one of the five main types 
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enumerated in § 14*21. To simplify the form of L{z, w) make one or other 
of the foliomng transformations : 

(i) If L{z, w) has only one pole, w=ai, write W =— -i — , 


(ii) If L{z, w) has two poles, w=ai, wite 




w—ai 

(iii) If L(;3, 5X’) has three poles, w=ai, ao, a^, or four poles, w=ai, 
write * 

CL^ ZD — 


w= 


<22“% zo — ai 

The equation is then transformed into one of the type 
<fe2 ^(S, W)y ^ 
in which A(z, W^) has one of the following eight distinct forms : 

i. 0, 


+B(z, +C{;s, W), 


W’ 


m—1 


111 . ^ integer greater than unity), 


-.1 25 1 , 1 < 

• 35 1 . 1 

' W-li 8JV'^2(W-1)’ 

Of these forms iii. arises from Type I. ; ii., iv. and viii. from Type III. ; 
V. from Type IV. ; vi. from Type V. ; and vii. from T 3 rpe VI. 

In viii. 

<Zi — <2g CI2 — <2^4. 

^ < 22 — % < 2 ^ — % 

This quantity may be a constant, or it may depend upon s. In the latter 
case it is taken as a new independent variable Z. 


14*S1. Case i. — In Case i. L(z, w) is identically zero ; the second set of 
necessary^ conditions (§ 14*22) shows that the equation is of the form 

(G) =M(s)ti,^+B(s)}g +C{z)zc3+D{z)w^+E{z)w+F{z). 

But nothing has been found which would immediately settle the question 
as to whether solutions of this equation are, or are not, free from movable 
critical points. In fact, the conditions which have been found are necessary, 
but by^ no means sufficient. The investigation has thus to be continued to a 
further stage, though without any essential alteration in the method. 

W 

Let zx ) = — , z — j-uZ, 

a 

then the equation becomes 

d^W dW 

^ ^A(zo)W^ +C(zo)W^+0(a), 

* In the case of Type V, it is more convenient to write 
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and, when a= 0 , this equation is equivalent to the system 

\dz^ u ■' 


du 

dZ 


=(2— ^0^— %u2)?r, 


where a^=A{z^):, Cq==C(zq). When C 0 =O, the reduced equation 

dnv __ djv 

has the first integral 


dW 

dZ 


—^OqW- -^y. 


where y is the constant of integration ; its general solution is uniform. Let 
Co=f0> then if IV is replaced by ir{ — c(z) is replaced by — 1 ; it may 
therefore be supposed, with no loss of generality, that Cq = —1, The system 
may now be written 

rdW fV^ 

I dZ ’ 


where 

Write 


I w-i*- . 

13Z=(“ 


—h)(u—k)JV, 


h4-k== Cq, hk = 2 . 
u=h-rat\ 


then if h=k the system becomes 

fdW 

dZ 


h -fai?’ 


dv 

dZ 




and this system has the solution 

+“(«)• 

D—Co—aCorh log (Z — Ci)+0(a),- 

where Ci and are constants of integration. But this solution has a movable 
critical point ; the supposition h=k must be rejected. 

On the other hand, if the system becomes 

fdW 

dZ /i+au' 
j 3 ^ — k-^-a'v)vlf a 

and now the solution is 

W=-^+Oia.). 

o=Cs(Z-Ci)'-*'+0(a). 

The movable singular point Z=Ci will be a branch point unless 2 —-^^ is an 
integer n, positive or negative (but not zero since h^=2 implies the rejected 
possibility h=^k). Thus 

n. 
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S2S 


and similarly 
and therefore 


k^=2—n\ 

{2-n){2—n')=h^k^ 

=L 


The only three distinct possibilities are 

i. 2—n=l, 2—n'=4, 

iL 2“~n = — 1, 2— n' = — 4, 

iii. 2 — n = “-2, 2— n' = — 2, 

and these correspond respectively to 

i. /t=dzlj k= ±2, <2o=ii:3, 

ii. k=:^2i, ao=T'Z, 

iiLA=±*V2> A:— =F^y'2, ao=0; 

in each case either all the upper signs, or all the lower signs are to be taken. 

The case aQ=+S is deducible from the case ao==— 3 by reversing the sign 
of Wi and is therefore not distinct from the latter case ; in ii. the transforma- 
tion w==±iwi results in changing C(z) from —1 to +1 and in changing oq 
into —1. Now since Zq is arbitrary, any relation such as 

aQ=A(zo) = —S 

holds for all values of Zq, and thus A(z) is constant. 

When A=0y C4=0, if IF is replaced by W-y/{2/C), C is replaced by 2 ; if 
A=j=0, C=0, and W is replaced by —2WjA^ A is replaced by —2. 

To sum up, if in Case i. the general solution of the equation is free from 
movable critical points, it is necessary that the equation should be 
reducible, by a substitution of the form 

w=X{z)W^ 

to an equation in which A{z) and C{z) have the pairs of constant values given 
in the table : 


(b) A = —2, C=0. 
(d) A = -l, C=l. 


(a) ^=0, C=0. 

(c) A = —S, C=— 1. 

(e) A=0, C=2. 

The more general transformation 

w =X{z)W +ijl{z), Z =(j>{z) 

does not alter the main features of equation (G), which becomes 


dm 

dZ^ 






CAW3 

<^'2 


+{^A'+3CA^+I>A}^ +[a^ +AiJ.'+SCij.^+2Dfj.+E- 


■ A 


-\-Eim + 2 '’ — [i"} 

where dashes denote differentiation with respect to z. Particular forms of 
this transformation will be of use in the sections which follow. 


14*811. Sllb-€a^ i(a). — When ^=c=0, let A, /x and v be chosen to satisfy the 
relations 


= 


A 
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When D is identically zero, the equation is linear ; this simple case "will be put aside 
and D supposed not to be identically zero. Then A, 6 and ^ are determined by 
quadratures, and the transformation 


brings the equation into the form 


mv 

dZ^- 




■rSizU 


where S(z) is expressible in terms of E and F. 

To determine whether the solutions of this equation are free from movable 
critical points or not, let 

11 ~CL “I, Z=^Cl~y-QLUf 

w^here a is an arbitrary constant. Then 

^ =Gr>‘-ra*S{a)-a'^uS'(a, - ■ j‘'-u-S"i a)^0(a’). 
au“ • - . , 

This equation in V has a solution which may be developed in ascending powers of 
a, thus 

P^=i.’-fn'*rQ-r<2%i-ru®^‘2'T- - • -t 

where 

v"=^6v^. 




(r=0, 1, 2, 3). 


'When r>4 the recurrence equation is more complicated ; fortunately it will be 
sufficient to proceed only as far as r =2. 

The first integral of 

v"=6v- 

is 

v'^=4v^ —k, 

where h is the constant of integration. The general solution is therefore 

v=f(u—k, 0, k), 

where k is the second constant of integration. 

Now consider the homogeneous equation 

iV'-12'f (m-A-, 0, h)Vr=0 ; 

its general solution is 

= ' + 2f 

where Cj and Cg are constants of integration. The non-homogeneous equation 

v/'-12f(u-k, 0, k)Vr= (r=0, 1, 2, 3) 

can now be integrated by the method of Variation of Parameters ; its general 
solution is 

Vr=V,(u){uf'+2f}-U, 

where 


U^'(u) = ~ W{u'f '(u-k) -r2'f (M -k)}. 

24 T I 


Now 




—2 


f'(u-k)=--~^+0(u-ky, 

+0(u-k), 



330 


ORDINARY DIFFERENTIAL EQUATIONS 


and therefore, on integrating to obtain Ui and U 2 , a term in log (u—k) will appear 
when r=2. It follows that if the solution is to be free from movable critical points, 

S'^(a)=0. 

But a is arbitrary, and therefore 

S"(Z)==0, 

from which it follow's that S(Z) is of the linear form pZ-rq. 

Thus if solutions of the equation of sub-case (a) are free from movable critical 
points, the equation is reducible to the form 

« o . 

=6w‘‘-t-pz-rq. 


By trivial changes in the variables, this equation may be brought into one or other 
of the three standard forms 


(i) 

(ii) 

(iii) 


dz^ 

(when p=?=0), 

dhjD « 2 , 1 

— =6Z£32_l1 

dz-' 

(when p~0, g=fO), 

d^ja ^ 0 , 
=6Z£5--{-Z 

az- 

(when p=f=0). 


Of these forms, the first two may be integrated by elliptic functions, giving 
respectively the uniform solutions 

w=^(z—kfO,h), w=^^{z~k, If h). 

where h and k are arbitrary" constants. The solutions are thus semi-transcendental 
functions of the constants of integration ; they have no movable critical points, 
but do have movable poles. The third equation is not integrable in terms of 
elementary functions, algebraic or transcendental ; * its general solution is in fact 
an essentially transcendental function of two constants. It is therefore to be 
regarded as defining a new type of transcendent, w^hich is, in fact, free from movable 
critical points. The study of this equation will be taken up, in greater detail, in 
§ 14-41. 


Sub-case i(b). — \Mien —2 and C=0, let A==l, and 

The equation then takes the form 

=-2Tf +P(Z)-^ +Q(Z)W^+S{Z). 

az‘‘ dz dz 

Let 

Tr=a-%', Z=Zo-^QZ, P(2o)=Po, Q{zQ)=Qof 
then the equation becomes 

^ dzv . ( ^ dw . ^ o) , ox 
_ TQo®-5+0(a-). 

and in this form may be satisfied by 


where 


-f Pq^o'+Qo^^o^ 


FromYhese relations it follows that 

* That is, the exponential, circular and elliptic functions. In future the term classical 
inmscendisnts will be used to signify the cla^ of elementary transcendents and trans- 
cendents defined by linear differentia equations. 
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where a and c are arbitrarj' constants, and 
But 

P^qSTq T‘Qo^'o“ — ■Po^"T*(^0 

and since Wq^ possesses a double pole, the twofold integration wMch the expression 
for involves will lead to a logarithmic term, depending upon a unless P(Zq}==Q{Zq) 
for all values of Zq, that is P(s) and Q(z) must be identicaOy equal. 

The equation is thus reduced to 


— = — 2w — • 
dz^ dz 

It is now integrable, its first integral is 

dw 




^ =P(z)u-S(z). 
dz 

This first integral is of the Riccati tj'pe, the singular points of the function u are 
fixed, and therefore the general solution has fixed critical points. 

An equivalent form of the equation is 

S’— 


for this equation has also the first integral 

dw , 

where 

The general solution is a semi-transcendental function of the constants of 
integration. 


14*313. Sub*C£LS6 i(c). — When A — — 3, C= — 1, the tA-pical equation whose 
general solution has only fixed critical points is 

gE = -s„-»' 

The general solution is 

u dZ 

where u (Z) is the general solution of the linear equation of the third order 

u'"^q(Z)u" ; 

it is therefore a rational function of the constants of integration. 

14*314. Sub-case i(d) . — When ^ - 1 , C = i , let 

A=l, 

3^-|“JD= — 3jti-j*3B =?3P(s), 
then the equation takes the form 

Solutions free from movable critical points arise in five distinct instances, as foUows : 

1° R(%)=P'(Z)-2P2(2), S(s)=0. 

The equation may be written 


g +io3+p( 2)|3 J +«,3|+{i>'(z)-2P*(2)}a) ; 
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its solution is arrived at by the following steps, let 
m' 


u 


-P{Z), 




then 

where dashes denote differentiation with respect to s. By writing 
where 

the equation is brought into the standard form 

W^+W^ 

dZ^ dZ^ ' 

2° = -g(z), S(z)=o. 

^ 2q[z) 2q(z) q^z) ^ ' 


The equation may be written 


2q(z)l dz SI 


q"(z) q'^z) 

2g(z) q^(z) 


-q(z) ^6 


its solution is obtained as follows, let 

V(i^^+K) “ 2^ arbitrary constant), 

then 

u' 


If 

where 


M — 1 

w = ^'(z)W, Z=6{z), 


the equation is brought into the standard form 

dHV dW 

3° P{s) = |M+ 5 (z), R(z)=^P'iz)-2P\z)-12q\z), S(z) = -24q^z). 

The equation may be wuitten 

dhv dw , 2 , C q'(z) . , x } ^ ^ die , ^ ) 

_ =-n._ ^ q ( z )^\ 3 -^ +^-5 


to integrate it, let 


-33Xz)-145^(z)|ffi-242=(2); 

F = f>(»+£:,0, 1), 


where K is an arbitrary constant, then 

(4F^— 1) +2 


w 


By the substitution 
where 


uv(v^V —1) 
w==<^'(z)W, Z^^(z), 


the equation is brought into the standard form 

, -W^ +W^~12^(Z, 0, l)W+12f>'(Z, 0 , 1 ). 


dZ* •' dZ 
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where 

and either €=0 and /c~l or else 8 = 1 and k is arbitrary. The equation 


d“3XJ 


dw 


. = — E£J 

dz- dz ' q' 


2q(z)( dw , j 24s 


1^2 

ds ' “ i g{sj ‘ g{s) 


is integrated as follows, let 


then 


m' — 1 


(K arbitrary-), 


By means of the transformation 

lF=aoy'{42:®— £2— a}, Z= £, a) 
the equation is brought into the standard form 

^ =-W^ (Z, a)W-rl^f'{Z, e, a), 

dz** cijti 


5® P(2)-0, J?(2)=~12g(2), S'(2) = 12g'(2), 

where ^s) is the new' transcendental function w’hich satisfies the differential equation 

The solution of the equation 


d“w 

dz 

is 



u(z)-g{z) 

w'here u{z) is any solution of 

u"=6u-^z 

distinct from q{z). 



Thus every equation w’hich comes under sub-class i(d) and has its general solution 
free from movable critical points is reducible to the standard form 
d^W dW 

^ +TF3-12g(Z)TF-^12g'(Z). 

w^here either 

(a) q is zero, 

or (^) g is a constant, not zero, 
or (y and S) q(z) satisfies the equation 
q"=eq--t-7j (fj—OoTl)f 

or (e) q( 2 ) satisfies the equation 

In (a)-~(<5) the solution is a semi-transcendental, and in (e) an essentially 
transcendental function of the constants of integration. 


14*S15. Sub-case i(e). — in this case -4 ==0, C=2 ; suppose, in the first place, that 
B is also zero, and let 

A=l, 2fi= — B, 

then the equation becomes 

^:==2W^+R(z)W+S(s). 

If B(z) and S(z) are constants, say and y, the equation is at once integrable in 
terms of elliptic functions. If E(z) is not a constant, then for the absence of movable 
critical points it is necessary that 

B(z)=z-fjS, B(2;)=y, 

where and y are again constants. The transformation 
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then brings the equation into the standard form 

This equation is not integrable in terms of the elementary’' transcendental functions : 
its general solution, nevertheless, can be shown to be free from movable critical 
points. 

If B is not zero, then the only admissible case is found to be 


^ = — 3 g(z)^' -i- 2 i£! 3 —{g'(s) +252(2) }zo. 
az 


The transformation 


Je-h^^dz 

reduces the equation to the standard form 


= 2TF3. 


14-316. Canomcai Equations of Type I. — To sum up, the following set of ten 
equations may be regarded as canonical equations of the type characterised by 

I. ^'= 0 . 11 . III. IV. ^=6TF2+Z. 

dZ^ dZ- dZ^ dZ^ 

s— ""-f 

VII. vni. IX. —=^ 2 W^-{.ZW^y. 

dHV dW 

X. ^ -f |f3_i2^(Z)lF-f 12q'(Z). 

In V. and VI. q{Z) is arbitrary, in X. q{Z) is as defined in § 14-314. 

14*82. Case ii. — The equation is, in the present case, necessarily of the 
form 

_ 1| d^j:f ) .. , , C{z)\d7ii> 

+ Z)(s)ir®+£(s)5»-+J'(s)!»+ G{z) 


w=a-iW, z=Zo+aZ, A(zo)=ao, D(zo)=do, 
then the equation becomes 

^2 ~wydZ ' dZ +0(a), 

and this is equivalent, when a=0, to the system 

rdW 

\dZ iT’ 


\% = {l-a^u+dkv.^)W. 


When do =^9 solutions of this system are uniform; if do 4=0, it may be 
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proved, as in § 14*31 that the only possibility is It follows that either 

A{z) or D{z) is identicalh^ zero. Similarly ft may foe proved, foy writing 


and proceeding as before, that either C(::} or H(z) is identically zero. 


14*321. Canonical Etoations of Type n. — l®. "^^Tien A = C=Othere are three 
canonical equations. 


XL 


1 

m.dzJ ' 


XII. 

First integral : 


d^V 

dZ^- 


lidW^ 
- 7 . ) 


WKdZ . 


■8W^-- 


A. 

w 


ir. 

j —all' 


.dZ- 


- 28 W^-~ 2 yW-- 6 -KW\ 


where X is an arbitraiy* constant. The integration may be completed by the use 
of elliptic functions. 

dHV l^dWf 1 dW , I . ^ 


XIII. 

or, if Z=e^, 
XIllK 


dZ^- 


dHV lidW\- f 3\ 

^ = tK & ) ^ 

This equation is not integrable in terms of the classical transcendents. 
2°. When ^=^0, C=|=0, there is one canonical equation. 
d^W 1/dWY f riZ)) 

The first integral is of the Riccati t 3 T>e : 

^ = q{Z)W--^mr-r(Z), 

where K is an arbitrary constant. 

3°. Where ^=0, C=j=0 there are two canonical equations. 
d^W 


XV. 


dZ^ W' 

The first integral is 


l/dTr\2 1 dW ^^^d)r'(Z)) 

W\dZ ) IF* dZ ^ dzl r(Z) i‘ 


HZ) 

where E is an arbitrary constant. 


IS Pf>l|'=2Tr^{T(Z)Tr-r/r(Z)dZ4-K}, 


XVI. 


d^W 
dZ^ “ 
The first integral is 


1 /dIF\^ 
W\dz) ‘ 


^ W^-^ZW’-^q'XZ). 




The case C=0 is deducible firom the preceding by writing IfW for IF. 

The general solution of each canonical equation is a semi-transcendental function 
of the constants of integration, with the exception of equations XIII. and 
which are irreducible. 
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14’33. Case iii. — The equation is of the form 
d-x£ m—ljd-j- f ^ 5 ,C{zyidza 

-f D{z)w^ -f jEJ(s)r£j- +<j(2) - 




.Mfe) 

tv 


Let 

w=a~''^Jf , z==ZQ-j~aZ, A(zQ)=a^, D{zQ)=dQ, 

then the equation becomes 

d^W 7n-l( dJV\^ , ^.,dW ^ . 

dZ- ~ mW\dz) ^7. ‘ +0{a). 


dZ 


The treatment of § 14*31 may be applied here, but an alternative procedure 
is as follows. Let 

dZ ~ ^ ’ 

then, when a = 0 , the equation reduces to 


u 


_o. u+a^ 

771 


m- 


-71“ -j- Q^Uj *4” do 


m 


- -f-OoW+do 


But if the critical points are to be fixed, the right-hand member of this 
equation must, when decomposed into partial fractions, be of one or other 
of the eight forms enumerated in § 14*3, W being, of course, replaced by 
This leads to several distinct possibilities, namely, 

(a) if m is unrestricted, then either 

(i) both A{z) and D(s) are identically zero, or 

{h) w'hen m= 2 , either 

(i) A{z)=Q, identically, D(s)=f0, or 

(ii) D[z)==lA^“{zy 

(c) when m=3, !>(;:) =f-. 42 ( 2 :), 

(d) when m—o, D{z)=5A“{z), 

By writing w^ljv, the original equation is transformed into 


d^v 

dz^ 




dv 


-H(z)vs —G{z)v^ —F{z)v —E{z) - 


Diz) 


It follows that 

(a) if m is unrestricted, then either 

(i) both C{z) and H{z) are identically zero, or 

(ii) 

(b) when m= 2 , either 

(i) both C{z) and H{z) are identically zero, or 
(ii) C( 2 )= 0 , identically, ^"( 2 ) 4 = 0 . 

Consider, in particular, the case in which A{z) and D{z) are both identically 
zero, then if the equation is first transformed by writing 

2®=r<X ,“Wf Z=ZQ-j;^(lZ^ €q==JS(Zq), 



NON-LIXEAR EQUATIONS OF HIGHER ORDER 


337 


and a is then made zero, the equation becomes 

dHV _m-l/dWf 
dZ^ mWXdZ / 


heoW^- 


An evident possibility is that E{z) is also identically zero, \\lien E{z)^0 
it may be proved, as in §14''22, that the only possibilities are m~2, m==4, and 
m = —4. In the same way, if C{z) and H{z) are both identically zero, then 
either G{z) is identically zero or m=4. 

This discussion limits the number of cases to be considered.* By con- 
tinuing the investigation it is found that the equations w^hose solutions are 
free from movable critical points are of the canonical forms enumerated in 
the following sub-section. 

14*331. Canonical Equations of Type HL — 

1°. %\Tien A, C, D and H are identically zero, there are seven canonical equatioiis. 

dHV m—ljdW\^ 

TXdZ ) * 


XVII. 


dZ^ 


mW 


The general solution W —{K iZ is rational in the constants of integration 

El and 


XVHI. 

dZ^ ~ 2 W\dz) ‘ 

First integral : 


XIX. 

dZ2 2W\dz) ' 

First integral : 

(^^y^4W(K -r W -f W^). 

XX. 

dZ2 2TF\ dZy ^ 

Equivalent to 

=2u^-rZu 

dZ^ 




a particular case of equation IX. 

XXI. 

Equivalent to 
(XXIX.) 

XXII. 

Equivalent to 
(XXXII.) 

XXIII. 


dW 



dZ^ ' ' 

4W\dZ/ 

d®w 

1 /du Y 


dZ®" 

2a\dZy 

2 

d®lF 

3 / dTr^ 


dZ® ' 

'41lVdZy 

) 

dht 

1 

1 


' 2tt\d^/ 

2u 


(w2=TF). 




dZ® ' 


^J+3TF*+alfF+^. 


* There are fourteen cases to be discussed of which nine are essentially distinct. The 
discussion is, in its complete form, due to Gambier, C. JR, Accud. Sc* JPctriSt 142 (1906), 
pp. 1406, 1497 ; the previous discussion by Painlev^ was not exhaustive. 
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Equivalent to 


d^u __ J_ / ^ Y _L. A 

£?Z2“^V4Z/ 2 "^"2 


{U^=:W), 


a particular case of equation XXX. 

2®. C and H are identically zero, and {m-i-2)W +mA^=Q, there are two 

canonical equations. 

XXIV Y TF3-{- — C ^^2 

dZ- mTFWZ/^^ dZ (jm+ 2)2 ^m+2 


Solution : 


PF5= — 4-2)(E -\-K g) 

mf(K^Z^K^)^q(Z)dZ * 


_ 3 /dTF\2 3TFdTF TT^ q' 


dZ2 4TF\ 


Adz) 




Solution : 


2u'-\-u^— ^U—T 
Q 

where u=t'jty i being the general solution of the linear equation 

3®. When A and D are identically zero, and (m—2yH-{-mC^==0, there is one 
canonical equation. 

XXVT ^ ^ / dTF v , 6q' dW \oTfr2jL’i2aW 12o'' 

-^-mKdz) dZ +12qW~l^q 


Solution ; 


or or q" —6q^-{-Z, 

3W'=2F'4-U2-l2g, 


K_Q-g^ 

Q-g 

and 

or Q"=6Q^-hh or 

as the case may be, but Q=|=g. 

Other equations in which A and D are identically zero are particular cases of 
the following : 

4®. \%lien m is unrestricted, and (m—2yiI+mC^==0 there is one equation.* 
Its general form is 

d»TF m-l/dWy , ^ m—2\dW mp 

n-^+'^-wjdz -oi^w^ 

m-{-2 ^ ^ mW 

where /, (f> and ip are definite rational functions of two arbitrary analytic functions 
q(Z) and r(Z) and of their derivatives. In the particular case m=2, the canonical 
equation is 

^ -2W— -+-li'(Z)W- — 

dz^ aw'Vdzy dz 2Pr’ 


and its solution is 


W^u'Ju, 

2u''V=m"24-2Fu'2— 


♦ This difficult ease was studied in spe<M detail and solved by Gambier, Acta Mcdh* 
83 (1910), p. 51. 
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On differentiation, this last equation becomes linear, and of the fourth order 

vF = 2Fu" 

Thus, when m— 2, the general solution is a rational function of the constants of 
integration. 

5®. When w=2, 0== and C identically zero, there is one equation,* 

72r2 

in which q and r are determined as follows. Let Fj and be any two solutions 
of either 

n‘^=6i;2, or or r^=6c2-fZ, 


Solution : 


F.-Fj ’ 




W- 6(F-Fd(F-^F ,) 

U' - u r/ F/) ~g( V - M F , -T- } * 

where F satisfies the same equation as Vj and V^. Wlien Fj and Fg are made 

equal, t 

6®. When w=2, A and C identically zero, D not identically zero, there are three 
canonical equations. 

First integral : 


XXX. 


First integral : 


W 1 /dW\2 , 3TF3 . ^ 


= TF^^4aTF3 F^KIV 4-y ^ 


XXXI. 


dza ^^dz; ^2 ^ ^ 2TF 


Not integrable in terms of classical transcendents. 

7®. When m=2. A, C and D identically zero, H not identically zero, there are 
three canonical equations. 


XXXII. 

d^W 1 fdwy 1 


dZa 2Wl dZ / 2TF’ 


First integral : 


(t42=:W). 

XXXIII. 




* This case also was given special notice by Gambier, ibid. p. 49. 

t F depends in general upon two parameters, say a and JS, and may be written F{Z, a, p). 
Fj is obtained by giving a and jS the special values and 3^*1 

l\ dadZ^^dfiezJ/\ da 

where A and ft are constants whose ratio is arbitrary. 
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First inte^al ; 

XXXIV. 
Solution ; 
where 


( =4.W’‘+2aW^+4KW+l. 

\ dZ J 

dZ^ '^2W\dz) 2W 

2aW=^V'-hV^-hiZy 


{a 4 = 0 ). 


V"=2V^-i-ZV-2a-h 
8®. When n=3, D=%A^, H=—SC^ there is one canonical equation.’*' 
dnv 2/^VV 


(IX.) 

me 

XXXV. 


dZ^ ZW\dZ 


4- (4g' -hr + |g W + 25 r — 3r' - 


3^2 

'W^ 

where, if 2u^-i-Su-\‘T represents either or 2u^-\-au-\-p or 2t4^-hZw-f a, 
g"= 2 g 3 4 .,Sw-hT, r=-J 5 -f{g'-hg 2 ). 

Solution : 


W= 


V'-q'JrV^-q^ 


where V is any solution of 


F-g 

F^= 2 F 3 -fS^F-hT. 

9®. \\Tien n=5, D==5^^ R=— fC^ there is one canonical equation. 


dnv 

dZ^ 


+(r-Sq'+U^)W -^ 4 (gr-h 5 r 0 ^ , 


where 


V '^V ' /■F'_T 7'\2 

g=^l|— r=yFi+¥U,-|(^ L^- - Lj j , 

Fi and Fg being solutions of 

F"== 6 F-h 5 ' 

Solution : 


(5=0, i or Z). 




F-g 

F being the general solution of F^=6F-h5. 


14 *S 4 . Canonical Equations of Type IV. — In Case iv. there are four 
canonical equations.f 

dm § 1 . 1 

5:2 


XXXVII. 
First integral : 


dZ 2 


. \(dWf 
hw'^ W—li\dzJ ' 


Solution : 


/dW\2 

{^) =4EiW(W-l)2. 


»F=tanli 2 (K1Z+K2). 

8 


(PF- 1)2 




♦ For details of this case, see Gambier, ifdd, p. 32. 
t G^bier, C. B, Acad. Sc. Paris, 143 h»06), p. T41* 
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First integral : 

' dZ ’ 


W{W-l)\ 2 aW-f- A - + £:f. 


M , 1 UdWx^ 1 dW , {W-rf-{ rr, 

, yW , SfTW-hl) 

z ' fr-1 • 

Not integrable in terms of the classical transcendents. 




^2{g^—r2-(g'-yr')}W, 

where 

s'=2qs, t' = —2-rt. 

Method of integration : let 

-sfV=-2u, 

then u is given by the Riccati equation 

u' -ru--f-2ru— It- =lv-^su, 


-sW = —2u. 


Tvhere 


v'==2(q—r)t\ 


It may be noted that if s and i are not both zero, 


n' _ s' r 
V s i 


and therefore v=KsL 


14-35. Canonical Equations of Type V. — In Case v. there are two 
canonical equations.* 


First integral 


Solution : 


dnV _2fl , 1 IfdWf 

dZ^ ~StW • W~l^dZ/ • 

( ~ f =27Xi3FF2( JF _1)2. 


2JF=ih-^’'(^iZ+Js:2. 0, -1). 
„ dm 2^ 1 , 1 \{dWY J , r 

dZ2 ■“slfF'^PF-llvdZ/ ' Tf 


1 , 1 ydWY ,) rrr , r S , , 'MV 

W'^W-l^dz) W -1 

f Q^2 Qq2 

+W{W-l)\sqm^ ^ 4- 3g' 4- | 2 (r + a - ff) 

^ 3r'— §r(r-fs— g) 3s'— js(g+>-4-s) 


where 


3g=^'-Fi+^^-2C, 
3^ = +F 1 T- ^ +2C, 

3^ ssr 2F 

♦ Gatnbier, C. 12. 144 (1907), p. 827. 
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and Vj is any solution of the equation 

= ^ +|F3+4CF2+2DF^^, 

in which C, D, and E are all zero (Equation XXIX.), or are all constants 
(Equation XXX.) or C=Z, B=Z^-a, (Equation XXXL). If F is 

the general solution of this equation, then * 

W-1+ 

^^F'-Fi'-F2+Fi2-|(g+r-s){F-Fi) 


14‘36. Canonical Equations of Type VL — In Case vi. there are five 
canonical equations .f 

dm’ 3^1 , 1 ydWY 

'd^~ aXw'^ F^-1)V dZ ) • 


XLIII. 

II ’ 

First integral : 

fdW\^ 


\dZ^ 

Solution : 

W--1 


W 

XLIV 


Solution : 



=f 2 (e:iZ+^2, 4, 0). 


where 


•u'2=^aw — ^ ^ ^ — u^). 


dZ^ ~ 4t]tF ^ IF-liVdZ ’ ^ 

+ ]tF(iF-l)|42?2(2?F-l)4 


W W-lS dZ 
£2 . . 
{TF-1)2'' 


? , ^ I 
w'^w-iy 


where 

A = B_C=-i(Fi+F2), B+C=-|^^', D=i(F2-Fi). 

H=2B'+AB, K=2C'+AC, 

in which Vi andLFg are any two solutions of the equation 

F'=2F3+5F+T 

(Equation VII., VIII., or IX.). If F is the general solution of this equation, 
^ 2V'-V/-V^'-A(2V-r^-V,) ^ 


2(F-Fi)(F-F2) 
dZ2 ~4(iF + JF-i)Vdz^ irr+2i 


8 \dW 

2(1^— 1)3 dZ 




where 


'' x2jEr/ (JF— 1)2^ 
H=2(Fi'+Fi2)+a, 


* For the complete discusmcm of this case see Gambier, Atia Math. 33 (1910), p. 38. 
t Gambier, C. «. 144 (1907), p. 962. 
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in which Vi is any solution of 

(VIII.) F"=2F3-raF~^. 

If F is the general solution of this equation, and 

T," rr • 

T= y. — ^ -fF-i-Fi,, 


dHV 3(1 . 1 fidWf H'i 3 UfV 

ciZ2 ~ ttW ^ w-iS^ dz’ Hi ■ 2{yr-i)<c& 

1)^ (-jf ij V 2 R ' (ir-i)3 ir ' H 2H^hv-\S 

where 

in which Vi is any solution of 

(IX.) F"=2F3-:-Zr-fa. 

The integration proceeds on the lines indicated under XLVI. 


14-87. Canonical Equations of Type VIL — In Case vii. the equation is : * 

d^W (2 , 1 ^ cm- 


^.r^rrrr dm 2 , 1 \(dWY^,,,. , 

XLMII. • 2(lF-l)5\dZ ' 


• lV)dZ 


, ^ASA-m , „ , 3C2 , H . K . H ) 

m(ff 1)| g -rF-rjj .2 

where 

A = —-^(t-i-u), B=^(2t-j-5u), C=—§(u—2t), F=^(a'-—ad)—§a^, 

H = -lv^ K=3(c'-bc)-lc^ 

in which 


I vs'-vii . vz-vr > ^__h: 

F 2 — Fi ^ F 3 — Fi y F 2 — Fi Fg — Fi ^ v’ 


and Fi, V 2 , Vz are any three particular solutions of 

V"=6V'^^S 

Solution : 

(Y-tr—v^- 


(S' — 0 , I, or Z). 


where 


r -t- 2 Y _.,2Y 

F^ = -FF^ + F3-l2FiF-T-12Fi'. 


14-38. Canonical Equations of Ty]^ Vill. — There are tw^o typical equa- 
tions in Case viii., in the first of which 07 is a constant, say a, and in the 
second of which t) —Z.f 


dZ 2 ■" 2 (IF + JF-l+JF-a)VdZ/ 


+ W(W 1)(JV + 


• Gambler, C. B. 144 (1907), p. 962 ; Acta Math. 33 (1910), p. 45. 
t Ibid. 143 (1906), p. 741. 
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First integral : 

The general solution is expressible in terms of elliptic functions. 

^ dm Ijl , I 1 ydW^ 1 1 \dW 

w-z)\dzJ Iz'^z-i'^w-zUz 

. W{W^1){W-Z) S^ j9Z , yjZ-l) {S^l)Z{Z^l) } 

2Z2{z~i)2 r fF2"^(iF-i)2 (w-Z)^ y 

This equation is not, in general, integrable in terms of the classical tran- 
scendents. When a=jS=y==S=0 it may be integrated as follows. Let 
A{u, Z) be the elliptic function defined by 

r-d ^ 

i 0 V {w(w —l)(w — Z)} ’ 

and let 2c«>i and 20 )^ be its periods, which are functions of Z. Then the 
general solution of the equation is 

where and are arbitrary constants.* 


14*S9. General Conclusion. — The repeated application of the conditions 
necessary for the absence of movable critical points has thus led, by a 
process of exhaustion, to fifty types of the equation 



in which F is rational in W and in W', and analytic in Z. Of these 
fifty types all but six are integrable in terms of known functions and the 
general solution is found in each of these cases to be free from movable 
critical points. This latter fact is true in the remaining six cases; the 
lines upon which the demonstration proceeds will be indicated in later 
sections {§§ 14*41 et seq.). Thus when the restrictions stated are imposed 
upon jP, the aggregate of conditions is sufficient as well as necessary. The 
fifty canonical types which have been enumerated may be generalised by 
the transformation 


where I, m, p, q and <f> are analytic functions of z, and the new types obtained 
contain ail the equations of the second order, rational in w and w\ whose 
general solutions have fixed critical points. 

But when the equation is algebraic in zo, and is not reducible to an 
equivalent equation in which w appears rationally, the state of affairs is 
altogether different. This is clearly shown by the following example : f 








A(l— Z£32)i(l— ;b2ze?2)i)Vd2/ ‘ 

It is not difficult to prove that the general solution of this equation has 
no algebraic singularities other than poles; with rather greater difficulty 
it can be proved that any solution, which tends to a determinate value 
when z tends to along any path, is analytic or has a pole at Zq. But it 


♦ In its general form Equation L. was first discovered by R. Fuchs, C. R. Acad. Sc. 
iFffm, 141 (1905), p.555. 115® integration, when a, p, y and S are zero, is due to Painlev^. 
Pa!nlev4 Btdf. Soc. MaOi. 28 (1900), p. 230. 
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does not follow that the solution is meromorphic throughout the 2-plane. 
In. fact the general solution is 

w=sn{X log (^2-B)} (mod k), 

w’-here A and B are arbitrary constants. The point is an essential 

singularity of the solution : as 2 tends to BA along any definite path, 
w tends to no limit whatsoever. 

This example shows clearly •why it is that the necessary conditions may 
not be sufficient, and consequently wffiy each of the fifty canonical types 
obtained in the foregoing sections has to be examined separately in order 
that the absence of movable critical points may be confirmed. 

The Pamlev6 Transcendents. — The most interesting of the fifty 
types enumerated are those which are irreducible * and serve to define new 
transcendents. These irreducible equations are those numbered IV., IX., 
XIII.5 XXXI., XXXIX. and L., six types in all. It is convenient to tabulate 
and renumber them, thus : 


(i) 

(Pw 

dz^ 

= GW" “pS, 


(ii) 

d“ n 

-2u* -rQ? 



1/ dze -2 

1 dw 1 


. . a 


(iii) 

dz^ 

■dd=> 

z'dz 

-f y: , 



d^w 

1 /z?a-\2 

, 3 m ;2 , 

2 -U2(22 _ 



(iv) 

dz^ 

II 

gjL 

.5! 

+ — 

-a):x- 4- 


(v) 

d^w 

= 1- + - 


1 dw , 


, ^ ^ , yze 0 »x ( Zxi — 1 ; 

w / 

dz^ 

(220 ze 

-l^\dzf 

z dz ' 

S2 

• a-) ^ 2 ■■ a--l ’ 


fJl ^ 

' iz ' 2— i ■ z—x) dz 

0(te— s)C , . y(s— 1) . Sj(3— 1)) 

-1)2 ^ ‘ (ic- 3)2 r 

The new transcendental functions defined by these equations axe known as 
the Painleve Transcendents. ‘f The solutions of (i), (ii), and (iii) have no branch 
points, and are therefore uniform functions of 2. If, in (iv) and (v), the inde- 
pendent variable is changed by the transformation 2=^, the solutions are 
uniform functions of 2. But in equation (vi) the points 2 = 0 , 2 =1 and 2= x are 
critical points. 

Equation (vi) contains, in reality, the first five equations, which may be 
derived from it by a process of coalescence. J As it can be proved that the 
solutions of (i) are indeed new" transcendents, it follows that the solutions of 
the remaining five equations cannot (except possibly for special values of 
a, y and 8 ) be expressible in terms of the classical transcendental functions 
alone. 

This process of step-by-step degeneration may be carried out as follows : 

In (vi) replace 2 by l-j-ez, d by y by - and let £-> 0 . The limiting 
form of the equation is (v). 

* By irreducible is meant not replaceable by a simpler equation or combination of 
simpler equations. 

f Only the first three types were discovered by Fainlev^, the last three wem subse- 
quently added by Gambler. 

t Painlev^, G. R. Acad, Sc, Paris, 143 (1906), p. 1111- The solutions of (vi.) in the 
neighbourhood of a singular point were studied by Gamier, C. E. 162 (1916), p. 939 ; 163 
(1916), pp. 8, 118. 


(vi) 


d^w 

dz^ 2 (w 


w- 


1 V dzc 

~~2 ^ V dz 

^(z 


4- 
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Q B (X 

In (v) replace why l-i-ew, phy ~ ~ , a by ^ -f y by ye and <5 by ds. In the 
limit, when s 0, the equation becomes (iii). 

Similarly in (v) replace w by swx/2, z by l+sz^2, a by y ~ and 3 

fov — ( ~ 4- — In the limit equation (iv) arises. 

\2e^ ‘ £-' 

In (iii) replace s by !-{■£% w by 1 -f y by by ^ a by - ~ . 

1 

5 by — -r . In the limit the equation becomes (ii). 

^ 2£® " 

£Z 1 **1 

Similarly (ii) may be obtained from (iv) by replacing 3 by ^ , zu by 2^£ze 4- — , 

Q by — ^ —a, ^ by and taking the hmit- 

6 14 

Finally, in (ii) replace z by e-s — ” , te by ezo-l- a by — , and in the limit 
the equation degenerates into (i). 


14’41. 1!he First Painlev^ Transcendent : Freedom from Movable Branch 
Points. — ^The equation 

d^w 

(i) ^ =6t.2+2, 


satisfied by the first Painleve transcendent, will now be studied in greater 
detail. It will first of all be proved that its general solution is free from 
movable critical points.* The principle of the method is applicable to the 
five equations which define the remaining transcendents. 

The first step is to show that the equation admits of solutions possessing 
movable poles, but not movable branch points. In the neighbourhood of 
any arbitrary point the equation is satisfied by the series 

2oP+M2-2o)^ + 3^»0^(2-2o)®+ ' • 

where h is the second arbitrary parameter ; this series may also be written 
in the form 


^ ~ + • • • 

On eliminating z—Zq between the latter series, and that for w', namely, 

and writing it is found that 

>w' = -^2€V'-'^—l€ZV—lv^+7ehv^~{- . . 
where €= ±1. Transform equation (i) by writing f 

* Pamlev6, BuU. Soc, Mcdk. France, 28 (1900), p. 227 ; C. R. Acad, Sc, Paris, 135 
(1902), pp. 411, 641, 757, 1020. 

t Alternatively, the transformation 

Jd® — wo® 


may be made 
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the equation then becomes the system 
fdv 


(ia) 


dz ' 
du 
Iz ^ 






=1^27^ 




This system has a unique solution which is anaKiiic in the neighbourhood 
of Zq and satisfies the initial conditions «=2/o> r =6 when z=^Zq* The corre- 
sponding solution n:(z) has a pole at Zq and the constant h is equal to 

Thus the general solution has a movable pole at any arbitrary’ point 
No solution can have an algebraic branch point at any point Zj, for ifA(z—Ziy 
is the dominant term of a solution having an algebraic singularity at r is 
necessarity — 2^ and then the solution is analytic in the neighbourhood of z^. 


14*42. Freedom from Movable Essential Singularities. — It has now to be 

showm that no solution of equation (i) can have a movable essential singularity 
in the finite part of the plane. With this end in view, a number of pre- 
liminary theorems, relating to special solutions of (i) will first be proved. 
Let zc(z) he the particular solution w'hich assumes the finite value tx’o, w’hile 
a;'(sj assumes the finite value a*o', when z=Zq. This solution is analytic in 
the neighbourhood of Zq ; let F be the greatest circle whose centre is at 
within which u'(s) has no singularities other than poles. If the radius of F 
is infinite, the solution has no essential singularity except possibly’ at infinity, 
so that the theorem is proved. If the radius of F w’ere finite, then on the 
circumference of F there would be an essential singularity of rc(z). It will 
be showm that this hypothesis is untenable. 

Let the supposed essential singularity* occur at z=a, and let J1 be the 
upper bound of j | and | u:'(z) | as 2 tends to a along the radius 
Assume first of all that the solution z€(z) is such that JJ is finite. Then if Zj 
is a point on the radius, and w(zi)=zc'i, zi:'(zi)=z€i', and e is arbitrary*, 

I w—Wi I I zv'—zvi j when J z—Zi [ <€, i Zi—a [ <€, 

where A is finite. Xo’w (i) can be w’ritten as the sy'stem 

f dw , 

Tz =“•' ’ 


and the right-hand member of each equation of this system is finite for all 
finite values of 2 ;, w and w\ By the fundamental existence theorem (§ 12*2), 
there will exist a solution satisfying the assigned initial conditions w*ith 
respect to w’hich will be analytic throughout the circle j s— j=€. The 
solution will thus be analytic at a, contrary to hy*pothesis. It must, there- 
fore, be supposed that if a is an essential singularity^ | ^^( 2 :) j is not bounded 
on ZqU* 

It will now be showm that, if ^{z} is any particular solution of (i) such that 
1 w{z) I is not bounded on the point a is a pole of w{z) provided that there 
exists a set of points Zi on the radius, having a as their limit-point, such that 
j w{z) I is unbounded, but, for a particular sign of 1 ^( 2 : 1 ) 1<G, where C 
is a fixed number. 

Returning to the transformation 

tt<z) = ±s»i^^ + i|+2tcs+JiOT,. 


The necessity for this discussion is illustrated by the examples in §§ 14*1, 14*89. 
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wiiich is equivalent either to 
or to 

whereu;=t;"-2^ it is seen that, if w is a solution having a pole at the point a, 
then, in the neighbourhood of a, one determination of u is such that 

u(z) —7k +0{(s —a)-}. 

Now, from the assumption that, for one of the determinations of n, 

! |<C it foUows that one or other of the expressions 

V" -f v-‘^{w' ~-2z;“- 3 -^izv 

will, when z==Ziy be of modulus less than C. Suppose, for definiteness, that 
the first of these expressions satisfies this condition. As before, let (i) be 
transformed by the substitution 

w=v-^, 'w' — —2v~^—^zv—^v^-{-uv^; 

the resulting system (ia) will have a solution u{z)^ v{z) such that u, v assume 
assigned initial values Ui, Vi when z=Zi. Then, if e is arbitrary, 

|tJ— when Is— 2 :il<e, |si— a|<e, 
where K is finite, from which it follows, by the fundamental existence theorem 
that ^(s) and v{z) are anahd;ic throughout the circle |s— aj=e. Conse- 
quently w{z) has a pole at a. 

It is possible to find any number of functions U(z) having the same pro- 
perty as t£(s), namely that if, for points Zi on Soa, having a as their lii^t- 
point, I U(si) I is bounded whenever [ te(si) | is unbounded, then w{z) has a 
pole at a. One such fxmction may be constructed as follows, and has the 
advantage of being a rational expression in s, w, w'. 

The two-valued function 

u =w^w' + 

is such that if w has a pole at Zq, one of the two determinations of u assumes 
the arbitrary value 7h when z—Zq. Whichever determination is the correct 
one, u satisf es the equation 

1 — zcS(2 + |sz£7“ 2 —uw~^)}{w' +w^2 —uw~'^)} =0. 

The left-hand member of this equation, when expanded, is free from 
fractional powers of xjo and may be written 

w' 

^'2 — 4^3 — 2st£?+4w+ . . 

w 

where the omitted terms involve w~^, w~^ and but not w\ Let 

w* 

U=w'^ -T — 2zw, 

w 

then on substituting for w the series 

»=(s-Sb)-2-jV3o(2— %)3+A(z-Sb)*+ - • •. 

it is foimd that 

lJ(z)=^-28h+0{{z-Zo)^y 

The fact that U'(a^) =0 would introduce apparent complications into the 
later work. To avoid this difficulty, let 

V{z)=:=Uiz)+z, 

then in the neighbourhood of Zq, 

V(z) = —28^ +:s +0{(sj —Zo)^ 

==^—4iu{z)+z+0(w--^). 
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where u(z) is that determination of u which is finite at Zq, Since 

F'(z}=1^0(z^zo). 

Let % be any value of for which | u: | is unbounded, but | F [ bounded, 
the corresponding value of a;' is either root of the equation 
z ^'2 ~ 1 — Szn; -f 2 ; = F. 

But since the corresponding value of u is determined by 

— 2zzC’-rO(zv~''^) = — 4«, 

and therefore is bounded. 

It follows that if there exists a set of points Zj on the radius having 
a as their limit-point, and such that unbounded, but |F( 2 :j)| is 

bounded, then, for one determination of u{z)^ I u{zi) f will be bounded, and 
consequently w(z) wall have a pole at a. 

14*421. The Main Proof in the Case when j w [ has a positive Lower Bciiini. — 

An important restriction will now be imposed, and removed at a later stage, namely 
that if w{z) is a solution having an essential singularity at a, then for all points on 
the radius jZo<2> itr(s) |^p, a positive number. Then there must be a set of points 
Sj on the radius, such that j F{si) ; is unbounded. For if and V(Zi) were both 

bounded, then, by the definition of F, jzrqzd: would be bounded and ziiz) would 
be analytic at a. If, on the other hand, \ViZj) were bounded, but rni- 

botmded, then, by the concluding theorem of the preceding section, xiiz) would 
have a pole at a. Thus if a is an essential singular point, a set of points Zj for 
which 1 V(zi) \ is unbounded, certainly exists. 

It 'vdll now be proved that, as a consequence of this result, another set of points 
Sg, having a as a limit-point, exists such that i Viz^) ■ is arbitrarily small. For con- 
sider the expression 

W'~u;~2^£;'---12a^^•'~22n:'~-2le-rI 

4r£j3 — ££J'2 4-2JC 

w(ww' 2 -f sn' — 22ZJD - -r ssr ) * 

If j IF I were bounded on the radius ZqQ, V \ would be bounded, even for the 
set of points z^, which is not true. Thus a set of points Zn arbitrarily close to a, 
must exist such that j Wiz^) j is unbounded. Moreover ; atzg) is also" unbounded. 
For if iZe(S 2 ) 1 and | w'iz^) ! are bounded then ; ViZz) I is arbitrarily small and tc(z) is 
anai 3 d;ic at a ; if [ wiz^) 1 is bounded, and | is'lzz) ; unbounded, then : ’ would be 

bounded, contrary to hypothesis. 

Now if w' is eliminated between the expressions for V and IF, it is found that 

W=V-^^0(w-^), 

and since, for the set of points z^, having the limit-point a, ziiz^) and TF (Zg) ; are 
unbounded, 1 Viz^) | is arbitrarily small. It follows from the conclusion of the 
preceding section that w(z) has a pole for z— a. 

The case in which. ie(z) tends to a unique limit g as z approaches a along the 
radius can be dismissed at once, for the preceding investigation is not altered except 
in the non-essential point that in the expression for F, the term w'jw is replaced by 
—g). In particular, the proof holds good if j ie{z) instead of having a positive 
lower bound, had the limit zero when 

The choice of the radius ZqU as the line of appro^h to a is not an essential part 
of the proof ; any curve of finite length, endii^ at a, no point of which, with the 
assumed exception of a, is an essential singularity of would serve equally well. 

14*422. Discussion of ihe in which the Lower Bound of | w{z) | is 
ssera — AH possible hypotheses have now been deposed of except one, namely that 
there exists, on the radius a set of points having the linut-point a, such 
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that w(Zi) <p, and another set of points z^, also having the limit-point a, such 
that ;5aj(s2) >P- R shown that, even in this ease, a is a pole of w{z}. 

Let Ai, A2, ... be a sequence of non-overlapping segments of the radius 
at the end points of which ; z€(z) i = p, and within which ; w{z) |<p ; let L, . . . be 
the lengths of these segments. The existence of the set of points 2:3 implies that the 
number of intervals A is infinite. It will be shown that every segment Ay can be 
replaced by a curved segment Ap, of length Lp, w^here 1 <Lv/Zy< 3 ff along which 
03(2 ) =p and such that, in the region between Ay and Av, '^{z) is anal>d;ic. 

AAlien s is regarded as dependent, and w as independent, variable, equation (i) 
becomes 


m 


d-z 

dw- 



( 6 zo 2 -f;s). 


Let Zp be an end-point of Ay and let Wp be the corresponding value of 20(2), so that 
i :=p. Let zit£) be the solution of (ib) such that 

z(Wp)^Zp, z'(Wp)^Zp', 


If Z /=0 this solution is merely z~Zp; it does not involve w and therefore corre- 
sponds to no solution w(z) of (i). It may therefore be supposed that 2 '(Try)=l=o. 
But if £ is a positive number less than a number r can be found such that, when 


then 






where <5 is anal5d:ic in w and Z/ and 


I ^ \<s- 


As 2 describes the segment Ay, w will describe a curve Cy in the ru-plane ; this 
curve Cp will lie within a certain circle Pp described about the point zo =0 with radius 
p ; the initial and final values of w will correspond to points on the circumference 
of Fy. Let Sp denote the length of Cy. On the radius SqU, let 

s=a-|-re^<i, 


where a is constant. Then 


If — 


f*Syj 


as 


J 0 i ua \ 
where the path of integration is the curve Cy. 


J 0 


dr\ 


ds 
Since 


ds, 


it follow’s that 


dr I 
; ds ! 


:=iZy'; ;l-f5|>4jZy'i, 

lp>h\Zp'\Sp, 


Now let w describe the smaller arc of Pp between the end points of Cy. let Oy be 
the length of this arc and kp the length of its chord. Then 


But 


Ly- 


that is 

and consequently 


a y ^Trkp ’^rrSp, 


: da ^ ; Zp' 1 1 1 1 -|- < 5 1 da i Zp' | Uy 

Lp<^\Zp'\Sp, 

ip 


Since is analytic and not zero wuthin the circle Pp and on its circumference, 
zcfs} will be free from poles in the re^on between the curve Ap and the segment 
Ay. But m(z) can have no singularities but poles in this region, and therefore Ay 
can be deformed into Ap writhout meeting any singular point of w(z). Thus, if 
each se^ent Ay is replaced by the corresponding arc Av, there is formed a path 
A, leading from % to a, composed of an infinite number of arcs, whose total length 
does not exceed BwR, where R is the length of the radius SqU. For all points of the 
path Ai 

ltD{z)\>p, 
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and at its end-point a 'w{z) is supposed to have an essential singuiarity. But the 
discussion of the previous section shows that this is impossiblCj and therefore* 
finalljs wiz) has no essential singularity at any finite point of the z-piane. 


14*48. Representation of the Transcendent as the Qaotient of two integral 
Functions. — Let 10 ( 2 ;) be the first Painleve transcendent, then since 


if 


it follows that 


dz^ 
i dw \^ 




drj 


■ = — to 


and 7j{z) satisfies the equation 


Since the only singular points of w{z) are poles at wiiich the development 
takes the form 

w=:={z^Zo)'-^-+0{{z^Zon 

the only singularities of 7j(z) are simple poles. Let 

then ^( 2 ;) is uniform, for although Jridz is infinitely many- valued, its values 
differ by additive multiples of 27ri. But ^( 2 ) has no poles, it is therefore an 
integral function of z. 

Thus w{z) can be expressed in the form 


w = ~ 






and both numerator and denominator of this expression are integral functions 
of z. 


14'44. The Arbitrary Constants which enter into the Transcendent. — It 

will be shown that the transcendent is an essentially transcendental function 
of the two constants of integration. In the first place, it cannot be a rational 
function of two parameters, for, if it were, the solution of the equation 

d^w ^ o , = 

^=6w-+a^z, 

obtained from (i) by replacing s by az and w by would also be rational 

in the constants of integration. But, when a=0, the solution 

is not rational in fi and y ; it is therefore not rational in its parameters when 
a=|=0. 

Suppose then that w(z) were a semi-transcendental function of the con- 
stants of integration. Then (i) would admit of a fii^t integral, polynomial 
in w and say 

F(z, w, w') = w'^+Qi{z,w)w'^-^+, . . . uj)£e?' -f (2^(2?, a%)=0. 

Since the solution of this first integral, that is the transcendent itself, is 
free from movable branch-points, is a polynomial in m of degree not exceed- 
ing 2u Replace z by Zq+oz^ w by and w' by then 

F(z, w, w')^a-^Fciw, zo')+0(aT^-M) 
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where Po(tt’, ti?') is a homogeneous polynomial in '^w', But Po=0 

is a first integral of the equation 

and therefore Pq is of the form 

Po==JS:(w'2-4w^y, 

where K and j are constants. It is easily verified that 

k==Bm—6j 

and that, in consequence, is of degree §m in w. 

Now uj(z) admits of movable poles, and in the neighbourhood of such a 
pole there is a relation of the form (§ 14*41) 


(where ^ is a constant), in which the integral and fractional powers of w have 
been disposed on opposite sides of the equation. For large values of w, 
every root w' of the equation 

P{s, Wy w')~0 


must be expressible in this form, and therefore 


P(s, w, w')= n . . .)^—w^(2+^zw'^^—7hiW-^+ . . .)3) 






which is impossible, since the right-hand memh^er is not a polynomial in w. 
Consequently the first Painleve transcendent is an esseniially-transcendental 
function of two parameters. 

Yet it might be supposed that equation (i) could possess particular solu- 
tions which are either algebraic or expressible in terms of the classical trans- 
cendents. If the solution u;{s) were algebraic, it would be developable, for 
large values of | z j as a series 

If V were negative or zero, w and zv' would be finite for z = co ^ and therefore the 
equation would not be satisfied. If v>0, v must be an integer on account 
of the term z in the equation, but when v is a positive integer, the term 
introduced by the term in the equation, is uncompensated, and the equation 
cannot be satisfied. Consequently w(z) is transcendental. 

Suppose that u:(s} is a classical transcendent, then it must satisfy an 
algebraic differential equation distinct from (i). By ehminating the higher 
differential coefficients between (i) and equations derived from it, on the one 
hand, and the new equation, on the other, an equation of the form 

P(Z, Wy zv')=0 

is arrived at, in which P is a pol 5 niomial in zv and w'. But it has just been 
shown that this is impossible, and therefore no particular solution exists 
which reduces to a known function. 


M‘45* The Asymptotic Relationship betwemi the Kcst Painlev^ Trans- 
cendent and the Weierstrassiatt Elliptic Function. — ^Although the first Painleve 
transcendent is an essentially new function, yet it is, in a certain sense, 
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asymptotic to the elliptic P -function.* This property is somewhat analogous 
to the property of the Bessel function J„(z) that, when j s j-is largest 


The equation 


COS (s— 

d^Z€ 


dz^ 




is not essentially different, when /z.=l, from the equation satisfied by the 
transcendent. Make the transformation 

7i}=zmr, z = — 

jJL ”7-4! 

then the equation becomes 

=qW 2 6 

(ia4-4)Z‘dZ ‘ 


dZ2 


This last equation may be compared with 

dW 


dZ^ 


= 6F2-C 


an equation whose general solution is 

V = f{Z-p, 12, y), 

where ^ and y are constants of integration. This comparison suggests that, 
for large values of | Z |, 

lF^f(Z-Al2,y). 

and that, if w{z) is the Painleve transcendent, 

-A 

This question was thoroughly investigated by Boutroux, who determined 
the region wherein the asymptotic relation, for determinate values of ^ and 
y, was valid. 

[For details of the proof, the reader is referred to the papers quoted.] 

In conclusion, a theorem due to Painleve may be stated : the equation 

w{z)=A 

has an infinite number of roots for any value of the constant A. 


14-5. — ^Equations of the Second Order, algebraic in zi. — The general 

problem of finding necessary and sufficient conditions that the general 
solution of 

d^w . /' dzfc'\ 

^^F{z,w,p) (P=&) 

should be free from movable critical points, 'when F is rational in p, algebraic 
in w, and anal3rtic in z, demands a knowledge of the theory of algebraic 
functions. J 

* Boutroux, Ann. J^c. Norm. (3), 30 (1913), p. 255 ; 31 (1914), p. 99. The second 
Painlev6 transcendent (Equation ii, § 14"4) is asymptotically related to the Jacobian 
elliptic function sn( 2 :). 

t Whittaker and Watson, Modem Analysisy § 17*5 ; Watson, Bessel Functions, § 7*1. 
I The essential point is that when the equation is expressed, as is always possible, 
in the form 

=4>(z, ro, M, p), 

where ^ is rational in zo, u and p, and zo and u are connected by the relation 

H(z, w, ti)=0, 

in which H is & polynomial in w and u whcwse <x>efficients are analytie functions of z, the 
genus of the relation H=0 is 0 or 1. When the genus is O, the equation is reducible to 
one or other of the fifty types already enumerated ; when the genus is 1, the equation 
belongs to one of the three new classes. 
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Apart from the types already enumerated, there are three, and only 
three types of equation whose critical points are fixed. They are as follows*: 


(i) 


d^w __ 

dz^ 4iW^—g2W—gz 


(^) ^ +'r{zW -gs}- 


This equation is equivalent to the system 


dw 

.dz 


=uV ^2^— gs}. 


=q{z)u+r{z) ; 


its solution is therefore a semi-transcendental function of the constants of 
integration. By a change of variables the system may be reduced to 


fdW r 

^ ^uV{*W3-g^w-gs}, 



and is therefore equivalent to 

d^W _ 6WS-ig2 fdWY 
dZ2 “ 41F3 ^g^W-^gs V dZ / 

(§ 14*38, equation XLIX.). 

^ i j L_ I 1 l/dwy , _J__ 1 Idw 

dz^ 2\w'^w—l~^w — zjS dz^ \z'^z — I'w—zldz 




The general solution is an essentiaUy-transcendental function of two con- 
stants ; it may be arrived at as follows : Let Ui(z) be any solution of 


let A{u, s) be defined by the inversion of 

1^ ^ 

i 0 V{^(^““I)(^~~2;)} 


and let 2a>i, 2 cti 2 periods. Then the general solution of the equation 

considered is 

where and are the constants of integration. Thus the equation does 
not lead to any new type of transcendental function. 


^ ^ dz^ ^ 


, U_\ J_ r ) 

-g^w — gg a> >v/(4w3 — —^s ) dz 

+r(2) V(4t£?3 ^g^w — gg), 

in which is any period of gg, gg). The equation is equivalent to the 
system 

r dw 

_ =«y^(4a,3_^2a,— gg), 

m2 +?(2)m +K2) J 




o> 
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its solution is thus a semi-transcendental function of the constants of 
integration. The system may be transformed into 

•dW 

JZ 

and therefore the original equation is equivalent to 

d^W ^ , iV UdlF\2 

dZ2 ( iW^ -g^W -|3 w V(41F3 -gJV -g^i ^ ' dz) ’ 

which is the simplest equation of this particular tj'pe. 

Another question now arises, but cannot be dealt with in full here, namely 
whether or not it is possible, when the general solution of an equation is free 
from movable critical points, to have a singular solution whose critical points 
are not fixed.* 

The following example shows that this may actually happen : 

The general solution of the equation 

0 !"= —kW -tTIE' \^{ 4vc' 


w=A tan {A^z~B), 

a singular solution is 

where A, B and C are arbitrary constants. 

14*6. Equations of the Third and Higher Orders.— The principle of 
Painleve’s a-method, which enabled a complete discussion of equations of 
the second order to be carried out, may be applied to the discussion of 
equations of the third and higher orders.f 

As before the method naturally divides itself into two stages, the deter- 
mination of conditions which are necessary for the absence of movable 
critical points, and the subsequent proof of the sufficiency of these conditions. 
There is no difihculty whatever in extending the method for the determination 
of the necessary conditions, but the difficulty of proving that these conditions 
are sufficient increases with the order of the equations discussed. 

* Chazy, C. B. Acad. Sc. Paris, 148 (1909), p. 157. 

t Painlev^, BiM. Soc. McUh. France, 28 (1900), p. 252 ; Chazy, C. R. Acad. Sc. Paris, 145 
(1907), p. 305, 1263 ; 149 (1909), p. 563 ; 150 (1910), p. 456 ; 131 (1910), p. 203 : 155 
(1912), p. 132 ; Acta Math. 34 ^911), p. 317. Gamier, C. R. 143 (1907), p. 308 : 147 
(1908), p. 915 ; Ann. Be. Norm. (3), 29 (1912), p. 1. 



CHAPTER XV 

LINEAR EQUATIONS IN THE COMPLEX DOMAIN 


15-1. The a priori Knowledge of the Singular Points.— It will be con- 
venient to begin this present chapter by recalling a number of established 
theorems relating to the homogeneous linear equation of order n 


(A) 




■Pii-) 




dw 


+ • • • +Pn-li^)-^ -}-|3„(3) k )=0, 


Let be any point in the neighbourhood of which the n coefficients are 
analytic. Then, by the existence theorem of § 12-22, there exists a unique 
solution, such that this solution and its first n— 1 derivatives assume any 
arbitrarily-assigned values when s— Z q. This solution is expressible as a 
power series in z— Z q, which converges at least within the circle whose centre 
is 2o and whose circumference passes through that singular point of the 
coefficients which lies nearest to Zq* In other words, the singularities of the 
solutions can be none other than the singularities of the equation, and 
therefore movable singularities, even movable poles, cannot arise when the 
equation is linear. 

Again, the general theory of the linear equation with real coefficients, as 
expounded in Chapter V., may be transferred to the complex domain when 
ob\ious verbal changes in the investigation have been made. In particular, 
if 


a'l, w-i, . . ., 

are n distinct solutions, forming a fundamental set, the Wronskian 
cannot vanish when 3 =Zo- Since 

A=Ao exp {- 

where is the value of A when 2=2o! the path of integration is restricted 
to lie within the region containing zq within which pi{z) is analytic, it is 
clear that A cannot vanish at any point except possibly a singular point 
ofpi(:). 

The point at infinity is or is not a singular point, according as the 
coefficients of the equation obtained by the substitution 

followed by a reduction to the form (A) have or have not singularities at the 
origin. 

Thus the singular points can immediately be found by mere inspection of 
the equation. For any non-singular point a fundamental set of n distinct 
solutions can be found; the question now at issue is to determine whether 
there also exists a fundamental set of solutions relative to any given singular 
point, and haring demonstrated the existence of these solutions, to investi- 

856 
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gate their behaviour in the neighbourhood of the singular point. This 
investigation leads to what is Imown as the Fuckman Theory of linear 
differential equations.’*' 

15'2. raosed Circuits enclosing Singular Points. — Let the coefficients of 
the equation (A) be one- valued and have only isolated singular points. Let 

be a fundamental set of solutions and let Zq be any ordinary’ (i e, non-singular) 
point of the equation. A simple closed circuit y is dmwn, beginning and 
ending at not passing through an\^ singular point, but possibly enclosing 
one or more singular points in its interior. Let Wj, fFo, . . be what 

coi, ^2, . . respectively become after the variable z has described the 

circuit y in the positive direction. The determination of IF j, W 2 , - - -s 
may be carried out by the process of anahi:ical continuation in a finite 
number of steps. f 

Since the coefficients pi{z), p2(^)» • • •» prX^) unaltered by the 
description of this circuit, the equation as a whole is unchanged, that is to 
say, the functions 

are solutions of (A) ; they may therefore be expressed linearly in terms of 
the fundamental system Wi, ^^2, . . thus 

1T"2== <221^1 “("^22^'2‘t’ * • • 

^n=^^nl^'l-h^n 2 ^ 2 -r • • • 
where the coefficients a are numerical constants. 

At any point z on the contour, 

A{wi,W2, . . Wn)=Aoexpi— f pi(z}dz}, 

J 

the integral being described from Zq to 2: along that branch of the contour 
which has the interior of the contour on its left-hand side. Let be the 
value of the Wronskian after a complete description of the circuit 7, then 

Ji=/lo exp {— / Pi(z)dz} 

^ y 

where E denotes the sum of the residues of pi(z) at the poles which lie within 
the contour. Thus 

A(W,, W2. . . .. IF,) 

is not zero at z—Zq, and since, at any ordinary point s, 

Ws, . . exp {— / pi(s)«fe}=i=0, 

J Zq 

^ij ^2> • • •> fo^rm a fundamental set of solutions. 

It may be remarked in passing that 

.. ,_^(IFi, WF2, . . . W^) 

Zl(££?i, tt’s, tCn) 

= Ai/Aq^O, 

* Riemann (Posthumous Fr^meat dated 1857), Ges, Werke {2nd ed.), p. 379 ; Fuchs, 
J./flr Math, 66 (1866), p. 121 ; m (1868), p. 354 [Ges. Werke, 1, pp. 159, 205]. 

t If the lea^h of the circuit is I, and the distance of any singihar point from any point 
of the circuit is greater than d, the number of steps required wiB not be greater than N 
where N is the integer next above l/2d. 
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Now that these preliminary results are established, it is possible to 
determine constants A|, Ao, . . Ajj such that the particular solution 

becomes su after the circuit has been completely described once, where ^ is a 
numerical constant. For let u become U after description of the circuit, 
then 

U=.AiIFi4-A2?F2+ . . . 

so that, if U ^su, 

n 

s(AiSCi+A3a’2-f . - . ■ -f-A„a!„) = 2A,(a^ia-i+c^2“’2+ • • • +arnW„). 

r—i 

This relation is to hold identically, and therefore 

(C) sX^=Xiaij.-\-X 2 (i%r'\~ • • • +A^< 2 ^r"f’ * • ' +A„a^^ 

(r=l, 2, . . n). 

When the undetermined constants A^ are eliminated from this set of simul- 
taneous equations, the equation to be satisfied by s is found, namely, 

? <^11 — ^21> . . . =0, 

! i 

j ^12s %2 — ^3 * • *5 ; 

This determinantal equation is known as the characteristic equation of the 
system chosen. It cannot have a zero root as otherwise | [ would be 

zero, contrary to the h>q>othesis that the system chosen is :^ndamental. 
To any value of s which satisfies the characteristic equation corresponds a 
set of constants A^, A2, . . A„ whose ratios may be evaluated from 
equations (C), These lead to a solution u determinate apart from a constant 
factor, which becomes su after the point z has completely described the 
circuit 7. 

The characteristic equation is invariant, that is to say, it is independent 
of the initial choice of a fundamental system. For let 

^^23 *3 

be a fundamental system distinct from that originally chosen ; it must be 
linearly related to the former one, thus 

i;i=CiiCCi-fCi2«?2+ • +<^ln ^«3 
^'2 'T'C22^2 “F • “l~C 27 i'^n 5 

F«==C„iSri-pC„2Z£-2+ ' • • 

where the coefficients c^g are constants such that | c^g ] =}=fi* Suppose that, 
after the circuit has been described, the solutions Vi, v^,, . • become 

respectively Fi, F2, . . F^, then 

Fl™-4llZ^’l~r"-4l2^2+ • • • +-^ln^n3 
F2 =^21% +^22^2+ • - • +^ 2 n^n 3 

F„=^„ii;i4-^»2^2+ * * • 
where | Ars l=i=0. Hence 

n 

f AfJ^CgiWi~\~Cg 2 'tG 2 ~^ * • - +^«n^n)* 
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But also 

n 

= '%Cr,{a,xHii+a,^wz-r ■ ■ • -fa,„ic„). 

»--l 

Thus, by comparison of the coefficient of 






n 

i /r=l, 2 , . . 

,?/'*“** V^=l, 2 , . . 

")• 

Now, by virtue of these relations, the product * 





^129 - 

‘ . Cxn \ 

i % 1 — '^9 <31219 . • • M ^nl 




^215 

C 229 

• • *9 ^2n 

<3t22» <2'22 — ^9 » • *1 ®fi2 






• * *9 ^nn 

j . . . . . 

i ^'2 ?i9 • * *9 

-s 

and the product 







<^115 

^219 

• • -9 

^11~~^9 -'^129 • • *9 




<^12*5 

^22? 

♦ • *9 <^922 

1 ! -^21^ -^22 — ^9 • • *9 *^2ti 




i ^ln> 

^2rt9 

• • *9 ^nn 

; ■^n29 ' * 'y -^nn' 

—5 ; 

are exactly equal. 

It follows that 




^11 

S, ^21, 

• . 

•9 ^nl i 

i = i Aix — A 219 • • ‘9 -^nl 




^22 ^ 

-5, . 

• *9 <^n2 ! 

Ai2t A 22 — ^9 . . A^2 




^2715 

. 

i 

• *9 ^nn ^ \ 

Axns *^2n9 • • •9'*"^nn“ 



identically with respect to s. 


15-21. Non-Repeated Roots of the Characteristic Equation. — In the first 
place, let the characteristic equation have n unequal roots Si, So, . . 

Then there exist n solutions Wi, U 2 ^ • * wMch, after the circuit has 

been once described, become Uj, JJ 2 , • • •, U„ respectively, where 

^ 2 = 52 ^ 2 ? • • •» ^ n—^n^n* 

The solutions Ux, u^, . . are fully equivalent to the original set, and 

form a fundamental system. 

Consider in particular the case where the contour encloses one singular 
point only,f say 2 =^, and consider the multiform function {z—Qp. After 
one complete circuit has been described, this function becomes 
Let foe chosen so that 

then the function 

<f>{z^Q=={z-irPm, 

will return to its initial value after the description of a complete circuit about 
Z ; in other words 9 ^( 2 — $) is a xiniform function of z in the domain of the 
point 

Moreover p* is undetermined, in the sense that it may be replaced by 
p^dzm where m is any positive integer. If p|. can be so determined that 

♦ For tke rule for multiplying together two determinants of the same order, see Scott 
and Mathews, Theory of Determinants, Ch^. V. 

t The contour might now conveniently be taken to be the circle wl^re, 

if % is the nearest sin^ar point to JR is^y number less than 
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is finite, but not zero, the solution is said to be regular. A regular 
solution is therefore one which is expressible in the form 

where 

4>{z-~l)—0{\) as 

The index pj. is known as the eocponent relative to the regular singular 
point 

If pj^ cannot be determined in this way, <l>j^{z-~Q (and therefore %:) has 
an essential singularity * at s— ? ; the solution is then said to be irregular. 

This occurs, for instance, when 

15*22. The Case of Repeated Roots. — Suppose now that the characteristic 
equation has repeated roots, for instance let the root be repeated m times, 
^2 repeated ?n 2 times and so on until the enumeration of the roots is com- 
plete. Then 

mi +7712+ . . - =71. 

It will now be proved f that, corresponding to any root s of multiplicity m, 
there exists a sub-set of <m) linearly distinct solutions 

^29 • • *5 ^7^9 

which become respectively, after the circuit has been described, 

The remaining solutions ^/ix-r 29 • • -9 give rise toother sub-sets with 

the same multiplier 5 . In other vrords, what has to be proved is that the 
set of n linear transformations (§ 15*2, B) may be replaced by the aggregate 
of a number of sub-sets of which 

Vi=st\, F2=s(»2-i-»i). • • •. 
is typical, tq, being linear combinations of Wi, 

This will be proved by induction, the first step being to assume it true with 
regard to an {n — l)-fold system, and to deduce from this assumption its 
truth in the case of an w-fold system. 

Let or be any root of the characteristic equation ; then there exists a 
solution V such that 

U —GV. 

Of the solutions Wj, at least w — 1 are linearly independent of 

V ; let them be av, . . After the circuit has been described they 

become W 2 , • • respectively, where 

i ^^'2 =^ 2 ^’ +^ 22 ^ 2 + +^271^719 

(C) ... . , 

I W^=b^V+bn2'^2+ +&n7i^«- 

But 5 , 0 ,... 0 j 4 = 0 , 

^29 ^229 b^n 


^719 

from which it follows that 


j 14=0 


/i=2, 3, . . 
\j=2, 3, . . n 


* ^ is also said to be a point of indetermination. 

t Fuchs, J. fur Math. 66 (1866), p. 136 [Ges. Werke, 1, p. 174] ; Hamburger, J.fur 
Moih. 76 (1873), p. 121. 
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Write 


W2~-b2'v = lf2'! 


t: r* 


then 

(O') 


1 


1 . . . 

■f- 


is a set of linear transformations on n — 1 symbols, with non-zero determinant. 
It follows from the assumption made, that zi'o. . . may be replaced by 

linear combinations of these symbols, say 


Zlj, U2> . . 

which become Ui, after description of the circuit. 

Then the system (C') is transformed into 

XJ 2 =s{H2-^Ui). , . Up! 

together with other similar sub-sets giving in all n— 1 equations. But if the 
transformation which changes u'o, . . into Ui, . . is applied 

to the system (C) instead of to the system (€";,* tlie former system will 
become 

U i—SU-i-^-hiD, U2=s{U2~{‘Ui) -\-k 2 Vi . . ., 

where Aq, /co, * • kp are definite constants depending upon certain of the 
coefficients Now write 

U2=V2'^X>2P> • • 

where Aj, A 2 , , . Xp are arbitrary constants. Let the quantities r;, l o, . . ., t> 
thus defined become V^, V 2 , . Vp, wffien 1 / 1 , become 

C Is U2S • 

Ui=Vi+Xi(jv, Uo=Foi-Aoo^^ . . Up=Vp—Xpcz\ 

Then 


V^=svi +{^1 —{g^s)Xi}v, 

— (<7 — s)Xj.-{~sXf.^ (r=2. 3, . 


In the first place, let cr4=^5 then Aj, A 2 , • . may be chosen so that 
the coefficient of v is zero in each case. Then the set of substitutions 
assumes the canonical form 

Fi=5Ui, F2=5(z?2-r^i), • . Vp=s[vp-rVp-i). 

In the second place, let a=s, then if ki=0, Aj, A 2 . - . . A^_, may be chosen 
to make the coefficient of v disappear, and the set of substitutions again 
assumes the canonical form as above. On the other hand, if Ai=0, v may 
be replaced by svjki throughout and A^, A 2 , . . Xp-i chosen so as to make 
the coefficients of v, in all equations but the first, vanish. The canonical set 
of substitutions then becomes 

V—SV, Vi—S(Vi--{-v), F 2 =5(5^-2 +^’ 1)9 * • *5 F^=S'(t'^ 

There may also arise two or more sets of substitutions (C^") with the 
same factor * s=a. They may be reduced, by proper choice of the 
constant, A, to 

^l=^l+^1^5 V2=s{V2+t\), . . - Vp===s(Vp+Vp^j), 

etc., and it is assumed that Ai4=fi» .... As before, by replacing v 


* No special treatment is required when' there are several sets of substitutions with 
a factor «=j=cr, as the reduction of each set to canonical form is immediate. The only 
case which calls for special mention is the one tinted, where s—u, etc. 
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by sviki, ki is replaced by s, and the first set, taken together with the sub- 
stitution V =sv becomes canonical. In the second set, write 

then 

which is of canonical form. The remaining sub-sets, if there are any, are 
dealt with in the same way. Thus the first part of the theorem is proved, 
namely that if a set of w — 1 substitutions can be reduced to canonical form, 
a set of n substitutions can similarly be reduced. But when n=l the theorem 
is obviously true, in fact trivial ; it is therefore true generally. 

IS *23. Solutions of a Canonical Sub-Set — It has thus been proved that 
corresponding to an m-ple root s of the characteristic equation there exists a 
set of m solutions, 

Vi, U 2 , . . 

which may be arranged in sub-sets so that, if the solutions become 

when the circuit has been described, 

Fi=OTi, F2=s{02+»i), • • •, 

V^+l=SVf,+ i, F^+2=S(o^+2+»pi+l) Fy=S(Ov+»^_l), 


Consider the first sub-set, supposing as before that the contour encloses 
only one singular point The nature of the fi solutions which compose 

this sub-set will now be examined. 

As before 

v^=(z-Q0U^-l), 

where 

$=ze^'^p 


and 5 ) is uniform in the domain of the point 
Now 

Vx ^1 

that is to say, ^2/^1 is a quasi-periodic function of z — 5. But the function 
r-^log (z^l) has the same quasi-periodicity, for after a circuit described in 

juTTl 

the positive sense around the point log (z--Q becomes log (s— Q-fl. 

2tr2- ZTTt 

Consequently the difference 

returns to its initial value after the circuit has been described, and therefore 


where is uniform in the domain of Hence 

log 

where 
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Now make the substitution 


and let 

Then as the variable z describes a simple circuit, in the positive direction 
around the point t increases to t-^l^ and thus the functions regarded as 
functions of t, satisfy the quasi-periodic relations 

These relations can be satisfied by taking 1 / 2(0 = 1, and in genera! by 

taking u^{t) to be the polynomial 

Crt{t~~l) . . . (/-r^2). 

The constant has to satisfy the relation 

(r~l)C, = C,-i = 

and thus 

C,=l/(r^l)! (r>2). 

Thus a particular solution of the functional equation satisfied by uj^) has 
been found. Denote this solution by dr{t), so that 

. . . (^-r^2) 

(r~l)! 

and consider the function 

©,(0=^r(^)Xl(0-f^r-l(^)X2«“r . * . 
where each function xif) is such that 

X^(^+I)=X«W* 

Then 

+1) -©,(0 = 2 Xr-* + lW Wi-t-1) !) 


m- 


2Xr — s + 1(0^»— l(^) 
s “2 

and therefore, 

Mr(i) =©,(<) (r=2, 3, . . /i) 

is a general solution of the system of relations 

Ur{t +1 ) =Mr(J) +Mr- l(^)- 

Now referring back to the variable z, it will be seen that the functions 
Vi, v^, ■ ■ Vfj. are of the following forms : 
v^=iz-irUz-Q, 

»2 = (2-C)Wi(2-0+-^2(2-D}, 


in which is written in short for 

where the same determination of the logarithm is taken throughout, and 
the functions — Q are uniform in the neighbourhood of the point 

The remaining sub-sets having the same multiplier s may be treated in 
precisely the same way* Thus in general, when ^ is a repeated root of the 
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characteristic equation, terms ha\dng logarithmic factors enter into the 
general solution. This case is frequently spoken of as the logarithmic case 
(see § 6‘3). 


Example , — The equation 




dz 


-{- R32j-|-l)zr ==0 


has the two lineariy-independent solutions 

mi ze? 2 =s^ log z 

If z describes a circuit in the positive direction around the origin, these solutions 
become respectively, 

Wi = —si = — Etq, W 2 == — 2 ji(log 2 +27d) —si = — ZO 2 ~2rnwi. 

The characteristic equation is therefore 

— 1— s, 0 =0, 

— —1 —s 
or 

{5 + 1)2=0. 

Any solution of the form 

■ • • +^rr(2-a} 

is said to be regular , when the point 5 is an ordinary point or pole of the 
functions If aH the n solutions relative to the point ^ are regular, $ is said 
to be a regular singular point of the equation. If any one of the functions ^ 
has an essential singularity at the point $ is said to be an irregular singular 
point of the equation. 


15*24. Alternative Method of Obtaining the Solutions of a Canonical Set.— 

Starting from the solution 

vmte 


w^vijvi2.dz 


then ^12 satisfies a homogeneous linear equation of order n—\, which has at 
least one uniform solution ; let this uniform solution be z?i 2 - The corre- 
sponding characteristic equation is of degree n— 1, for one root s has dropped 
out and the canonical sub-set 


Fi=^q, F2==5(t?2+^?i), . . y 
is now replaced by 

P 12 =^' 12 > —5(^13 +tq 2 )? • • -J M-l)* 

Now write 

le =v-J 0izfv2s(^)^ 

and repeat the process. In this way there arises a set of p solutions corre- 
sponding to the canonical sub-set, namely (cf. § 5*21), 

=’2=Oi/«12<^2, 

t)r=Ci/0i2/»23 • • ■ fVr-l,r{dzy-^ (r=2, 3, . . /x), 

in wMch tqg, are all ohe-valued in the domain of Since 

these functions are one- valued, must necessarily be of the form 

where f ^log {z—Q and is a constant multiple of (f>i. 


* Thcm^, J,fur Maih. 75 (1873), p. 266. 
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15*3. A Necessary Condition for a Begnlar Singularity.— The preceding 

theory is of great theoretical importance in that it reveals the character of the 
general solution of an equation relative to any of its singular points, but it 
contributes little towards the more difficult problem of determining the 
explicit form of the general solution. In fact a point has now been reached 
where it is practically impossible to proceed further without imposing some 
convenient restrictions upon the equation or upon, its solutions. The path 
to take is pointed out ver^^ clearly by the following theorem.* 

A 7 iecessary and sufficient condition that the point should be a regular 
singular point of the equation 


d'^w , . . 

-r 




l(^) ' 


is that 

pr{z)=={z-iy^F{z) {r==l, 2, . . w), 

where F{z) is analytic in the neighbourhood of $• 

There is no loss in generality in supposing the point ^ to be the origin. 
The necessity of the condition relative to z=0 will first be proved. It has 
been seen that there always exists a solution 

Wj^=ZP<f>{z)y 

where (j>(z) is uniform in the domain of the origin, and assuming tliis solution 
to be regular, < 5 ^( 0 ) 4=0. Now let 

w=Wifvdz 


be a solution of the equation, then v will satisfy a differential equation of the 
form 




d-gn-l(-)- 


= 0 , 


and if zv is to be a regular solution, v must be regular. But the coefficients q 
are expressible in terms of zjDi and the coefficients p, thus 

1 ^^dwi 
dz 






n—'- 




r -u 
dz’- "*■’ 


ds’-i ’ 


, , , dz£ 1 . i 


-p^W^Q 


Take first of all the simple case n=l ; the equation 

dw 
dz 

has the solution 

w=Ce~~f^i^^, 

and if this solution is to be regular it will be necessary for pi to have the form 
where fi(z) is analytic near the origin. Next proceed to the case 
n=2. The equation in v will be of the first order and consequently near the 
origin, 

g'i(s)=0{z-i). 

Also 

1 dwi , V 

Wx dz 

Hence, as before, pi(2) is of the form 

Px{z)-^z-'^fx{z)^ 

* Fuchs, J./wr Math, 66 <1866), p. 143 ; 68 (1868), p. 358 ; Tannery, Aim. 

(2), 4 (1875), p. 135. 
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where /i( 2 :} is analytic in the neighbourhood of the origin. But 

1 , dzvi) 

and since, near the origin, 

Pi=0{z-^), 

|?2 is of the form z-'^f^iz), whexef^iz) is analytic in the neighbourhood of ^=0. 

The proof is now' completed by induction. The theorem is supposed true 
for an equation of order n—l, thus in the equation for v, it is assumed that 

qr{z)=z-^gr{z) (r=l, 2, . . n-1), 

where g,.(s) is analytic at the origin. Then it follows immediately from the 
expressions for the coefficients p that 

p^(z)=z-%{z) (r=l, 2, . . n-1), 

fy,{z) being analytic at the origin. It therefore remains only to prove that 
Pr{z) is of this form when r=n. But this follows at once from the equation 


1 id^wi 

■ +P-- 


dwi 
^ dz 


}■ 


The condition stated is therefore necessary. 

A proof of the sufficiency of this conffition could be supplied by proving 
that when the condition is satisfied, convergent expressions for the n solutions 
of the equation can be obtained explicitly. This proof will be given at the 
beginning of the next chapter ; in. the meanwhile an independent and some- 
what more general proof of sufficiency will be outlined. 

16'31. Sufficiency of the Condition for a Regular Singular Point. — It has 
now to be proved that if, in the equation 

d^'ix) , , .dm , n 

_ + Z-iPi(2) 4- . +2-'‘ + iP„^l(z) ^ + 2-«P„(2)a)=0, 

all the fimctions P{z) are analytic in the neighbourhood of the origin, the 
equation possesses a fundamental set of n solutions regular at the origin. 

Now the equation may be replaced by the system 


W==Wi, Z-^=W2: 


dWn^2. 

Z ^ 

dz 


dw. 


■^ = Ai{z)wi+A2{z)ws+ . . . +A„(z)-a)„, 

where Ai(z), . . An{z) are linear combinations of Px{z), . , P^iz) with 

constant coefficients, and are therefore analytic near z=0. 

It is convenient to consider, in place of the above system, the more 
general system 

duji 


I 


dz 

dz 


' AiiWi+Ax2'>^Z+ • • • +Ain'i^n 

= +-^22^2+ • • - +-^2n^« 


dz 





S67 


LINEAR EQUATIONS IN THE COMPLEX DOMAIN 

wherein all the coefficients are analytic in the neighbourhood of the origin. 
It will first of all be proved that, when a certain restriction (to be removed 
later) is imposed, there exists a set of solutions of this svstem, regular at the 
origin and also free from logarithmic terms, namely, 

where r is a certain constant, and Wo, . . are all analytic at the origin. 
The constant r may be so chosen that if Ci, Co? . . are the values of 
112 , • - -j "^hen ^=0, at least one of the numbers c is not zero. Let 
a^^ be the value of when z=0, then by substituting zcj, Wo, . . zr„'m the 
system and equating to zero the coefficient of in each equation, the following 
set of relations is found : 

(ail— r)ci+%2<^2-r • . . =0, 

^2lCl+(®22“'^)C2-r • • - =0, 

a«lCi+a„2C2 + -f (ann'-^)<^n=0. 

By e^inating the unknown coefficients from this system the indidal 
equation or equation to determine r is found, namelv, 

%1 ^5 ^12* %n =0; 

^21> ^22~^> ^2n 

^n2? • • •> ^nn — ^ ; 

let its roots, which may not all be distinct, be denoted by 

^1. ^2, . . r„. 

Now if ITi, PF 2 , . . are written for . . 

dz dz 

spectively, the system under consideration is 

lF3L=aii£yi+ai2«?2+ - • • +%«t£^’n+0(s, w), 
W2=a2iWi+a22’W2+ ‘ • • +Ct2n^n-i'0{z,w), 

W^=a^iWi+a^2^2+ +««««?« -rO(z, w), 

where 0{z, w) is written in brief for linear expressions in whose 

coefficients are analytic functions of s which vanish at the~ origin. Apart 
from the terms 0{z, w), this set of linear substitutions is quite analogous to 
that which arose in § 15-2 although its source is completely different. Let 
the terms 0{z, w) be ignored for the moment, then w^, W 2 , . . may be 

replaced by linear combinations of these quantities, namely t^i, V 2 , . . ", v^, 
such that the system becomes, when the roots of the indict^ equation are all 
unequal, 

F'i=riz;i, F2=r23?25 • - 

By performing exactly the same reduction on the system when the terms 
0 ( 2 , «?) are present, the system considered may be replaced by 

Fi=ri»i+0(z, v), 

V 2 =r 2 V 2 + 0 {z, v). 


' dz 


re- 


Vn=^r^Vn+OiZ, V). 

If, on the other hand, the roots of the indicia! equation are not ah distinct. 
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the system may be replaced by the aggregate of a number of sub-systems 
such as 

Vi=riVi^O{z, v), ^fi+i=^2Pii+i-hO{z, v), 

Va=ri{v2-i-'Vi)-rO{z, v), Uft-}.2=^2(®M+2+^/i-ri)'fD(Zj v). 


V fjL — Ti(Vfi^Vn — ^)> i) “r0(2j v)s 

and so forth. As the latter case includes the former, only the latter will be 
considered. Transform the system by writing 

then since Fi,F 2 , • • .>F„ are the same linear combinations of fFi,JV 2 , . . .jy„ 
as t'l, ^ 2 , . . ., are of a'l, wa, • ■ ■> it follows that 


Fi = 



2^ 
dz • 


The system therefore becomes 



= 0i(2, ^), 


= 9^)> 




Since the terms 0(z, <l>) can be found explicitly, and are linear in 
<f>i, with coefficients analytic in s and vanishing at the origin, the 

functions (f) can be determined from the equations, as power series in z, by a 
method of successive approximation. It , can be seen almost immediately 
that«^i(s), . . must be zero when5r=0, whereas (f>[j.(0) may have any 

arbitrary value a. Thus, for instance, if were not zero, would 

involve a logarithmic term, contrary to hypothesis. If r 2 — ri is a positive 
integer, say m, then in general the process of determining successive coefficients 
in the expansion of breaks down at the term in for then there is 

nothing to balance the term in proceeding from the term 0{z, <f>). Thus, 
for the development of all the functions <f> as power series in to be possible, 
it is necessary to restrict ri.—ri to be not a positive integer (though it may he 
zero) for any value of k. Tins is the restriction mentioned earlier in this 
section, WTien this restrictive condition is satisfied, it is possible to deter- 
mine all the coefficients in the series developments of the functions It 
only remains to prove that these developments converge for sufficiently 
small values of j s |. An outline of one possible method of proving this con- 
vergence is as follows. 

Let e be the numerical difference between —ri and the nearest positive 
integer, and consider the system of ordinary linear equations, 

’Pi=Qii^, '!>)> 

^2=ri^^'i+Q2(2. 


>Pii-\ a \ =riJltp.-i+Qf,{z, xjj). 
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in wMcli Qi, Q 2 , Qn linear expressions in whose 

coefficients, vanishing at the origin, are dominant functions for the corres- 
ponding coefficients in the terms 0{c, of the system in 
But this present system may be solved for the functions 6 in series of ascending 
powders of s with positive coefficients, and these series converge for sufficiently 
small values of | s | . If the coefficient of the leading term in the series for 
each of the functions ijs is the modulus of the leading tenii in the series for the 
corresponding function <f), the moduli of the remaining coefficients in the 
series for the functions will be at most equal to the corresponding coefficients 
in the series for the functions The series for the functions ^ therefore 
converge absolutely and uniformly within a definite circle whose centre is at 
the origin. 

It follows that the system of n linear differential equations of the first order 
possesses the set of regular solutions 

where Ui, . .,u^ are analytic in the neighbourhood of ;:=0, and Ti is a root 
of the indicial equation such that the difference 

rk-ri, 

where is any other root of the indicial equation, is not a positive irdeger. 

When no two of the roots of the indicial equations differ by an integer, 
the system possesses n distinct sets of solutions of the above type. 

In the case of the single equation of order n, to which the sy’stem is equiva- 
lent, the indicial equation is 

^ [r]n+Pimr]n-i+ • • • 4-P^~i(0)r-R,(o;;=0, 

where [r],j=r(r — 1) . . . {r—n+1). If the roots of this equation are 

the differential equation will possess a solution 

corresponding to each root where Ujfz) is analytic near s=0 and 
provided that none of the differences 

are positive integers, though one or more of these differences may possibly 
be zero. 


15*311. The Logarithmic Case. — ^To complete the proof of the sufficleney of 
Fuchs’ conditions, it is now necessary to admit the possibility of the roots of the 
indicial equation differing by an integer. Let the roots 


differ from one another by integers, and from all other roots by numbers other than 
integers. Let 

ri>r2> . . . >ryL. 

The solution 


corresponding to exists in consequence of the work of the pre\f ous section. Let 

w^Wifvdz 

be a solution, then {§ 15-3) v satisfies an equation of order n—1 satisfying Fuchs’ 
conditions with respect to But since 


d/ w \ 


the roots of the characteristic equation relative to the equation in v are 


— 1, .... TfA Tj— 1, 

and of these the first /x— 1 are negative integers. 


2 B 



ORDINAEY DIFFERENTIAL EQUATIONS 


370 


Since there will be a solution 

where is analytic near the origin and ^(0)4=0- Consequently there exists the 
solution 

W2~Wifz H-'H~^ijs(z)dz 

winch, multiplied if necessary by a constant factor, reduces in general * to 

5r£j2=2?‘i{Mi(2;) log 24-^22(2:)}. 

The process may be repeated, giving in general 

. . . -i-thviz)} 

(r — 2, 3, . , 

where the functions n(z) are all analytic in the neighbourhood of 2=0. The 
remaining groups of indices are treated in the same way and the proof of the 
sufficiency of the condition is complete. 


15*4. Equations of Fuchsian Type. — An equation of Fuchsian t3rpe is one 
in which every singular point, including the point at infinity, is a regular 
singularity. Let there be v regular singular points 

^l9 * • •» ^ 

in the finite part of the plane. It is an immediate consequence of the theorem 
of Fuchs that the coefficient p^i^) will be of the form 

where, since there are no other singular points in the finite part of the 2-plane, 
Fmi^) is an integral function of 2. 

Now consider the behaviour of these coefficients at infinity ; if the equation 
is to have a regular singularity at infinity, the point at infinity must be at 
most a pole of the function Pmi^)- Consequently, P^{z) is a polynomial in 
2, and Pm(^) is expressible in the form 


I Q,m{^) 

. . . (2— 

where is a constant -j- and Q,^ is a polynomial whose maximum degree is 
to be determined. On the other hand pji^z) admits of the development 

POT(^)=^*^”(^mO+^ml^’“^+^7»22~^+ . • Os 

convergent for sufficiently large values of | 2 | ; let 

U?===2^(Co“rCi2J~^ . • •) 


be assumed to be a solution of the equation, regular at infinity. The exponent 
T is determined by the indicial equation relative to the point at infinity ; if 
there are to be n distinct regular solutions this indicial equation must not 
degenerate to an order lower than n. Since, therefore, the indicial equation 
arises by equating to zero the terms of highest order in 2, it must involve the 
term of highest order in which is 0(2’’””), and no other term can be of an 
order greater than this. But the dominant term arising out of is 

and therefore 


It follows that 


or^<"“W. 


at most, when m>l, and that Qi is identically zero. 

There remains the question as to what degree of definiteness is introduced 


* In the very particular case in which the series development of ^2) does not involve 
the term no logarithmic term appears in a?*. 

t - - . (a#— 
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into the equation by the knowledge of the n exponents which correspond to 
each singular point. Consider the singularity 2 = < 2 . ; if the regular solution 

■x-=(s— 

K'*=0 

is assumed, the indicial equation is found to be 

%PUr]r.-,n=0. 

Consequently, if the exponents 

^sli • • -5 ^sn 

relative to are pre-assigned, the constants are uniquely determined, 
thus 

n 

A- = l 

P 2 ,— Mw— 2 )PisH-5jk(«- 1)(«— 2)(3n-l)= ^ ^ a.ia»! (^'4=^). 

, i = W-l 

and so on. 

Now suppose that the leading term in Q^{z) is so that for 

large values of s, 

Pm(s)=3-’”! 

If a solution of the type 

t£?=s^( 6 o 4-612-14-622:- 2-^ . . . ) 

is assumed, the corresponding indicial equation is found to be 

m=l^s = l ^ 

The exponents relative to the point at infinity are defined as the roots of this 
equation in o with their signs changed. 

If the exponents are Si, 82 , . . S„ then, since .li=0, 

1)= h- 

5 = 1 jt==l 

But 

yPi*-W«-i)=-:Sa.j, (l=\ f 

and therefore 

^a,j,+2Si=in{n— iXv— 1), 

that is, the sum of all the exponents is constant. Thus if there are F-fl 
singular points (including the point at infinity) there are ?i{y4-i) exponents 
with one relation between them. The coefficient contains m(y — 1)^1 

constants, namely the y constants and the my— rn—y 4-1 coefficients of 
the polynomial Thus the equation contains, in aH, 

|w(w+l)(y— 1) 

distinct constants, of which «(y-fl)— 1 are accounted for by the exponents. 
There remain 

J(n — l)(«y — n —2) 

arbitrary constants. 
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The n solutions corresponding to each of the singular points are 
grouped together under one symbol known as the Riemann P-function * : 

ai ay 00 


•^11 


^in 


api 


Si 


(tyn 


which indicates the location of the singular points, and the exponents relative 
to each singularity. 


lS-5. A Class o! Equations whose general Solution is Uniform- — Consider 
the equation 


it will be assumed 

(a) that the coefficients are polynomials in s and that the degree of Pq{z) 
is not less than that of any other coefficient ; 

(b) that the singular points which lie in the finite part of the 5 ;-piane are 
regular ; the point at inffiiity may or may not be regular ; 

(c) that the general solution of the equation is uniform. 

In order that (c) may be true, it is necessary, in the first place, that the 
exponents relative to every singular point be integral, and in the second place 
that no logarithmic terms appear in the solution. 

It will now be proved that, when these conditions are fulfilled, the general 
solution of the equation is of the form 

w=Cieh^Ri(z)-rC2e^R2,{^)+ • • • +Cne^Bniz), 


where Ci, C2, . . are the constants of integration, Ai, A2, . . ., A„ are 
definite constants which need not be aU unequal, and the functions R{z) are 
rational.f 

Let the finite singular points be a2j • • Oy, and let the least negative 
exponent relative to a, be ; if the exponents corresponding to ag are all 
positive, let a, be zero. Then the change of dependent variable 

. . . {z—OvY'^ 


transforms the equation into one in which aU the exponents relative to the 
finite singularities are positive integers or zero ; let the transformed equation 
be 


This equation has the properties (a), (b) and (c) specified for the original 
equation. 

Now let 


then there arises an equation in which the coefficient of is 

^”a)(«)+A»-igi(z)+ .. . . +Ag’„_i(z)+g„(z), 

and A csan be so cbosen as to make the coefficient of the highest power of z 
zero. The equation may then be written 


Qb( 2 ) 


dz^ 


fQl( 2 ) 


ds^-^ 




* Biemann, Ahh. Ge». WUs. 6m., 7 {1857), p. 8 [ikfoffi. Werke (2nd ed.), p. 67]. 

Cf. § T* 28 , 

t Halphen, C. R. Acad. Se. Paris, 101 (1885). p. 1238. 
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in which, if Qo(^)^ of degree mmz, Qniz) is at most of degree m— 1 and the 
remaining coefficients are of degrees not exceeding m. 

Now 

Qo(s) 

where yo a constant. The sum of the exponents relative to is 

in(n-~-l)-y,. 

Now these exponents are unequal positive integers, their sum is therefore not 
less than 

0+1+2-f- . . . +(n — l}=:|n(n — 1). 

Consequently y^ is zero or a negative integer, and therefore 

s =^y,<0. 

Suppose, for the moment, that Qn(^) is not identically zero ; it will be shown 
that a finite chain of transformations can be set up which leads to an equation 
in which the term corresponding to Q„(s) is identically zero. Let 

1—-^, 


then 


Qq{^[ 






+ * « • -fQn-l{^)^l-rQ:i(2’f"£2~-^* 


Differentiate with respect to z, obtaining the equation 

//«— iH7 

. . . ^Qniz}^2=0, 

and then eliminate ££^2 between the last tw'o equations. The eliminant is 

Qo(2)Q«(«)^'+[{Qo'(^)+Qi(^)}Q„(2)-Qo(s)«„'(s)]^;^^- ... =0, 

and is an equation of the same type as that in te’ 2 - bet S' be the number which, 
in this equation, replaces the number S in the equation in ; S' is the 
coefficient of z~ ^ in the expansion in descending powers of of 

Qo'(g) , Ql(g) Qn'(s) 

Qc{z)'^Qa(z) 

and this coefficient is m in Qo' {z) I Q q{z), S in Qi{z)jQQ(z) and is not greater than 
m—1 in Qn'{z)IQn(z). Consequently, 

iS">iS'+l. 

The process may be repeated, pro\ided that the coefficient of in the 
above equation is not zero, by finding the equation in ir 2 where 

dz 

a number S" is obtained such that 

S'^>S+2, 

and so on. The process must, however, terminate, because the numbers 
S\ S'\ . . . are negative integers. Thus there will come a stage at which the 
coefficient of the dependent variable 

rrr ^^^2 
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is zero. The equation then has the solution 

R^p==constant, 

and therefore is a pol^momial in z of degree p. Thus, since 



. . . (z—ay)°v\ 

there exists a solution 

w==e^B{z) 

of the given equation, where R(z) is a rational function of z. 

To complete the proof it is necessary to show that there are distinct solu- 
tions of this type equal in number to the order of the equation. This vill be 
assumed when the order is n — 1 and then proved for an equation of order n. 
The given equation possesses one solution of the type considered, let it be 

Wi —e^i-Bi{z) 

and write 

w—wijudz. 

The new dependent variable satisfies an equation of order n—l and this 
equation will be of precisely the same type as that in w. It therefore has a 
solution 

u=e^R{z), 

where R{z) is a rational function of z ; let 

fe^B(z)dz, 

Now, since w is to be uniform, the integral 


fe^B{z)dz 

can introduce no logarithmic terms ; it must therefore be of the form 

e^1R{z\ 


where H(z) is rational in z. The n—l independent solutions therefore 
lead to n—l solutions 

Wr-=e^r^R^{z) (r=2, 3, . . n), 

which together with xjCx form a set of n independent solutions of the given 
equation. Since the theorem is true when n=l, it is true always. 

The converse of this theorem is also true, namely, that if 
e^^R^iz), . . e^n^B^{z) are linearly distinct, these n functions satisfy a 

differential equation of order with polynomial coefficients, such that the 

degree of the coefficient of is not less than the degree of any other co- 
efficient in the equation. Consider, in the first place, the single function 

w^e^^Riiz) 


=e^r 


where P and Q are polynomials in z. 


m 

Qizy 

Then 


=(AiPQ+p'«-pe'K 


and therefore the coefficient of ze is a polynomial of degree not exceeding 

that of the coefficient of ^ . 

az 

Now suppose that for an equation of degree n—l the coefficient 
is a polynomial of degree not less than that of the remaining coefficients. 
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The n functions 


Mi{z) ^i(^} 




satisfy a di^erential equation 

whose coefficients are po!\niomiars in multiplied by exponentials. If 

dW 


there arises an equation of order n—\ in u wdiose solutions are 


dz V 




B 2 { 2 )> 

R^(z)y 


dzr’ 


. Rnim 


each of which is of the type e^^R(z}. By reason of the assumption made, the 
exponential factors in ^{z), , . Q„_2(2:) cancel out, and the degree of Qq(z) 

is at most equal to that of the remaining coefficients. Now make the 
substitution 

w=eh^Ri{z)W, 


then the equation satisfied by w is of order n and is of the t\q>e specified. In 

d^li) 

particular the degree of the coefficient of is at least as great as that of 

the other coefficients. The converse theorem is therefore proved. 

This investigation gives a clue to the nature of the solutions w hen the point 
at infinity is a point of indetermination of a simple character. 


15-6. Equations whose Coefficients are Boubly-Periodic Functions. — 
Another class of equations whose general solution, when uniform, is expressible 
in terms of known functions is revealed by the following theorem.* When 
the coefficients of a homogeneous linear differential equation are double-periodic 
functions of the independent variable, the equation possesses a fundamental set 
of solutions which, if uniform, are in general double-periodic functions of the 
second kind. 

Let the differential equation be 






-pJz)w=Q, 


and let the coefficients p{z) be doubly-periodic functions with the periods 
2 a) and 2 a>'. It will also be assumed that the number of singular points in 
a period-parallelogram is finite, and that the general solution of the equation 
is uniform, for which it is necessary that the exponents relative to every 
singular point should be unequal integers. 

Let Wi{z), W2(z), . . wj(z) be a fundamental set of solutions of the 
equation. Then 

U)i(2f+2a)), W2{z-\-2oo), . . wjp+2m) 

will also be solutions forming a fundamental set, and there arises a set of n 
linear relations 

uj^{2+2a>)=a^iUJi(2)+ . . . (r=l, 2 , . . ., n). 


* Hermite, C- JR. Acad, Sc. Petris, 85-94 (1877-82) passim {CBuvrcs, 3, p. 266] ; Picard, 
C. R. 89 (1879), p. 140 ; 90 (1880), p. 128 ; J. f&r Math. 90 (1881), p. 281. Mittag-I-effler, 
C. B. 90 (1880), p. 299 ; Floquet, C. R. 98 (1884), pp. 38, 82 ; Ann. jfe. Norm. (3), 1 (1884), 
pp. 181, 405. 
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By follo'wing a line of reasoning very similar to that used in § 15*2 it can 
be proved that there is at least one solution Ui(z) such that 

Ui{z +2co) ;=sui(z), 

where ^ is a numerical constant. Now consider the other period ; the 
functions 

Ui(z), ui(z+2a)'), Ui(z+4a}'), . . . 

are all solutions of the equation. Since the equation has only n distinct 
solutions, there will be a number m (<n), such that Ui(z+2ma}') is expressible 
as the linear combination 

and supposingmto he the least integer for which this is true, the constant bj 
is not zero. 

Let 

Ui(z-l-2o}')=U2(z\ 

U2(z+2co') =Us(zX 

u„,^2{z+2<o')==u^(z), 

then 

ujz +20}') =b2,Uj(z)+b2U2iz)+ . . . +b^u^{z), 
and Ui{z), ^ 2 ( 2 ), . . u^{z) are linearly distinct, and 

Ur{z+2w)=su^{z) (r=:l, 2 , . . m). 

The existence of the above set of transformations shows that there is at least 
one function v{z) which is a linear combination of ^^ 1 ( 5 ;), . . u^{z) such that 

v(z+2co')=s'v(z), 

where s' is a constant. 

Consequently the equation has a solution w =v{z) such that 
v{z+2o}) ==5t?(s), v(z+2co') =s'v(z), 

in other words v{z) is a doubly-periodic function of the second kind, or a 
quasi-doubly-periodic function. 

In the general case, when the characteristic equation corresponding to 
the substitution of z+2o) (or z+2a}') for z has n distinct roots, the equation 
will have a set of n fundamental solutions each of which has a quasi-periodicity 
of this nature. 

In any case, an analytic expression of the general solution can be arrived 
at. Let 

be any quasi-periodic solution of the given equation, and write 

w=^i(z)fWdz, 

Then W will be a uniform solution of an equation of order n— 1 . On account 
of the fact that <fij'{z)l<f}{z) and its successive derivatives are purely periodic, 
the coefficients of this equation, after division throughout by {<l>{z%^, will be 
purely periodic. This equation in turn has a quasi-periodic solution ^ 2 (^) 
and therefore 

wi=<l>x(z)J<f> 2 .{z)dz 

is a solution of the original equation. This process may be continued, and 
the n distinct solutions 

wz=4i{z)f,f,z{z)dz, 

W„=^l(z)/<^ 2 (z) . . . f4>n{z){dz)” 

are obtained. 
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15*81. The ikpllcit Form of the Solution. — Let 

be a solution of the equation, such that 
Consider the function 




^niz—a) 


cr(z) 


where A and a are constants, and a(z} is the Weierstrassian a-function.* 
Then 

and therefore the quotient will be doubly-periodic if 

2Xa}—2r^a=log .S', 

2Aa>' — 2 ^]* a =iog 6^'. 

Since it is known that t 

ritti* — orri' =|?rf=f:0, 


these equations determine A and a in terms of co, oj\ r/, log s and log^'. 
Thus 


6iZ}: 




wLere p( 2 :) is an elliptic function. 

New restrict the equation to the second order ; when the roots of both 
characteristic equations are .unequal, both solutions are doubly- periodic 
functions of the second kind. Let the two solutions be 61I2) and 60(2) and 
consider first of all the case in which both characteristic equations have 
double roots ; suppose 


4 >i(zi- 2 oj) =s<f>i(z), 

<f>i{z-r- 2 aj'} =s'<f>i{z), <f>o{z-r 2 <jj'} —s' 62 iz) —f<^i(z]. 


If f =0, ^i(z) and <f> 2 (z) are doubly-periodic functions of the second kind ; let 
^'=1=0, then <f>i{z) is expressible in the form obtained above. Also if 


then 

A(--r2a>)=x(-)^ 

X(s^2£o')=x(=) 

Compare this with the function 

Aaz)+Bz, 


* WMttaker and Watson, Modem AnaiysiSi § 20- 42. 

= _e«{z-f-). <K=+2a,') 

q(z) a{z) 

where ->7 and rf are constants. Also 


It may here be noted that 

: — eats'Cs-rst}'], 


^ log a(z)=C{s), 

SO that 

^( 24 ” 2 aiq===^(%)' 4 ' 2 ij , 

t Whittaker and Watson, 2oc. di. | 20*411. 
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wMch increases by 2 A 7 j+ 2 B(p when z increases by 2a), and by 2A7]'+2Sa>' 
when z increases by 2 co\ Thus if 

At] -f-Boj = 0 , At^' +Ba}' = — , , 

the function 

X{z)-Am-Bz 

will be a doubly-periodic function of z. In this case therefore 
^2(2) ={pi(2) +^C(2) +Bz}<^^{z), 

where is an elliptic function and A and B are definite constants. On 

the other hand, let 

^l(z +20)) =s<f>i{z), ^2(2+20)) =S<f)2(,z) +t<f>i{z), 

^1(2 +2o)') =s'<f>i(z), ^2(2+20)') =s'<^2(2) +t'<f>xiz). 

These are consistent since ^{(z+2a))+2a)'}=^{(2+2o)')+2o)}. Now ^1(2) 
is a doubly-periodic function of the second kind as before, but in this case 

t f 

x(2 +2o)) =x(2) + - . x (2 +2 co') =x(2) + , 

and the constants A and B have to be determined by the equations 

AT]+Ba}=^, Ar}'+Bw'=~. 

The form of is, however, as before. 

The equation of the third order may be treated similarly ; the only case 
needing special discussion is that in which the characteristic equation has a 
triple root. In that case ^1(2) and are of the forms given ; the third 
solution will be found to involve terms in 

and 

In general, if the characteristic equation has an m-ple root, there will be 
solutions involving 2; and ^{z) up to the (m— 1)^ power. This corresponds 
to the logarithmic case in an equation of Fuchsian type. 

15*62. The Lame Equation. — In the equation of Lame,* 
d^w 

where n is a positive integer and h a constant, the singular points are the 
origin and its congruent points 2ma)+2m'co'. The exponents relative to any 
singular point are —n and «-+!. The Fuchsian theory makes clear the 
existence of one uniform solution, namely 

Wi{z) =={z ~~2mco — 2m'co' )” + (z), 

where W{z) is analytic in the domain of the point 2 moj -\- 2 m' co' and not zero 
at that point. The difference of the exponents is 2n+l, and since this is a 
positive integer, the possibility of the second solution ' zej2(^) containing a 
logarithmic term has to be considered. But since 

a?2(^s)uJi'(2) —'Wx{z)w 2 'iz) =0, 

* Wbittaker and Watson, Modem Analysis (3rd ed.). Chap. XXIII. The Jacobian 
form of the equation, namely 

^ sn^aj— lyjw 

is obtained by the transformations 

x:=t-iK'. 
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the‘ second solution is 

rc2(z)=Ca:^(z)l 

where C is a constant. But 1 is easily seen to be an even function 
of r ; its residues relative to the origin and congruent points are zero, and 
therefore a logarithmic terni cannot arise. In particular, let w=l5 so that 
the equation is 

-{k^2f(z)}w=0. 

Introduce a parameter u, connected with k by means of the transcendental 
equation 

f(a)=h. 

Then the equation has the solutions 

< t ( z ) “ a(c) 

and these solutions are in general distinct. If, however, h is equal 
to ej, or ^3, the solutions are not distinct. For example, if k is equal to 
a becomes equal to oii and the tw'o solutions which in general are distinct now 
both reduce in effect to 

cr(c-r-a)i) 

o{Z) 

When the second solution may be obtained by means of a quadrature, 
but it is more convenient to arrive at it by a limiting process, supposing, in 
the first place, that h is not equal to but differs only irinr'.itesirr.all;/ from 
it. Then the equation 

has the roots where c is iohnitesimal. Consider the function 


i(Tri-Fr„) 


where 




e) 


“ ct(2) 

This function is a solution of the equation ; its limit will be the second solu- 
tion u?2 required. 

Now 

${coi+€)==^(cui)^€U(<^i)-r - • - 
— ^^1-r • * -s 

and therefore 
Also 

(7(2;-f'a^i+G)=cr(z+^i>i)+€€r'(s-i-o>2)+ . . . 

=a(z-fcui){l+€«s+<02)+ . . .}, 

and thus 

. . .]• 

W2 differs from Wi only in the sign of €. Finally 
. ^ a>2 = limi(jri-E72) 

= <5 — +gig}. 
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It will be noted that the solution in general is not doubly-periodic, but 
consists of a doubly-periodic function multiplied by an exponential factor. 
Thus when a has one of the characteristic values a>2 or C03, the first solution 
Wi is periodic, but the second solution is not periodic. 

The two independent solutions of the Lame equation 

(3)^=0 

may also be expressed in the forms 


15’6S. Equations with Doubly-Periodic Coefficients such that the Baiio of 
any two Solutions is TTniform. — As before, let the equation be 

d’^w , , , , , .dw ^ , , 

^ + ■ ■ • ^ +Pn{z)w= 0 , 

and let the coefficients be doubly-periodic functions with periods 2a> and 2co'. 
It mU now be supposed that although the general solution is not uniform, 
nevertheless the ratio of two particular solutions is a uniform function 
of %, It will be shown that this case can be reduced to that in which the 
general solution is uniform.* 

Let ai be a singular point ; the exponents relative to this singularity 
must differ by integers. Let 

• • • 

be the exponents, arranged in increasing order of magnitude so that en, . . * 
are positive integers. Let be the residue of pi{z) relative to the pole 2; =ai. 
Then the sum of the roots of the indicial equation relative to is 

in(n — 1) — ai, 

and this is equal to the sum of the exponents, that is to 


Now’ let there be k singular points 

• axs ^2? • • % 

in one and the same period-parallelogram, then 

n(vi-4-vz+ . . . +vj.)+]^e„=|A:n(TC— 1)— 

But the sum of the residues relative to the poles within a period- 

parallelogram, is zero, and consequently 

n{vi'i~v2~h - • - 

is an integer. Let m be the least integer for which 
is an integer and consider the function 


|5(3)=^a(^)| {ff(s— ai)}*'! . . . {o-( 2 - 


-%)}’'*- 


\ m ^ \mi^ 

or(z — a+2ma>) 

* Halphen, Mem. Acad. Sc» Paris (2) 28 (1884) [OSumes, 3, p. 55]. 
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It follows that the logarithmic derivative of exceeds the loga- 

rithmic derivative of ]p{2:} by 

2mrjSy--2r^X'm. 

which is zero. The same is true with regard to the period 2mcx}\ Thus the 
function 1P'(=)/|P{2) is a doubly-periodic function with periods 2moj, 2mw', 
Sow make the substitution 

then the equation in W has coefficients which are doubly- periodic with the 
periods 2mw, 2ma}\ But in this equation the exponents relative to each 
singular point are positive integers. The equatior. ■"hvreiV.trc has one uniform 
solution. But since the ratio of any, tw-o solutions of the equation in z€ is 
uniform, the same is true of the solutions of the equation in IF. Conse- 
quently the general solution of the equation in JF is uniforii:. which ivas the 
theorem to be proved. 


15*7. Equations with Simply-Periodic Coefficients.- -In the equation 


d^n d^'^ 


'Pn 


, . dz£ . , , 

-Pr.(=r- = 


let the coefficients be uniform purely-periodic functions of c w'ith period 2ai, 
devoid of any singularities but poles in tiie tinite part of the r-p!;ane. There 
is no loss in generality in supposing a? to be a positi%’e real number. The 
theory of equations of this type is very similar to that of equations with 
doubly-periodic coefficients, by which it appears to have been suggested, 
and is generally known as the Floqiiet Theory.'^ 

Let • * •» ^ fundamental set of solutions of the 

equation. Then 2a;),-a’2(^“r2t^)5 • • -5 likewise satisfy the 

equations, and therefore there exists a set of linear relations 


av(s+2cu)=a^lZi*l(2)-T-a^2^-2(~)-T- • • • V-^rr.^V.(-y l/==l, 2, . . ., ll) 

and, as in § 15*2, the determinant j i Is not zero. 

The problem of determining a solution «(;;:) such that 

Z4(;::-t-2ca)=S“M(;::) 

is equivalent to that of reducing the above set of linear relations to its 
canonical form, which in turn depends upon the characteristic equation 

aix — ^5 ^12» ' • ^In 


^21j ^22 — • • •:> ^2n 


If this equation has n distinct roots S 2 y • • then a fundamental set 
of n solutions Ui{z), u^iz), . . ^n(^) foxind such that 

Ui{z+2a})=SiUiiz), . . ., w-„(z+2£o)=5„«,,(;3). 

If, on the other hand, Si is a repeated root, there will be a sub-set of 
solutions Ui{z), . . Uix{z) such that 

Wi(;2;+2cu) =^1^1(2:), 

U2iz+2co) =Sj{u2{z) -f Wi(2)}, 

Uy,{z+2w) =$^{Up{z) i(s)}, 

and possibly other sub-sets of a similar nature. 

♦ Floquet, Aim. Norm. (2) 13 (18S3), p. 47. 
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Consider the analytic expression of the solutions in these two cases. In 
either case there is at least one solution Ui{z) such that 

Ui{z-\-2a}) =SiUi{z), 

Now 

jv ^2a)) =Sie~ - ^^Ux{z), 

and therefore 

e-°^u{z) 


will be a purely periodic function, with period 2co, provided a is so chosen that 
A number a satisfying the equation 

for any particular value of r is called a characteristic exponent ; its imaginary 
part is ambiguous in that any integral multiple of rrijco may be added to it. 
The real part of a, on the other hand, is perfectly definite, and plays an 
important part in the theory. 

Thus, when the n roots of the characteristic equation are distinct, there 
exists a linearly independent set of u solutions 2 ^ 1 ( 2 ), U 2 {z), . . u^iz) such that 

Ur{z)=e^r^(f>r{z), 


wLere a^. is a characteristic exponent corresponding to s^, and 4>r{^) is a purely 
periodic function with period 2a>. 

Now consider the case where Si is a repeated root. By writing 

the canonical sub-set is reduced to 


Vi{z+2w)=Vi(z), 
t;2(^+2co) =V2{z) + 1 ^ 1 ( 2 ), 


Vp,{z+2<o) =Vfj,{z) +sy^_i(z). 

Thus 

V2(z+2a>) 

z;i(;s+ 2 £o) Vi{z) ’ 

and therefore 

^ 

z;i(s) 2a) 

is a purely periodic function of z, with period 2co. In general, it may be 
proved, precisely as in § 15*23, that if 

2w) . . .{z—(2v—2)a} 

{2<oyyi 

then 


- - - +Fi(2:)^v- i(^) +^ 1 /( 2 )} 

{v—2^ • • -j /^)j 

where ^(s) . . are purely periodic, with period 2a>. 

16*71* The CharactefistiG Ei^poneiiis*. — When the characteristic exponent 
a is a pure imaginary, the corresponding solution remains finite as z tends to 
infinity along the re^ axis. On the other hand, if the real part of a is not 
zero, the modulus of the term becomes infinite either for ^=+00 or for 
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s=— X . In the former case the solution is said to be stcLbhs^ in the latter, 
umiable. 

The problem of determining the characteristic exponents is in general 
a difficult one.* The theory which has been outlined, and which reveals 
the functional character of the general solution, does not provide a practical 
method for obtaining the solution explicitly. The probiein has therefore 
to be attacked indirectly, as follows. 

Consider the equation of the second order 

dScr ^ . 

W’here p(5:) is a function having the real period 2a?, which is analytic throughout 
a strip— Ti <2/ <77, including the real axis in its interior. The characteristic 
equation is, in this case, of the form 

4 - 1 = 0 , 

where A is & constant depending only upon the function p(z). Let f(z) and 
g(z) be two solutions of the equation such that 

f( 0 )=L /(0)=0, 

5(0) =0, /(0)=1, 

and let 

f(z ■i- 2 a) =aii/(s) -ai 25 (=)- 
£(z -i-2co) =a 2 i/(~) -ra225{2)= 

SO that 

g'(z -r2<w) =a2jf'(z) 

By writing 2:=0, it is seen that 

/(2a?) =an, g'(^w) =^22^ 
and since the characteristic equation is 

^ 11 — ^12 =0, 


it follows that 


^215 ^ 22 — ^ 

A = ^11 ~ i ~^22 


=/(2c=j)-r5'(2c^)- 

Now consider, instead of the original equation, the equation 

d^w 


dz^- 


=Xp{z)w ; 


it possesses solutions 

/(z, A)=l+AA(s)+ . . . +A-A(z)-f . - . 
g(s, A)=z+^i(2:)+ . . . 


such that the functions /„(2;) and gn{z) are zero at 2: =0, and the series are 
convergent for aU values of A when z lies within the paraHe! strip enclosing 
the axis of reals. 

Now the functions fj^z) and gn(^) satisfy the relations 

=P( 3 )/«-l(z). 


dz 2 


=p( 2 ) 5 n-l(z). 


♦ Liapoimov, Afm. Sc. To%d, (2), 9 (1907), pp. 203-469 [or^finaBy published 
iu Hussiau, Kharkov, 1892]. Poiucar^, Miihodes notweMes de la Mecanique ^leste, 1, 
Chap. IV. ; Rom, Z. Mam. Phqs. 48 (1903), p. 400. 
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and therefore /^(c) and g^X") evaluated from the equations 

M^)=f f 

0 0 

gu{-)=-l I Pi-)gn-l(z){dz)^ 

J oJ 0 

with the initial conditions 

/o(e) = 1, go(^)=z- 

When the functions /„(z), g„(z) have been found, A may be made equal to 
unity ; it then follows that 

A=2^-^(f„(2a>)-i-g/(2<^)}. 

r = l 

In the first place, suppose that p(z) is positive for all real values of 
then the functions gn(^) arid gn'(^) are all positive when s>0. It 

follows that A>2, and consequently that the roots of the characteristic 
equation are real. The characteristic exponents may be taken to be real, 
and therefore any solution is unstable. For a stable solution it is therefore 
necessary that p(z) be negative for some real values of 2 .* 

15*72. Hill’s Equation. — Suppose now that p(z) is an even periodic 
function of period tt. The equation may be written in the form 

-j-{0o+2^x cos 2z-r202 cos 4<z+ . . . }z£?=0, 
az-^ 

p{z) being replaced by the equivalent F ourier-cosine series. It will be assumed 
that this series converges absolutely and uniformly throughout a parallel 
strip enclosing the real axis. 

Assume a solution 

00 

r = — 00 

then, on substituting in the equation it is found that the coefficients h^. 
satisfy the recurrence-relations 

00 

{a+2ri)^br+ % 0A-v=O 

V= — 00 

for all integral values of r. By di'^iding this relation throughout by (a+2n)2 
and then eliminating the coefficients h, the characteristic exponent a is found 
to satisfy the convergent determinantal equation 



-h 

-^2 

-ds 

-d. 

42-^0 ’ 

42-0o’ 

42-00* 

42 -00* 

42 -00* 

-6x 

{m +2)2 -00 

-01 

-02 

-^3 

22-^0’ 

22-00, ’ 

22-0o’ 

22 -00* 

22 -00* 

1 1 

-01 

{ia)2-0o 

-01 

-d2 

-flo’ 

-fio’ 

-do ’ 

-do’ 

-do’ ••• 

-03 


-01 

(fa -2)2 -00 

-01 

22-00 ’ 

22-0o’ 

22-00* 

22-00 * 

22-00* ••• 

-h 

— ^3 


-01 

{ia — 4)2 — 00 

42-0o’ 

42-00* 

42-00* 

42-00* 

42-00 ’ • • • 


* It was shown by Liapoimov (loc, cit.} that if p{z) is negative for all real values of z 

fZca 

and p{z)€b is in absolute magnitude not greater than 4, j A 1<^2 and the roots of 

the charaeteristic equation are conjugate comply numbers, of modulus unity. 
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The problem now takes on a two-fold aspect : either the constants 6 may 
all be given explicitly, and it is required to determine a to correspond, or 
else the problem may be to find what relation must exist between the con- 
stants 6 in order that a may be zero, and the solution purely periodic with 
period tt. 

The first aspect of the problem is at once soluble, for writing Hill’s deter- 
minantal equation in the form 

A (ia) =0, 

it is found that 


A (ia) =A (0)- 


sin2 (^ai) 


sin2 (hr^/6Q)^ 

and therefore a is a root of the transcendental equation 
sin2 {^ai)=A(0) sin^ (^\/Bq). 

The second aspect of the problem reduces to determining a relation between 
the constants d so that 

d(0)=0. 


15*8* Analogies with the Fuchsian Theory. — An equation, such as that 
of Hill, may be brought into the form 



by writing t—cos z. This is an equation with regular singularities 
the exponents being, in each case, 0 and and an irregular singular point at 
infinity. Ey considering the equation in this algebraic form, from the point 
of view of the Fuchsian theory, certain interesting properties are brought 
into view.f 

The fundamental solutions relative to i = may be written 

00 

V»=l 

-t) = V(1 -t)^l +iMl -t) j ; 

in each case the series converges within the circle | 1 — ^ j =2 ; in the second 
case y'(l— i) is initially positive when — Since the equation is 
unchanged when t is replaced by — the solutions relative to the singular 
point t= — 1 are 

Ei(l+i) and F^ 2 (l+i), 

the series now being convergent within the circle ll+ij=2. Within the 
region common to both circles of convergence, 

Fi(l — t) =aF 2(1 -r^) -f-P-F 2(1 +^)> 

^2(1 — t) =yF 2(1 -j-i) +5^2(1 +if), 
where a, jS, y and 8 are constants. Also 

F 1(1 -\-t) =aFi(l — +PF 2(1 — t) 

=(a2+^)F2(l+«)+jS(a+S)F2(l +t), 

F 2(1 +^) =yF 2(1 — t) -f- 8 F 2(1 — t) 

=y(a+ 3 )F 2(l+f)+(^y+S^)F2(l +^), 

* Hill, Acta Math, 8 (1886) ; see Whittaker and Watson, Modem Analysis, § 19*42. 
t Poole, Proc, London Maih. Soc. (2), 20 (1922), p, 374. 

2 C 
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where f{z) is a function of period 2^, finite for all fimte values of These 
solutions are of period 2m7r. If, on the other hand, s is not a complex root 
of unity the solutions vdll be of the form 

where $ is an irrational number. The solutions are not now- periodic ; they 
are, however, stable. 


15*9. Linear Substitutions. — Consider a simple closed contour in the 
s^-plane, defined in terms of the vectorial angle 9 by the equation 

z=<f>ie), 

Avhere <fi{6) is a one-valued periodic function of It will be supposed that 
the contour does not pass through any singular point. Now any solution of 
the differential equation 


d'^w . . 


U- 

I 


, dw 


+i?n-l(3) ^ +Pn{z)w=0 


may be developed, by the method of successive approximations, as a series 
which converges for ah values of the real variable O'. Let 

WiiO), w^iS) 

be a fundamental set of solutions, and assuming that the coefficients of the 
equation are one- valued, 

Wi(6 +2'77), W2i0+27r)^ . . Wn(0 -{-27r) 

is also a fundamental set. Consequently 

a!i(0+27r)=aiitOi(e)+ai2ZO2(<?)+ • • ■ 
®2(®+2'7r)=£E2itt3i{0)+a22*®2{^)+ • • • 


w„{9+27T)=a„iWj,i9)+a„z'^2.{S}+ ■ ■ ■ +a«n*£>«(0). 

where the coefficients a are constants, with of course a non- vanishing deter- 
minant, which can be evaluated from n sets of n equations of which the follow- 
ing is typical : 

ajr(0+27r)=a,itoi(5)+a^2“’2(^)+ • • • +Or7.®«(^), 

Wr{9+2lT)=ari'Wi{9)+ariW2'(.9)+ . . . +arnW„'{9), 


Thus the linear substitutions undergone by a set of fundamental solutions 
when z describes a simple closed circuit may be considered as Imown. 

In particular, suppose that the coefficients of the equation are rational 
functions of s, which when decomposed into partial fractions are of the form 


Then it follows from the general existence theorems that if the coefficients 
Aijc are regarded as parameters in the equation the solutions ^ 02 ( 2 ), . . 
w^(zj are integral functions of these parameters and therefore, the coefficients 
dfs the set of linear snhstittiiions are Tneromorphic functions of these para^ 
fleers.* 

* Further developments depend to a great extent upon the theory of the invariants 
of the general linear differential equation. See Hamburger, J. fur Math^ 83 (1877), 
p. 198 ; Poincar6, AiM, Math. 4 (1888), p. 212 ; Mittag-Leffler, Acta Math. 15 (1890), 
p. 1 ; von Koch, ibid. 16 (1892), p. 217. 
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15*91. The Group of a Linear Differential Equation. — It will be assumed 
that the coefficients of the equation are uniform in z and that there are only 
a finite number of singular points. Then the effect of causing z to describe 
a closed circuit not passing through any singular point is that of a linear 
substitution S which transforms aq, respectively into 

^21^1 — * ■4~^2n'^n» 

a„lZ£3l+a„22£?2+ * 

where the determinant of the constants is not zero. 

Let S' be the linear substitution corresponding to a circuit distinct from 
the first. Then the result of performing the second circuit followed by the 
first is a substitution of the same general form, namely the product S'S. 
This is in general distinct from the substitution SS\ 

Now any circuit in the j 2 f-plane enclosing a number of singularities is 
equivalent to a succession of closed circuits or loops described in a definite 
order and such that each loop encircles one and only one singular point. 

Let there be m singular points Ui, a 2 , . . and let be the simple 

substitution which arises from a circulation around the point Ur in the positive 
direction. Then is the inverse substitution due to the same circulation 
made in the negative direction. Any arbitrary substitution can thus be 
decomposed into a succession of simple substitutions of the form 

6^ • • • 

where A, fc, . . m, p are positive or negative integers, and denotes 
Sj. described | p | times in the positive or negative direction according as p 
is positive or negative. 

The aggregate of these substitutions is known as the group of the 
equation.* 

The group has been defined with reference to a particular fundamental 
set of solutions. Now consider a second fundamental set ; it is derived 
from the first set by a definite substitution E. Then if S is any substitution 
carried out on the first set, E~^SE is a substitution carried out on the second 
set. Clearly if the substitutions S form a group the substitutions E-^SE 
will also form a group and these groups will be intimately related to one 
another. 

15*92. The Eiemann Problem. — The following classical problem j viill 
serve as an illustration of the general theory of linear differential equations. 
It is proposed to determine a function 

^ a h c 1 

P - a y si 

. a' iS' y' j 

which satisfies the following conditions : 

(i) It is uniform and continuous throughout the whole plane except at 
the singular points a, 5, c. 

* More specifically it is known as tlie monodromic group of the equation to distinguish 
it from a more extensive group known as the rationality group. It may be noted that a 
set of linear substitutions forms a group if the set contains (a) the identical substitution, 
(b) the inverse of each substitution, (c) the product of any two substitutions. 

t Riemann, Abh. Ges. Wiss, Gdtt, 7 (1857), p. 3 ; [Math, Werke (2nd ed,), p. 6/]. 
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(ii) Between any three determinations Pi, P2, P3 of this function there 
exists a linear relation 

where Ci, Cg and % are constants. 

(iii) In the neighbourhood of the point a there are two distinct 
determinations : 

(s-a)“/i(2), [z-aY%(z), 

where fi{z) and f2{z) are analytic in the neighbourhood of z=a and not zero 
at a. Similarly in the neighbourhood of x=b there are two determinations : 

(,z—b)Pgj_{z), {z~b)?'g2.(z), 

and in the neighbourhood of z=c there are also two determinations : 

(z —cyhi^(z), (z —cy'h^iz). 

Let Pi and be any two linearly distinct determinations of the required 
function. Then since any other determination is linearly dependent upon 
Pi and P2, the required function will satisfy the differential equation of the 
second order 


which may be written 
where 


PzPi 


1 d^w 

dzD 

i 


Pi', 

Pi', Pi 

Pi", 

Pi, Pi 

drW . 

dw , 

dz^'^P 


'-plp," 

P^'P "_P 

'-Plpi 

’ ^ PaPi'-PiPa' 


Consider the behaviour of the function p in the neighbourhood of the 
singular point z=a- Let 

Pi=(z— a)“/i(2), Pz—{z~aY'fo{z), 
then, it is found that 

1 “"“CC “—(X . V 

where m(z) is analytic in the neighbourhood of z—a. It follows that 
P = 


: ^ 4. , 1 -y_-y , 

z~a + z-b + 2-c 


where u{z) is analji;ic everywhere. Now since the P-function is analytic at 
infinity it is necessary that, for large values of | z |, 


But 


P 


p = l+0{z-^). 

z 

3 ^ jg y y* 


+ 0 (z-^)+u{z% 


and since tt(s)~0(l) it is necessary that t4(«)=0 and therefore 

z — b ^ z — c * 


where 


z—a 

d - j-a^ +y "by ^ = I * 
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In the same way it is found that in the neighbourhood of a 


_ aa 

and therefore q may be written 



yy 


w^here B, C are iinite for all Unite values of ; 
however, to adopt the equivalent expression 


B . C 

'z^b'^z-c^ 

It is more convenient. 


1 i L , M , N ( 

^ {z—a){z—b){z—c)lz^a z—b Z'—cr 

where L, M and N are finite for all finite values of s;. 

But since the point at infinity is ari ordinary point, for large values of j z 

qiz)=0(z-*), 

and therefore L, M, N are constants, and it may easily be verified that 

L —oxt!{a —h)(a —c), 

M=p^'{b-c)ib-a), 


N ==yy'{c~a)(e—b). 

Thus Riemann’s P-function satisfies the differential equation,* 


, xr 1: 
dz^ 


dw 

’iz 


+2 


aa'{a—b)(a—c) ^ 


tz- 


S ~~Q) 


{z—a){z—b){z—c) 


= 0 . 


This equation is known as the generalised hypergeometric equation ; when 
a=:0, &=1, e = Gc,f a'=^'=0, it becomes the ordinary hypergeometric 
equation 


+{(a-r^— 2)3+1— —yy'xz—O. 


The solutions of the generalised hypergeonietric equation thus furnish 
the required functions. In order that they may be of the form postulated 
it is only necessary that no one of the exponent differences 

a —a, y—y' 

should be an integer ; otherwise logarithmic terms would enter into one 
or other of the solutions. 


15'93. The Group of the Hypergeometric Equation. — Let Pa and Pa' 
be the two solutions appropriate respectively to the exponents a and a at the 
singularity a, P^ and P^' those relative to the singularity b, and Py and Py' 
those relative to the singularity c. Let F be any closed simple curve, for 
example the circle which passes through the points a, b and c. Then within 
r the six solutions are analytic and there exist between them relations such as 

P a —A^P P -\-A^P 
P a' =A '^P P -\-A 

Pa =AyP y -{~AyP y'y 

P a' = A 'yP y-{-A 'yP y', 

wherein the coefficients A are constants. These constants are not all inde- 
pendent there exist relations between them which will now be determined. 

Since the point at infinity is an ordinary point, a circuit in the positive 

* First obtained by Papperitz, Math, Ann, 25 (1885), p. 213. In Riemann’s exposition, 
simplifications were introduced which led to the ordinary hypergeometric equation. 

t z — c is replaced by -l/a. 
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direction around the point c is equivalent' to a circuit in the negative direction 
around the two points a and h. The third of the above relations shows that 
the effect of the first circuit is to change Pa into 

Aye^'^^yPy +Ay'e-^^y'Py', 

whilst the first relation show^s that the second circuit changes Pa into 
Consequently 

Aye^^^Py +Aye^^^y'Py =^- +A^'e-^'^^'P^}, 

and similarly 

But 

AyPy-\-AyPy' =A^P^-{-A^'P^'f 
A'yPy-tA'yPr=A',P,±A','P,'. 

On eliminating Py, Py^, P^, P^' between these four relations it is found that 
Ay __ ^ ^ ^-Tria QJJI _ A^^ ^ g-TT^g sixi +y') 7 r 

A'y A'^ e~7na‘ gin (a'+jS+y')7r ~ A'^' sin (a'+j8'+y')7T’ 

Ay' _ ^ e-ma gin (a+^+y)7r _ A^' ^ g-7rm gin (a-[-^^-}-y)77 

A'y''~ A'^ g-TTia' sin (^ci'-{-p+y}7T ~~“A'p' sin (a'+^'+y)??* 

Thus any one of the ratios 

-^jS' Ay Ay' 

Ay A'y A’y Ay 

is a known multiple of the others. The four relations given are consistent if 

sin -\-y')7T , sin (a'+^S+y')?? sin (a+j8'+y)7r • sin {a-]-^-^y)7r 

sin (a+jS+y')7r . sin (a'-f-iS'+y')7r sin (a' +/3'+y)7r , sin (a+^+y)7r^ 
which is satisfied in virtue of the relation 


a+a'+jS+jS'+y+y'-l. 

In order to determine the group of the equation it is sufficient to consider 
the substitutions which, any pair of fundamental solutions, for example 
Pa and Pa', undergoes when the point describes a circuit around each of two 
singular points, a and b for example. The description of a circuit round a 
in the positive sense transforms Pa and Pa' respectively into 

e^^^Pa, e^^^'Pa', 

and similarly when a positive circuit round h is completed. Pa and Pa' respec- 
tively become 


But since 

Pa = A^^ -j- A^'P^% 
Pa' = XA^^+X'A^'P^', 

where 


A^ ’ 


_Ay 

Aq'^ 


the final forms which Pa and Pa' take after description of the circuit round h 
may be expressed in terms of Pa and Pa' as follows 




“IT 

A -A 


A 


4 


g2?rtj3'’ g27n/5 


Pa + 


X'-X 

j\'g2-n^'_j\g27n^ 
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To obtain a more symmetrical expression, let 

u=(y —X)Pa, r 

then if is the operation of describing a positive circuit around u, 

SaU SaV 

and if Si, is the similar operation with regard to b 

S^U u -r 

— 1 

where 

__ A' __ sin (a 4-^' 4-y')7T . si n (a 
^ X "~sin (a'-f^'-fy'j'n'.sin {a-r^—yjrr^ 

The two substitutions Sa and Si, may be regarded as the fundamental 
substitutions of the group ; any other substitution is compounded of integral 
powers of Sa and Sj,. 

If it is postulated that all the solutions of the equation are algebraic functions 
of s, and are therefore the roots of an algebraic equation, then each solution can 
have but a finite number of values at each singular point. Consequently the 
number of distinct substitutions is finite and the group is a finite group. It is 
evident that a necessary condition for the finiteness of the group is that 

a, of, y, y' 

are ail rational numbers. 

When the equation is reduced to its normal form by remo\ing the term in 
dw 

— by means of the substitution 
dz 

it becomes 

d^v ^ ^ 1 Ay* _ ijf {cir) ^ ^ 
dz^ aj.)^ 4ip 

where 

ai=a, a2=b, aQ=c, 

X^ = i(a~a'), = A3=J(7"-/). 


There are fifteen different cases in which an algebraic solution is possible ; the 
values which Aj, Ag, Ag may assume are as follows : * 


I. 

1/2 

1/2 

1/n 

II. 

1/2 

1/3 

1/8 

III. 

2/8 

1/3 

1/3 

TV, 

1/2 

1/3 

1/4 

V. 

2/3 

1/4 

1/4 

VI. 

1/2 

1/3 

1/5 

VII. 

2/5 

1/3 

1/3 

VIII. 

2/3 

1/5 

1/5 

IX. 

1/2 

2/5 

1/5 

X. 

3/5 

1/3 

1/5 

XI. 

2/5 

2/5 

2/5 

XII. 

2/3 

1/3 

1/5 

XIII. 

4/5 

1/5 

1/5 

XIV, 

1/2 

2/5 

1/3 

XV. 

3/5 

2/5 

1/3 






[For a detailed discussion of linear equations of the second order whose general 
solutions are algebraic, and for practicsd methods of constructing such solutions, 
see Forsyth, Theory of Differential Equations, VoL 4, pp. 176-190.] 

* Schwarz, J. far Math. 75 (1872), p. 293 ; Cayley, Trans, Camb, Phil, Soc, 13 (1881), 
p. 5 [CoU, Math, Papers, 11, p. 148] ; Klein, Malh, Ann, 11 (1877), p. 115 ; 12, p. 167 
Math, Ahhand. 2, pp. 302, 307] ; Vorlesungen uber dm Ikosaeder, p. 115. 
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MiSCELLAifEOUS EXAMPLES. 


1. Prove tliat if w satisfies the algebraic equation 

whose coefficients are polynomials in 2 , then w satisfies a linear differential equation of 
order n— 1, whose coeifieients are rational functions of 2 . 


2. If tt is any function of 2 , and 
prove that 




dz^ 


/ uu' 

^ 14 * 4-4 u' ) 


u"\dw 
dz 


1 u'‘ 


9m®+4 


uj=0. 


3. Prove that the differential equation of the scheme 

00 


in which 


0 1 

P 0 0 

( 1-A 1-p, 


r=0. 


d%o 

dz^ 


4 .fh 4 . + 

^\^2 ^ 2—1 ^ 2 — a Jdz ^ 


ariz—q) 
2 ( 2 — l)(s— a) 


t£J=0, 


where g is an arbitrary constant. If the solution relative to the singular point 2=0 with 
exponent 0 is denoted by 

W(a, q ; a, r, X, fx. ; z) 

show that there are in general eight possible solutions of the form 

to= 2 «"( 2 -l)^( 2 -a)‘>'TP(a, q ; <r', t'. A', fx' ; 2 ). 

[When a=l, g=l, or when a=0, g=0, the equation degenerates into the hyper- 
geometric equation. A set of 64 solutions can be constructed analogous to the set of 
24 solutions of the hypergeometric equation. See Heun, Math. Ann., 33 (1889), pp, 161, 
180.] 


4. The equation 


dho , dw , - 


dz* 


is transformed by the substitution 


into 

where 


s®=fy. exp ( 
d*W 


dz* 


4 - iir=o. 




[This is known as the normal form of the equation. Equations which have the same 
normal form are ^pdoaXent, and I is their invartanWl 
If 2 is a function of s, the expression 




[?-r5)’]A 


where dashes denote differentiation with respect to s, is known as the Sdhwarzian derivative, 
and roj be two distinct solutions of the above equation in w, and let 

Then 

{»,z}=23-ip*-^=2Jr. 

Prove that, for a change of independent variable from 2 to Z, 


{»,*}={», Z}(^-)+{Z.z} 
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5. Prove that, for the hypergeometrie equation 

+{y-(«-f;S-rl)s}^ -aAc=0, 

{z-iy^ s(z^i) 

where y, /x, v depend upon a, y. 

[For the connection of this result with the construction of algebraic solutions, see 
Forsyth, Theory of Differential Equations^ Vol. 4 , pp, 182-184.] 

6 . When the Lam^ equation with n=l is expressed in the Jacobian form 

dhxi 

^={2*2 sn=z-,}tt-, 

its general solution is 

w^here dn“a= 7 j— 

Discuss the particular cases 

h^l^k\ 1 , A--. [Hermite.] 


7 . Show that, when w is a positive integer, the Lame equation 

^ -{A-i-n(»+l)<f>{s)}if =0 

has, for appropriate values of h, solutions of the forms 

(i) m=^Pm {n^2m), 

(ii) (n= 2 m), 

(iii) 2 £J = [p(s)-e;^]Pw-l (n=2m-l), 

(iv) w^^'(z)Pm^2 (n= 2 m-l), 

where denotes a polynomial of degree r in ^(s), and are any two of the con- 
stants ei, eg, € 3 . 

Investigate the corresponding solutions of the Jacobian form of the Lam^ equation. 

8 . Integrate the equation 

dhe P(A + 1) , t,{^, + l)6a"-z , v{,+l)k^ca^ , , „ , ) 

^ =1 

[Darboux.] 

9 . Find the linear differential equation whose solutions are the products of solutions 
of the equation 

^+lw=0, 


and explain why it is of the third order. 

10 . Show that the equation 


[Lindemann.] 


dhv dw 

s(l-z)-^+i(l-2z)^ +(<e+i>)K)=0 

has two particular solutions the product of which is a single-valued transcendental function 
P( 2 ), and show that these solutions are 

i={F(a)}i .expj^cj -z)}*F(a)]’ 

,={i?’(z)}t.exp[-cj‘ 

where c is a determinate constant. In what circumstances are these two particular 
solutions coincident ? 


[Math. Tripos, II. 1898.] 



CHAPTER XVI 

SOLimON OF LINEAR DIFFERENTIAL EQUATIONS IN SERIES 


16'l.'The Method of Ftolieiuiis. — It was shown in the preceding chapter 
(§ 15-3) that if all the solutions of a linear differential equation axe regular in 
the neighbourhood of a singular point, the coefBcients of the equation are 
subj ect to certain definite restrictions. Thus, if the singular point in question 
is the origin, the equation may be written in the form 






+zP„_i(z) ^ +P„(z)z0=O, 


in which Pi{z), . . P„{s) are analytic throughout the neighbourhood of 

2=0. In this case it is possible to obtain an explicit development of the 
n fundamental solutions relative to the singularity at the origin, and inci- 
dentally to prove that these developments are convergent for sufficiently 
small values of 1 2 1.* 


IB’ll. The Formal Solution.- Set up a series 

00 

in which the number p and the coefficients are so to be determined that 
IF is a solution of the differential equation. Let the differential equation be 
represented symbolically as 

Lw~0, 

then 

LWiz, p)='^cJLsP+^ 

^ 2 c, 2 ^+>/(z, p+v), 

where /(z, p+v) represents the expression 

[P+*']n+[pT-*']n-l-Pl(2)+ • • • +[p+I']l-P»-l(2)+Pn{2)» 
in which [p-fv]„ is written for (p-fv)(pH-v— 1) . . . (p+v— n-fl). Now 
let /{z, p+v), which is an analytic function of z in the neighbourhood of 
2 = 0 , be developed as a power series in 2 , thus 


/(z, p-}-v) = ^a(p+v)z^ 
A=o 

then 


LW{z, p)— T{<T,/o(p+j')-}-Cy_i/i{p:-fv— 1)-}- . . . 
Now if 

LWiz, p)=0. 


* Frobenius, J./ffir Maik. 76 (1873), p. 214. Modifications of the original exposition 
are due to Forsyth, DifferaiMd Eqaeiiom, Vdl. 4 ^ | 5 p. 78-97. 

896 
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the coefficient of each separate power of z must be zero. There thus arises 
the set of recurrence-relations : 

^fo(p)=0, 

o(p -f 1 ) +CQf i(p) =0, 


1)-}- . . . -i-Cofp(p)==0, 

and so on. 

Since Cq is not zero, the first equation of the set, \dz. 

/o{p) = [p]n+[p]n-iPi(0)-F . . . +pF^^^(0)-rFJ0)=0, 

that is to say the indicial equation, determines n values of p which may, 
or may not, be distinct. If one of these values is so chosen that /o(p-fF)^0 
for any positive integral value of v, then the recurrence-relations determine 
the constants Cy uniquely, thus 

{^l)%Fy{p) 

" /o(p-^l)/o(p-f2) . . .U(p-vr 

where 


fi{p+v—l). 

faipA-v—^), 

f.-Ap+n 

Up) 

^Ap)— fo(PA-v—l), 

/i(P+i'— 2), 

fv—A.p 

fy-lip) 

0 

foiP+v—2), 

/.^-3{p-rl), 

f.-dp) 

0 

0 

foiP^l) , 

flip) 


Assuming for the moment the convergence of the series W (z, p) for each 
particular value of p chosen, it is seen that, if the n roots of the indicial 
equation are distinct and no two of them differ by an integer, to each p 
corresponds a determinate sequence of coefficients Cy, and altogether n 
distinct solutions, forming a fundamental system, are obtained. 

If the 71 indices are not such that no two of them differ by an integer, 
they may be arranged in order in distinct sets, 

P05 Pi 5 Pa-lj 

Pas pa-r li — V 


in such manner that the numbers in each set differ only by integers, and are 
so arranged that their real parts form a non-increasing sequence. The 
first member only of each set gives rise to a solution of the type just dis- 
cussed, since, for instance, any member pa+k of the set pa • - . p^-i is either 
equal to pa or is less than p^ by a positive integer. In the &st case, the 
solution corresponding to p^+fc is formally identical with that proceeding 
from pa ; in the second case, the solution corresponding to pa-^k is nugatory 
owing to the violation of the condition /o(p-fv) =4=11 j when v=pa— *Pa-fir- 

The difficulty in the second case could be removed by replacing the 
initial constant Cq by Cofcipa+k-h'^') ^ series is then obtained in w^hich all the 
coefficients Cy are finite, but it will be seen that the first v terms vanish and the 
series differs from that corresponding to pa only by a constant multiplier, and 
is therefore not a distinct solution. 

16*12. Modificaiioii of the Form^ Method of Sointioii. — In order to 
obtain the material from which all the solutions corresponding to each set 
may be deduced it is necessary to modify the preceding method as follows. 

Let cr be a parameter whose variation is restricted to a drde drawn 
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round a root of /o(p)=0 with radius sufficiently small to exclude all other 
roots.* Assume the series 

00 

JVCz, a)= 

v=0 

iii which Cq is arbitrary, and Cy is in general determined as a function of a 
by the recurrence-relations 

o(<7 "T-I) +^/ 

Ovfo{<y^v)“TCy^lfl{cF-\-V — 1)+ ' • ' +Co/v(cr)=fi> 

in which the functional operators /o, /i, • • • /v> • • - are as previously 
defined. Then 

LW{z,a)='^{CyJo{o-\-v)-\-Cy--Ji{a-]rv—\)+ . . . +CQS^a))z’+^ 
=Cofo{a)z° 

in virtue of the recurrence relations. The previous solution is now obtained 
by taking a ==p, where p is an appropriate solution of/o(cr)=0. 

16*2. The Conve^ence of the Development. — Let J* be the radius of the 
largest circle, with its centre at the origin, within which aU of the functions 
Fi(z), • • *5 Fn{z) are anai}i:ic. Then the series 

f(z, a+v)='^x(cr+v)z\ 

A 

and the series 

f{z, a+v) = :5(A+l)/A-M(a+v)^^ 

A 

obtained by differentiating the former term-by-term with respect to are 
convergent for [s|<J’. Let ll(cr-fv) be the upper bound of |/(5J, or+v)] 
on the circle l25l=R=F--€, where c is an arbitrarily small positive number. 
Then, by Cauchy’s integral theorem, 

whence 

I (A+m^,(cr+.) |< . 

and 

|/A-ri{a+v)l<M(a+v)R-A (A=0, 1,2, . . .). 

Since a is restricted to vary in the neighbourhood of the roots of/o(a)=0, 
and since the number of such roots is finite, a positive integer N may be so 
chosen that/(<T-rj/-|-l)=f=0 when j/>N. This being the case, 

l = l/2(<^+^“‘I) + * • • +Cb/v4-lW}» 

and if each term is replaced by its modulus, 

!/i(or-f-v)|+lc^-l| 1 / 2 ( 0 ^+^— 1)1+ - • • +koIi/v+l(<^)|} 

=C„+i say. 

* /«Cp)=0 Is an al^braic equation in p of degree ; its roots are therefore isolated, 
and each root, a multiple root bang redconed once only, can be surrounded by a drde 
of non-zero radius whidb exdudes all other roots. 
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Then as a consequence of this definition of ' 

‘ lj^{a+v+i)r " 

and since [cy |<Cy, it follows that 

•'>'+1 ^ M(a+v) |/o(cr+v) I jj,_ j 

l/o(o’+>'+l) 1 |/o(^-rJ'-rl) i 

Let positive numbers Ay be chosen to satisfy the recurrence relation 

__ M(cr -f y) !/o(cr+y) [ _ _ ^ 

l/oCo^+’^+l)! ^i/o(cr-r^'-rl)i 
and such that then 

( |<C<Cy4.1<C^y4-l 

Now 

f{z, a-\-v)==[a-\-v\y^-\-[cr-\-v]^-lPx{z)'\- . . . +P„( 2 f), 

whence 

nz,a+v)==[a+v]^^,P^\z)+[a+v]^^^^ . . . +P:{z% 

Le. f{z, a+v) is a polynomial in a-rv of degree n—1 whose coefficients 
depend upon z only. Consequently 

Mia+v) =Max [/(s, a^v) | (\z\ <B) 

<Mi|[a-+v]„-.i| +M2l[(T+v]„-.2| + • * • -rMn, 

where 

Mr =Max I P/(^) I (jz I <P), 

and therefore, given vq, a number K, independent of o*, exists, such that 

when v>vo. Similarly, since /o(o'+v) is a polynomial in cr-f-v of degree tz, 
a number Kj, independent of a, exists, such that 

l/o(o-+v)!<Eii'". 

Hence, as , 

M(g+t') 

l/o(‘^+>'+l) I 

and 

1 /o(«7+y) 

l/o(of+*'+l) 

both uniformly with respect to cr, firom which it follows that 


uniformly with respect to ct. 
Hence * the power-series 




has P as its radius of convergence, and therefore, since 

1 I 

the radius of convergence of the series 

is not less than P. Since A„is independent of cr, the convergence is uniform 


♦ Bromwich, Theory of Infinite Series, § 84. 
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16*3. nSie Solutions corresponding to a Set of Indices. — Consider one of the 
sets of indices, for instance the set * 

Po> Pl3 • • •» Pa -1 

which is so arranged that, if ;c<A, p^—px is a positive integer or zero. Since 
these indices are not necessarily elqual to one another, they may be divided 
into sub-sets such that the members of each sub-set are equal to one another. 
Thus suppose . . . =pi~i to correspond to a root of /o(a)=0 of 

multiplicity i; P£==pi 4 -i== • • • =Pi-i correspond to a root of multi- 
plicity j—i; pi=Pi-r 3 = • • • =P^-i correspond to a root of multiplicity 
k-^j,'^SLnd so on until the set is exhausted. 

In order to avoid any of the coefficients as determined by the recur- 
rence relations of § 16-12, becoming infinite, Cq is replaced by 

^o/o(^4“l)/o(o^+2) • • • /o(<^*T~^)=^/(<7)j 

where ^=po””Pa-i> which amounts to multiplying the series for W(z, o) 
throughout by /(o). Then 

W{z, a)==f(a)W(z, a) 

v=0 

and is finite when a is restricted to vary in the neighbourhood of any one 

of po, pi, . . Pa-i- Also 

LWiz, a)=^CoUo)f{cr)z- 
=CQFia)zP^, 

where F(ct) is written for the product /o((T)/o(ar-bl) . . . /o(o-+ai). 

Now in F{a), the factor /o(o-) is of degree i in (cr—po), of degree y—i in 
(<j-— Pi), of degree k—j in (ct- pj) and so on. No other factor contains 
(<^—Pq% t»ut/o(o+po— Pi) is of degree i in (o— Pi). Similarly (o—pj*) appears 
as a factor of degree j—i in fo(<^+P~Pj) and as a factor of degree i in 
/o(c^+Po“ 7 Pi)- is of degree i in (o— po), of degree J in (ct— p^), of 

degree k in (cr— pj) and so on. 

When o* lies in a certain domain in the cr-plane containing the point p^, 
where p^ is an index of the set under consideration, the coeJB&cients Cy are 
analytic (in fact rational) functions of < 7 . When also | z | <22, the series ^CyZ"^ 
is a uniformly convergent series of anal 3 d:ic functions of a and can therefore 
be differentiated any number of times with respect to a. Furthermore the 

operators L and ^ are permutablb. Hence 

for 1, 2, . . m—l, where m is the degree of F{o) in (cr— p^), and 

consequently for any one of these values of s 



is a solution of the differential equation. 

Now 

W{Z, a) = 

F«0 

* Each index is written a number of times equal to the multiplicity of the CQxrespondinff 
root of A(*t)«0. 



401 


SOLUTION OF LINEAR EQUATIONS IN SERIES 
where gj,(a) =Cyfi(a), and therefore 

;^gy(«)(cr)g»’+s log z^g„(’-^>(cr)z’'-r - - • +Qog zf ^gJ^a)zA 

r-o v-o "=0 

=so,(z, log z !»,_i(z, <7)4- .. . +(log z)*i»i(z, a), 

where w^{z^ o*) is written for 

J7-0 

Consider the index po of the first sub-set. In this case ^j,(po) =Cy/(po) 
is finite or zero for all values of v and ^o(/>o)4=^* Thus there arises the sub-set 
of i solutions 

Wq==^Wq{z, pq), 

Wi=Wq(z, Po) log z+wi{z, Po), 

W 2 =Wo(z, Po) (log z)^+2wi{z, Po) log Z+W 2 {^, Po), 


1F^_i===Z£Jo( 2^, Po)(logz)"~i-f(i-~-l)zoi(z, po)(logs)^-2_[^ . . . -i-Wi^iiz, Po)^ 

The presence of the term Wq(z, pq) (log z)^-'^ in shows that the i solutions 
are linearly distinct. 

Next consider the index p^ of the second sub-set. Here gvipd is zero to 
the order i when v=0, 1 , 2, . . po— p~l, and finite or zero when v>po— pi- 
Hence 



= 0, 

<r=Pi 


when 5=0, 1, 2, . . ., i— 1. The leading significant term in W{z, cr) is there- 
fore of degree cr-f po— pi in z, that is to say of degree pi when a=pi. 

The solutions corresponding to the sub-set of index i have been com- 
pletely enumerated ; they are IFq, Wi, . , Since the solution 


is free from logarithmic terms, it is a constant multiple of IFq? general, 

when 5<i— 1, 


2 


20- 


v^Po-Pi 


=pi 


is a linear combination of the solutions PFp, Wi, 
There remain thej— i solutions 








where s=% i+1, . . These solutions form the sub-set 

Pi)(logJs)^+^K?i{2, Pi)(logz)"-i+ . . . +Wi{z, Pi), 


/3i)(logzy-i+0‘-lK(z, Pi)(logz>'-2+ . . . +zo^-_i(z, pj), 
in which w^{z^ Pi), when r<^— 1, is a linear combination of Wo{z, p©), Wj_(z, po), 
. . Po). The term Wi{z, pi) is not identically zero for 

^So(or)] =j=0. 

J<r=»pi 

The remaining members of the sub-set of index i involve pi) multiplied 

2 B 



402 


ORDINARY DIFFERENTIAL EQUATIONS 


by a logarithmic factor, thus involves the term ^ 0 ^( 2 , pi)(log 25 )*'. 

The members of the sub-set are therefore iineairly independent of one another ; 
it will be proved in the next section that they are also linearly independent 
of the members of the first sub-set. 

In the same way it may be proved that the sub-set of index j furnishes 
h—j solutions which are given by 




=pf 


where 5=j, y-j-l, . . and so on until the complete set of indices 

Pof Pis • • •» Pa~i been exhausted. 

Similarly the set of indices 

pa» Po4-l> • • -J p|3-l 

is divided into sub-sets of equal indices and dealt with in the same w’^ay. 
Thus finally an aggregate of n solutions of the equation is obtained ; it 
remains to prove that they form a fundamental system. 


16-31. Proof of the Linear Independence of the Solutions. — Consider the 
solutions which correspond to a particular set of indices, for example the set 
Po, pi, . . Pa-iJ and suppose that these solutions are connected by the 
linear relation 

AoW^+AiW^+ . . . +Aa-.xWa^l^0. 

Arrange the left-hand member in descending powers of log s, then the aggre- 
gate of terms which are of the highest degree k in log z must vanish identically, 
thus 

ArW^-\- . . . +AgWg=0. 

But each of Wr, . • Wg proceeds from a distinct sub-set ; they therefore 
correspond to different indices. The coefficient of the term of highest index 
must therefore vanish, likewise the coefficient of the term of second highest 
index and so on. Thus finally 

... =:^^ = 0 . 

The expression A^Wq-\-AxW is now of degree 
h—1 in log Zy the aggregate of terms involving (log are now equated 
to zero ; each coefficient which enters into these terms is then proved to he 
zero. The process is continued until finally it is proved that 

Aq=Ax=^ ... =Aa—i—0, 

The solutions of any particular set are therefore linearly independent of 
one another. 

Now consider the aggregate of the solutions 

and suppose that a linear relationship of the form 

• • • 'i-A^lV^==0 

exists. The aggregate of the terms of highest degree k in log z must vamsh 
identically thus 

where the terms bracketed together are of the same set. Let the multi- 
pliers of these sets, corresponding to a circuit of the point z around the origin, 
be 9^, .... Then after A circuits 

hHArWr+ . . . +A,W,)+d^HAtWt+ . . . +AuW»)+ . . .= 0 . 
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Since 0i=j=^2=|= . . these equations, for A=0, 1, 2, . . are inconsistent 
unless 

AiWi-jr • • - 'hAjJVfj^=0, . . - 

which has been proved impossible unless 

A^^=^ ... ^^^Ag^=^Ai'= ... ====^ 4|^== . . • =0. 

Now deal with the terms of degree A:— 1 in log z; the coefficients they 
involve are likewise proved to be zero. The process is continued until 
finally it is proved that 

Ax=A2=^ . . . =A^==0. 

The n solutions are therefore linearly independent and form a fundamental 
system. 


16*32. Application to the Bessel Equation. — Take the Bessel equation in 
the form * 


, dw , , ^ 

^ (22— »2)ie=0. 


or symbolically, Lzo=0. Then if 

W(z, a)='%c^^'’, 

it is found that 

LW=Co(a^^n^)z-, 

provided that 

ci{(a+l)2-n2}=0, 

2=0 

The roots of the indicial equation 


or2~w2=o 


(v>2). 


are ±n ; when n is not an integer the corresponding solutions are distinct. 
The solutions are, in fact, J^iz) and w'here 


W ( iy2:^-r2r 


The first exceptional case to consider is that in which n is zero, 
case Jn(^) and J- „(s) coincide in the one function 

J q{z) =1 ' 097 ^ 7 ^ : + 


In this 


22 . 42 . < 


Since a=0 is a double root of the indicial equation the second solution is 

+ (<7+2}2(^q^)2 - • • •]] 

= Joiz) log • (|)‘ V-W. 

where 


Now let n be a positive integer ; the solution 

is the one and only solution free from logarithms. The function has 

now no meaning, because the coefficients, on and after the coefficient of js2«, 


♦ This application is dne to Forsyth, Differential Equations^ Vol. 4, p. 101. 



404 


ORDINARY DIFFERENTIAL EQUATIONS 


become infinite through the occurrence of the factor (or+^n)^— in the 
denominator. Write 

^0 =C{(a+2w)2 )«C=E’n{(a +2r)^ -n% 


so that 

Sj==C{(a+2w)2 


• • - +(-!)” "n-1 


22n-2 


n {(cr+2r)2-n2} 


+i;z<f+2n[i 


2-n2> • • •] 


(c7-f2n-j-2)2— n2 ^{(ct+ 2«+2)2— n2}{(CT+2ra+4)2— n2} 

=:Ze]^+tD2 S^y* 

When cr==~~fi, becomes zero, and ZO 2 reduces to a multiple of The 

second solution is obtained from 

dw 


Let 

then 


lim 

er= — 71 vO* 


lim = Wi, lim = PF^ 

(r=^ — n a-^ — n 0(J 




(I). 




• —Ez’^ log zj^l 


The term 


22(n+l) "^2^2 ! («+l)(«+2) 

.lEzn y ^-iy-^nn+1) 
^tonr+imn+r+l) 


-...] 




2 r 


(-ir^(w)r(«+i) 'fzY^ 


,?o r{r+l)r{n+r+l) V2 


)\2^ ’ 


which occurs in PF 2 , is a constant multiple of J„(2) and can be discarded 
altogether. Let 




2«“ir(n) 


so that 


E= 


2^-^r{n+iy 

then that part of the solution z€=Wi'i-W 2 which remains is 

(— ir rm \ rVzV’’'” 

J ^ -,{2 log z-rf,{r)-rP(n+r)}[-} ^^^T(r+m) 




l)r(w+r4-lr 

and this may be taken as the second solution of the Bessel equation. It 
differs only by a constant multiple of J„(2) from Hankel’s function * F„()s). 


16*S3* (bnditions that all Solatfons relative to a particular Index may be free 
from Lc^aritbms. — The first solution corresponding to a set of indices, such 
as the solution Wq of § 16*3, is free from logarithms ; the subsequent solutions 
of the first sub-set certahaly involves logarithmic terms. In general the 
leading solution of the second sub-set, the solution Wi, for instance, also 
involy^ logarithms, but in particular cases may:„ not do so, whereas the 
remaining solutions of the second sub-set must involve logarithms. It is 

* Whittaker and Watson, Modern | lT-61 ; Watson, Bessel Functions, § 3*52. 
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likewise true that for every sub-set after the first, the only solution which 
may not involve logarithms is the leading solution of that sub-set. 

Consider any set of indices 

Po? Ply P2y • > -y Pti9 • • • 

so arranged that 

Pk—Pi^ 

is SL positive integer for A set of conditions which are necessary and 

sufficient for the absence of logarithmic terms from every solution 
corresponding to the index pfj, will now be investigated.* 

In the first place, must be a simple root of the indicial equation, for 
a multiple root always introduces logarithmic terms. Moreover, since every 
index whose suffix k is less than jjl exceeds p^ by a positive integer, any 
solution of the form 

where bi, . . are arbitrary constants, is a solution of index Conse- 
quently the solutions Wq, JFi, ^ lF^_imust be free from logarithms. It 
is therefore necessary that the indices pi, p 2 , , . pp. should be distinct. 
Now 




J 




^ v = 0 -JJo ~PfJL 


^v=0 v=0 

In order therefore that IFja may be free from logarithms it is necessary and 
sufficient that 


I d(f 


-] 

Jo 


=0 


-Pfi 


for ^==0, 1, 2, . . fji — 1 and for all values of v. 

contain the factor (u— p/x)^ for all values of v. 

But 


gi'M 


=(-!)•' 


JW 


Consequently gy{a) must 




go{a) /o(<^+l)/o(<^+2) . . . /o(o-+i') 

and since goior) =CQf{a), goia) contains the factor A necessary and 

sufficient condition is therefore that Hv{pp) should be finite or zero for all 
values of v. Now the recurrence relations for gy{a) and therefore those for 
Mv{o) are the same as those for Cy, namely, 

1)+ . . . +-£fo W/vW 

where jEro(o‘)=l. If therefore J?i(p;t), H 2 {pii), • ‘ Ry-iipp) finite, Hv(p;x) 
will be finite unless v is such that pft+v is a root of the indicial equation 

jf*Q(o-)=0, 

which occurs when v assumes one or other of the increasing positive integers 

Pfi—l PyL—2 PjLt» * * •» Po P/i* 

When v—pyu-x—pii, the factor /o(a+i^) in the denominator of Hv{cr) has a 
simple zero a==p^i and no other factor vanishes. Consequently it is necessary 
that 

F,(p;x}-0, 

when v=p^_i— p^, and sufficient that Fy{<T) should vanish to the first order 
when u=pfx. 


* Frobenius, toe. ciU, p. 224. 
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When v=Pij,-2'^Pft9 factors in the denominator of Hy{cT) have simple 
zeros for namely 

fo{o+v~p^-2-rP^-i) and Mcr+v). 

It is therefore necessary and sufficient that for this particular value of v 
Fp(a) should vanish to the second order when G=^Pfx, or 

Fy{ptJi)=0, =0 V=Pii-2-Pf,‘ 

When P/i three factors in the denominator of R'j,(or) have simple 

zeros for o=pix, namely, 

/o(cr+»'— P/x“ 3 +P/x-i)j /o(^+*'~“P/i- 3 +P/Lt~ 2 )j 2 .nd foia+v)^ 

and therefore for this value of v, Fy(a) must vanish to the. third order when 
cy=pfji. Therefore it is necessary and sufficient that 



where p-p^^s—Pfi- 

In the same way, wnen p^, r factors in the denominator of 

Hp{a) have simple zeros for a—pn, and therefore Fj,(cr) must vanish to order 
r when a^pi^- The last condition is that, when v=po"'PAfc> Fy(o-) must vanish 
to order p for a=pfi. 

But it has been assumed that the solutions relative to pj, p2, . . pp,-x 
are free from logarithms. The number of conditions to be satisfied is 
respectively 1 , 2 , . . ,, p—l which together with the p, conditions relating 
parfcicidarly to pfi itself make up an aggregate of Jp(p+ 1 ) conditions which 
are necessary and sufficient for all solutions relative to the index p^ to be 
free from logarithms. 

16*4. Real and Apparent Singnlarities. — The singularities of solutions of 
a linear differential equation are necessarily singularities of the equation, but 
the converse is not always true. In general when the point z==a satisfies 
the conditions for a regular singularity, some, if not all, of the solutions 
involve negative or fractional powers of {z — a) and possibly also powers of 
log (z^a). In these cases the singularity is said to be real. But it may 
happen in special circumstances that every solution is analytic at z=a, in 
wMch case the singularity is said to be apparent. A set of conditions, 
sufficient to ensure that the singularity is only apparent wiU now be derived.* 

Let the equation be written in the form 

dPw Pi(2) Pn-liz) dw PJjs) 

dz^ z~—a ’ ’ (z— a)”-i dz ‘ (z— a)” ’ 

wffiere Pi(z), . Fn{^) analytic at z=a. Let the point z—a be an 

apparent singularity, so that each solution of the fundamental set 

is an anai3rtic function of z—a in the neighbourhood of the singularity. 

Let 


II 



. . 






^2 




. . 



* Furiis, J./lfer Ma£h. 68 (1868), p. 378. 
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and let he the determinant derived from J by replacing 

. . respectively by Then 

PM) __ AAz) 

{z~ay A{z)^ 

but for at least one value of r, PM) not contain the factor {z—uY and 
therefore, for that value of r, Aj{a)IA{a) is infinite. But AM) anal37tic 
for z=a and therefore 

.d(a)— 0. 

Now 

1 dA (z) _ ^ PM) 

A{z) dz z—a 

PM) dG(z-a) 

z-a dz ’ 

where G{z—a\ is anal 3 rfcic near z^a and therefore 
A (z) 

where ^ is a constant. But A (z) is analytic at z=a and therefore PM) niust 
be a negative integer. 

The indicial equation relative to z=^a is 

Wn+[p]w-l-Fl(<^)+ * • • 'i~P^n-M)~hPn(^)=^‘ 

The roots of this equation must be positive integers, and must be unequal, 
for equal roots necessarily lead to logarithmic terms. The least root may 
of course be zero. The condition that the exponents are positive integers 
includes the condition that Pi(a) is a negative integer ; the latter may be ■ 
regarded as a preliminary test, when it is not satisfied the singularity is 
undoubtedly real. 

Finally, a set of conditions sufficient to ensure that no logarithmic terms 
appear must be imposed. Let the roots of the indicial equation, arranged 
in descending order of magnitude be po» Pi^ • - •? Pn-i* ^be sglution with 
the exponent pg certainly does not involve logarithms. One condition 
suffices to ensure that every solution with the exponent is free from 
logarithms, two further conditions are sufficient for the exponent p 2 , and so 
on until finally n—1 further conditions suffice for the exponent pn~i- Thus 
in all 

1+2+ . . . 

conditions suffice to ensure the absence of logarithmic terms from the general 
solution. 

The conditions that the exponents are positive integers or zero and that 
no logarithmic terms appear ensure that the singularity is apparent. 

16*401. An Example illustrating the Ck>nditions for an Apparent Singularity. 

— The equation 

+(4“/ds)u?=0 

OS 

contains two parameters A, #c. It will he shown that when certain relations exist 
between these parameters the singularity s=0 is only apparent.* 

Assuming, as in the general method, that 

yzszQ 

it is found that 

L(w) =Co(cr -"4)( cr — 1)2S 

* Forsyth, IMfferenHal Equations, Vol. 4, p. 119. Note that 4, a negative 

integer, and therefore the singularity may be apparent. 
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provided that the coefficients Cp satisfy the recurrence relations 
(u-fv— 4)(cr-fv— l)Cv={A(cr-l-i^— 1 . 

The exponents Po=^ Pi=l are positive integers ; corresponding to the greater 
exponent there is a solution analytic at s= 0 , namely where 

w=:s^{l-f7ii2-r7frS^-r • • ‘ 4*yv s*' + - - - } 

and 

_ 4X-^k 5X+k (v +3)A4-^ 

^''^’ 1.4 * 2.5 ■ ’ i/.(i/+3) 

The solution corresponding to the smaller exponent ^^=1 will; in general, 
involve logarithms. In order that it may be free from logarithms one condition 
must be imposed. Since pQ-—pi=S, the necessary and sufficient condition is that 
^ 3 ( 1 ) = 0 . Now 

/o(cr)==(cr--4)(o--l), 


F3((T)=/o(cr+l)/o(o' -t-2)/o(oH-3) ^ 

={A(cr -|'2 )-}-«^}{A(<t -|~1)H-k}{A<7 

and therefore the necessary and sufficient conditions reduce to 

(3Ad-K)(2AH-K)(A+/^)=0. 

Thus there are three possibilities : 

(i) /c==— A when the relevant solution is 

(ii) ic=- 2 A „ „ ,5 w==:z-riXz^, 

(iii) /c==:— 3A „ „ „ zo^s + As^-fiA^s^. 

In these cases, and these only, is the origin an apparent singularity. 


16*5. The Peano-Baker Method of Soiutioii. — The solution of a linear 
differential equation obtained in the form of an infinite series by the Frobenius 
or a similar method, is, from the practical point of view, quite satisfactory. 
But from the theoretical point of view it suffers from the disadvantage of 
being valid only within the circle of convergence which, in general, covers 
but an insignificant part of the plane of the independent variable. The 
method * which wdll now be expounded is of great theoretical interest in 
that it leads to an analytic expression for the general solution, which is 
valid almost throughout the whole plane. As an offset against this extended 
region of validity, it would appear that the convergence of the development 
is slow,f and that therefore the method is not adaptable to computation. 

Consider the system of n simultaneous linear equations 

~ =UijWx+tiizrvs+ . . . +Ui„w„ (i=l, 2, . . n), 

where the coefficients are functions of z. The point Zq will be supposed 
not to be a singular point of any of the coefficients. Consider the Mittag- 
Leffler star | bounded by non-intersecting straight lines drawn from every 
singular point of the coefficients to infinity. For definiteness these barriers 
may be taken to be the continuations of the radii vectores drawn from the 
point 2:0 to the singular points. It will be supposed that the coefficients Ui^ 
are anal3rtic throughout the star. 

Now the system of n linear equations may be represented symbohcally as 

dw 


* Peano, Ma£h, Ann, 32 (1888), p. 455 ; Baker, Froc, London Math. Soc, 34 (1902), 
p. 354 ; 35 (1902), p. 334 ; (2), 2 (1904), p. 293 (giving a historicsd summary) ; FhU, 
Tram. B. S, (A), 216 (1915), p. 155. See also Bdcher, Am, J. Math. 24 (1902), p. 311. 
t Blilne, Proc, Mdin, Math, Soe. 34 (1915), p. 41, 
t Mittag-Teffler, C. B. Acad, Sc, Paris, 128 (1889), p. 1212. 
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where u represents, not a single function of z, but the square matrix 



and w represents the aggregate 

The symbol Qu will be defined as representing the matrix obtained by 
integrating every element of the matrix u from ZqIoz along a path which 
does not encounter any of the barriers of the star. The symbol uQu denotes 
the matrix obtained by multiplying the matrix u into the integrated matrix 
Q{uQu) is written QuQu, and so on. 

Now form the series of matrices 

Q{u)=l+Qu+Qi[>Qu+QtiQuQu+ . . 

its sum is a matrix. It wiU be proved that the elements of the matrix jQ(u) 
converge absolutely and uniformly throughout any finite domain D contain- 
ing %) and lying wholly within the Mittag-Lefiler star. In the domain D the 
functions Ufj are bounded ; let Mij be such that 

I 1 <Mi^ 

for all points of D, and letM be such that 

Mij<M 

for all values of i and j. Let 
‘ ^0 

Wi/2)(s)=/* • • • +Uin{^)nnjf^^\z)}dz, 


the path of integration being a simple curve lying wholly within D. Let Zi 
be any particular point on the path (zq, z), Si the length of the path (zq, Zi) 
and s that of the whole path (zq, z). Then 

<SlMy 


I I MSi{Mii+Mi2-{- • • • -hMin)dSi 

^ 0 

< / sidsj^ — 

0 

and, in particular. 

Similarly, 




* The product of two square matrices w=(t^j) and D=(vij) of the same order n is 
formed according to the law and is in general distinct from ow. 

The sum of the two matrices u and v is the matrix (tciy-l-v^). 

The symbol 1, regarded as a matrix, represents 



0, 

. - 0\ 

(o. 

1, 

. • o\ 

'0, 

0 , 

.... if 
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and so on indefinitely. But Ui/^\z) is the (t, j)^ element of the matrix 
Ui/^>(z) that of the matrix QziQu, etc. Consequently the series 

l+sM + ^mm^ + J^n^sSMs+ . . . 

^ I €51 


is a dominant series for every element of the matrix £?(u), and therefore the 
elements of £3(u) are series which are absolutely and uniformly convergent 
throughout the domain D. Hence if 

z£;=(l -i-Qu+QuQu+ . . .Jzvq, 
where a’o denotes the aggregate of arbitrary initial values 
then, by term-by-term differentiation. 


dzv 

dz 


=u(l+Qu+QuQu-i- . . ,)wo 


and therefore 




W=Q(u)Wq 

is a solution of the system of linear equations which converges through- 
out any region l 3 dng wholly within the star, and which is such that 
(wi, zo„) reduces to {wi^, when z~Zq. 


16*51. Properties of Q[u). — Let be the typical element of Q{u) ; if 

w^Q{u)Wy 

where W denotes the aggregate 

(IFi, W., . . . Wn). 

then 

Wi=£2iiWi-^ . . . 

and 

rrr ! T17 | p 1 I 

When translated back into matrix symbolism, this result becomes 

dW 

=uQ{u)W +Q{u) 

=uw-{-Qiu)^. 

Now let be the matrix inverse to £2{u)> that is to say, the matrix 

which is such that 

Q- ^u)Q{u) =i3(u)i3~ ^u) =1 . 

It will now be proved that, if u and v are square matrices each of elements, 
Q(u -f u) ^Q(u)Q{Q~- '^{u)vQ{u)}, 
provided that the determinant of the matrix Q{u) is not zero. 

For consider the system of linear differential equations 

^=(u+v}w, 

and in it make the change of dependent variables 

zv=Q(u)W, 

or, what is the same thing, 

W=n-Hu}w. 
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and thus 


that is 


dw . f-.. .dW 

— =uw+Qiu)-^, 


(u -\-v)w =ww +i3(«) , 


Q{u)^ ==vw 


=v£3(u)W, 


=Q~ ‘^{u)vQ{u) W. 


Consequently 


w=Q{u)W 

—Q{u)Q{Q'^ '^{u)vQ{u)}wq, 

But on the other hand 

w=Q{u+v)wQy 

which, in view of the known uniqueness of the solutions of a system with 
given initial values, proves the theorem. 

It is not difficult to calculate the determinant A of Q{u) ; in fact 

J=exp[ (%i+W 22 + • • • +u^n)dz. 

For since Qij represents the typical element of Q{u)f the equations 

^Q{u) =uQ{u), 

when written out in full, are of the form 

Now ^ can be written as the sum of n determinants, each of which is 
dz 

obtained by differentiating all the elements of one particular column of A. 
By using the above expression for the derivative of it is easily seen that 

_ =(%l+t^22+ - • • +^7in)^> 

from which the result follows at once. 

In particular, if 

A is independent of 2 , and in fact A —1. 

16*S2. Conversion of a Linear Equation of Order n into a Linear System. 

— A linear differential equation of order n may be expressed as a system of 
n simultaneous equations of the first order in an infinity of ways. There is, 
however, one method which is particularly adapted to the matrix' notation, 
as follows : 

Let the given equation be written in the form 




^ 1^2 • • • <f>n 



412 


ORDINARY DIFFERENTIAL EQUATIONS 


and write 


then 


, dw j j d^w 

Wi , Z02 ^9192 . 


dze^ 4 i ^2 , a^s ^ —fhl 

dz 4 >i’ dz ij>x ^2’ Wi 4 ^ 2 ' ^~‘ 4 >s’ 


dw^ 

dz 


dz 

. Pn 


Z0_ 




'"r-l 9n 9n 9n 


Thus 


4 >: 


if i?5„= V - 4 ^ , the equation is equivalent to the system- 
. rSl ‘rr 

dw 


where u represents the matrix 


^=uzv. 


0 , 

1 

^ 1 ’ 

0 , 

0 , . 

. 0 , 

0 

0 , 

Hi, 

1 

fz 

0 , . 

. 0 , 

0 

0 , 

0 , 

Hz, 

1 

4z • 

. 0 , 

0 

0 , 

0 , 

0 , 

0 , . 


1 

4>n-l 

,4>n 

Hi 

4n’ 

Pz 

4n’ 

Pz 

4n’ ■ 

Pn~2 

■ ■’ 4. ’ 

9n 


The following cases are those of greatest interest : 

(a) The functions P and (j> are polynomials, and no one of the functions 
<f> has a multiple factor. The Knear system then has the form 

dw 


dz \ sZ—^aJ 


where F is a matrix each of whose elements is a polynomial in s, z—a^ is a 
factor of one or more of the functions ^ and is a matrix of constants. 

For example, 

(2 : + 1 —{(^2 +^2)2^ — {(«! +h{)z -\-a-^zw' —{[a 4 -h)s 5 

leads to the equivalent sj^stem 


dw 
ds ^ 


f/O, 1, 


.1 /°’ 

0, 


1 ] 

i|o, 1, 

1 

1- +(o. 

Oi 

0 

\ ^ 

( 'a, a-i. 



K 

62^ 

|z+l 


w. 


m 


(b) The functions P and <j> are as above, and ^^=^2 = 

For example, 

■z{z-l) ^ 22 (z-1)2 

leads to 

® 1 ^-J-L 

dz l\C, q )'^\-E, 1-B/z "^VC+jD+P, A+B+lh—lS 


4 n= 4 >- 
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(c) The functions P are polynomials, • • • =^n-i=I and 

is a polynomial without multiple roots. The functions H are then all zero. 
Thus 

leads to 

dw 
dz 

(d) The functions P are analytic functions of z, and each of the functions 
^ is either unity or where a is not a singular point of the functions P. 
For instance let the equation be 

^(n) 1 1) « Pn-2+gQ« - 2 ^(n-2) i 

where j :?05 Pi^ * • Pn-i are constants, and Qq, Qn-i are functions 

developable about the origin in positive integral powers of z. The equivalent 
system is 


l\fi, 




where 


0 , 

0 , . 

. 0 X 

A=I0, 

1 , 0 , 

0 , 

0 , 

0 , . 

. 0 

\ 10, 

1 , 1 . 

0 , 




/ 1 0 > 

0 , 2 , 

1 , 

.Qo> 

Qi, ■ 

• -S Qn-l/ 

V 

Pi, Pi, 

Pz, 


0 

0 

0 

p«-i+n- 


V- 


16*53. Particular Examples. — In the first place, consider the single 
equation of the first order 

dw 

— =uw^ 
dz 

In this case it may easily be verified that 

QmQm = i (Qm)2, quQuQu = ~ (Qm)3, 

and so on. Thus the solution is 

w=Wq exp Qu, 

which is identical with the solution obtained by elementary methods. 

Now consider the linear equation of the second order 


dz^ 


= vw ; 


this equation is equivalent to the system 

/dw dw'\__/0, IV 
\d 2 ’ dz) \v, 0^“’’”'^’ 

where w' It may be verified that, if the initial value of is taken 

to be zero, 

S)> o) 
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“"oO. 

and so on. Thus the general solution is 

W==WQJVi+ZVo'fVi, 

where JV^ and W2 are given by the series 

Wi=l-i-Q^v+Q^vQ^v+Q^vQ^vQ^v+ . . 
W 2 =z+Q^vz-i-Q^vQ 2 vz+Q^vQ^vQ^v:s+ . . 

and (z£Jo» ^b') values of (w, w') when z== 0 . It will be observed that 

Q^v, Q^vz, Q^vQ^v, Q^vQ^vz vanish to orders 2 , 8 , 4 , 5 when z== 0 . 

As a particular instanccj consider the Bessel equation 

dts) 

Write 

z=4cci^, 

where c is arbitrary ; then the equation becomes 

dh) 

— = (m—cet)w. 

In this case, 

R’'i==l+|’»^ — 0(6*— l-«)|+|n»“h +’”c[4+2«+^ + |-j — e‘(4-2i+4f2)j 

+c=“[-f-4<+e*(l-0+ie«]]+ . . 

TF,=J+^m~ — c[(t-2)e*+«+2]| 

+iMs“~ + mc\—8—4i—t^— ^ + c/s— 4i— i*— 








L 51 L 

31 \ 

3 / J 


+c"[|+ii+«e*+i(/-8)e«]j+ . . .. 


These series are convergent for all values of t ; when rearranged in powers of 
they agree with the expressions for the solutions obtained by direct c^culation of 
the coefficients. 


Lastly, consider the linear system 

^^Ao’i-AiZ+ . . . +A^zf^+ C^(2— 

and suppose that a new variable s can be found so that log (z—Cr) is a uniform 
analytic function of s, for a certain range of values of s and for r=l, 2 , 
... O'. Then every solution of the linear system is a one- valued function 
of 5 . 

Let 

log iz-Cr)==-lffr{S% 

SO that 

32 = 0 ^ +exp tft^is) 

=W{s), say. 

Thus the system is 

drjD C ^ i 

^==lW'(s)lAo+A^W+ . . . +A^^i^]+ C4As)\w 


= uw» 
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The terms 


Q« = f uds, QuQu= f tidsf vds, . . 

J Sq J J 


are all uniform analytic functions of s ; the solution 

w=Q{u)wq={1-{-Qu-\-QuQu+ . . .)^o 
is also analytic in the neighbourhood of s. 

For instance^ the Bessel equation may be written as the system 

£-[-<?: "o)+K“.; J)]- 

its solution is expressible as a one- valued function of the new variable «=log 
The scope of the matrix method is very wide, but its successful application 
demands a knowledge of theorems in the calculus of matrices which cannot 
be given here. There is, however, a simple application of some theoretical 
importance which will be outlined in the following section. 

16-54. Application to an Equation with Periodic Coefficients, — Consider 
the equation 

^ + {n^+'P)zo=0, 

where n is an integer, and V a periodic function of z. 

Write 


then 


X = —imoj, Y == ^ + inw), 


^ ^ ei^{Xe-^^ - Ye<^), 

CLZ Mib 

AY iW 

dz 2n ^ ’ 






rn \ 

\)ix, Y). 


If T=^2iZy the system can be written 

1 ’ 

In particular, let w=l, lP‘=4a cos hz+^h cos hz, then 
^{X, F)=(ap+6g){Z, F). 
where p, q denote the matrices 


(X, Y)=Q{ap+lq){Xo, Fo), 


The solution 
where 

is absolutely and uniformly convergent for all values of 


[For further developments of this application of the method, and in particular 
for a discussion of the stability of solutions of the linear differential equation of 
the second order with periodic coefficients, the reader is referred to Baker’s PM. 
Tram, memok already quoted.] 
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Miscellaneous Examples. 

1. Solve in series of ascending powers of z 

dPw dw 

dhx) diw 
(ii) (2z4*2®)-^ —’7’ 
dz^ dz 

^ dho dm 

2. Find the complete solution of the hypergeometric equation 

dho dw 

2(1-2) ^ +{y-(a+/S+l)2}- -a;to=0 


(i) when y=l ; 


(ii) when y is a negative integer. 


8. Show that the equation 

^ d*w d^ dw 

f(p+o‘+‘r 4-3)2!®-^ 4-(14-p4-cr-f‘7'4“/wy4'0’r+Tp)2-^ —(2 — par)— --*aaJ=0 


' ' ' dz^ 

is satisfied by the function 

jFaCa ; p, cr, r ; 2)=! -f 


a(a4-l) _ 

-2-1 ' -284. . . . 

par 2 1 p(p4'l)cr(cr4-l)T(r4-l) 

and find the remaining solutions relative to the singularity 2 = 0 . 

When a—T,iFs(a; p; a, r ; 2 ) reduces to oFg(p, o- ; 2 ); prove that this function 
satisfies the equation 

^dhc ^ ^ d^ . dw 

+ (p + V+l)^--^ 4* P^~ —20=0. 


(is* ‘ vr . - . dz 

Establish the relationship between the two equations. 


[Pochhammer.] 


4. Show that every solution of the following equations, relative to the singularity at 
the origm is free from logarithms : 

d^a? dw 2 

(i) } a?=0, 

^ ^ d 2 * ^ d 2 2 * 


d* 2 o ( dw 1 

'ii) z(2-z*)— — (2*— 4 z+ 2)<(1-~2)— 4-aj|=0. 


5. Prove that the origin is an apparent singularity of the equation 
dhi) dw 



CHAPTER XVII 

EQUATIONS WITH IRREGULAE SINGULAE POINTS 


17’1. The Possible Existence of Regular Solutions. — The theorems which were 
established in the two preceding chapters show that, when the point sq is a 
regular singularity, the functional nature of the fundamental set of solutions 
appropriate to Zq is known. Moreover, each solution of the set can be 
developed in series of ascending powers of z—Zq, whose coefficients are deter- 
mined in succession by a system of recurrence-relations. 

Let it now be supposed that, in the neighbourhood of Zq, every coefficient of 




+^ 2 ( 2 ) 


dz”-^ 




is analytic, but that one at least of the coefficients pj.{z) has a pole at Zq of 
order exceeding the suffix r. Then since the condition for a regular singu- 
larity is violated, not all of the n solutions appropriate to the point Zq will be 
regular. The problem which now arises is whether any of these solutions can 
be regular, and if so to obtain analytic expressions for them.* 

Let © 1 , ® 2 , . . ., be the orders of the poles which pi, p^, . . ., 
respectively have at Zq. and consider the numbers 


®i+w— 1, . . ., ®„_i-fl, ®„, 

of which, by hypothesis, at feast one exceeds n. Let be the greatest of 
these numbers, excluding ®„, and suppose that the equation has a regular 
solution 

te)(z)=(z-ZoM2-2o), 

where i^(0)=f=0, then by substituting this solution in the equation 



+i5i(2) 




+ 



it will be seen that pj^z) will have a pole at zq of order not exceeding g„-i. 
Thus a necessary condition for the existence of a regular solution is that 
^n<in~V 


A necessary Condition for the Existence 0 ! n~r Regular Solutions. 

— The previous theorem will now be generalised. Let gj. be the greatest 
of the r numbers 

®2-)-ra— 2, . . ., ®r-f«— r; 

then if there are n—t regular solutions, the remaining numbers 

^r+i+’i— L - • •, ©„ 

will all be less than g,. A proof by induction will be adopted ; let the theorem 
be supposed to be true when the order of the equation is n— 1, it will then be 
proved true when the order of the equation is n. 

* Thomd, J.far Math. 74 (1872), p. 193 ; 7S (1873), p. 265 ; 76 (1878), p. 273. 

417 2 E 



418 


ORDINARY DIFFERENTIAL EQUATIONS 


Let the equation be subjected to the transformation 

w=Wi(z)fvdz, 


where 


7L'i{z)=(z~-ZQ)P<f>(z—ZQ) 

is a regular solution of (A), then v will satisfy an equation of the form 
(B) • • • +Sn-ziz)p^+gn-ii^)v=o, 


and, on the supposition that (A) has n—r regular solutions, (B) will have 
n — r — 1 regular solutions. Let 


CTi, <79, • • •, CTn—l 

be the order of the pole at in g^, qn - 1 respectively. 

Now qs{z) may be expressed explicitly as follows : 

and therefore 

{^=1. 2, . . .. r). 

Thus each of the numbers 

<Ti+(n-- 1)— 1, o-2+(n— 1)— 2, . . <T^+(?^— I)— r. 

is at most equal to g,.— 1. 

The assumption made is that when equation (B) has n—r—1 regular 
solutions, the remaining numbers 

<T,.4.i-f{n— 1)— r— 1, . . 

are also at most equal to g,.—!. Then, referring back to the expression for 
g,, it will be seen in succession that 

tZJr + 1 Is • • "s Is 

and consequently that each of the numbers 
rn^^-^+n—r—1, . . 

is at most equal to g^. It then follows, as in the last section, that is also 
at most equal to g,.. 

Now the theorem is true in the case of an equation of order r+1 which 
has one solution regular Zq; it is therefore true for an equation of order 
r+2 having two regular solutions, and therefore, finally, for an equation of 
order 7i having n—r solutions regular at Zq. 

From this theorem a very important corollary can be deduced, as 
follows. Let g be the greatest of the numbers 

m2+n—2, . . 

and let r be the least integer for which 

Wr+n—r=g, 

then the equatian will have at most n—r distinct solutions regular at Zq, For 
if it had a greater number, n—s, of independent solutions, regular at Zq, 
then, since ^<;r, each of the s numbers 

ajg+n—s 

is at most equal to a number itself less than g. But as there are now 
supposed to be n—s regular solutions, each of the remaining numbers 

^ I> • • *> 

is at most equal to A. In particular 

m^+n—T<,h<g, 

contrary to hypothesis. The theorem is therefore true. 
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The number r is known as the Class * of the singular point %. When 
all the solutions appropriate to Zq are regular, each of the numbers 

mo+n, wi+n~-l, . . 

{mo=0) is less than or equal to n. In this case, therefore, r is zero. 

When r>l, the number of distinct solutions regular at Zq has been proved 
at most equal to n—r, but may fall short of this upper bound. 


Thus, in the equation 




dw 


s® — , +a — +bw= 0 . 


dz^ 


dz 


where a and b are constants ai^d, considering the singularity 

at the origin. 


Consequently 


vj^’rn—2=2» 

r=l. 


and therefore there is at most one solution, regular at the origin. It is easily seen 
that if this regular solution exists, its development is 


'w^Ao~{-AiZ+A^--h . . . +A^s:^-h . - 

where 

(m -4- 1 )aA^ + 1 -h - 1 ) }A^ =0. 

But lim ! A^j^^jA^ | — oo , and therefore the series does not converge for any value of 
z except 2=0. Thus in this case no solution, regular at the origin, exists. 


17’2. The ludicial Equation. — For simplicity, let the singular point Zq 
be the origin. In place of (A) consider the equivalent equation 

jLi(z£j)=0, 

where Li Now may be written in the form 

. . . +2Q„-i(s)jD-4-Q„(2), 

where 

Qy{z)=z3-^-^^p^(z) 2, . . n). 

The functions Q are analytic in the neighbourhood of the origin ; from 
the definitions of g and r it follows that, when z =0 is not a regular singularity, 

Qo(0)=Qi(0)= . . . =Q^_ 3 ^( 0 )= 0 , 

Qr(0)=H>. 

and the remaining coefficients Q are finite or zero at the origin. 

Let it be assumed that there exists a solution regular at the origin, say 

«)=2^{1+G(2)}, 

then the coefficient of the term in zP proceeding from 
will be 

Qv(^)[p]n— v 

and wiU vanish when p<^r but not when v=r. Since is the lowest power 
of z which occurs in L^iw). o must satisfy the indicial equation 

Qr(0Mn-r+ ... = 0 , 

where the omitted terms are of lower degree in p than the term written. 
The degree of the indicial equation is therefore r, which confirms the 

♦ The accepted term is Characi&nstic Index^ but the terms “ characteristic ” and 
** index ” are already sufficiently overworked. The excess of the number »— r over the 
actual number of regular solutions could conveniently be called the Deficiencif. 
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theorem already proved, that there cannot be more than n—r distinct regular 
solutions. 

In particular, when n =/• the indicial equation becomes 

Thus when the left-hand member of the indicial equation is independent 
of p there can be no regular solution. 

17*21* Redueibiiity of an Eauation which has Regular Solutions* — Let it 
be supposed that the equation (A) has k distinct solutions which are regular 
at the singular point s:==0. These solutions form a fundamental set for an 
equation of order h whose coefficients satisfy Fuchs’ conditions with respect 
to the origin. Let this equation be 

3/(«;)=0, 

where the coefficient of ixiM is unity, and write Mx=z^M^ Then 

where is a differential operator of order n—k formed as indicated in § 5*4. 
Since the coefficients of both Li and Mi are finite or zero at the origin, and 
are analytic in the neighbourhood of the origin, the same is true of the 
coefficients of Ri. Consequently the equation Xi(z£^)=0, and the equivalent 
equation =0, are reducible if one or more regular solutions exist. 

Now* the equation 

[3-Pl,l(zP)]j=0=O, 

which, from the definition of g, is not an identity, is the indicial equation 
of Li(tv)=0 or of L(£o)= 0 with respect to the singularity 2 = 0 . Let 

Li{zP)^f{z, p}zP=^Xf^ip)z^^P, 

Mi{zP)=g{z, p)zP='^gx(p)z>^+P, 

Ri^izP)~k{z, p)zP='^kxip)z>'-^P, 

where the summation begins, in each case, with A=0, then since 

/o(p)=0, gQ(p)=0 

are the indicial equations of L(uj)= 0 andM(«?)=0, neither /o(p) nor go(p) is 
identically zero. Now 

Li(sP) =JRiiHi(s/^) 

=^gA(p)-KiZ^+^ 

Thus 

!S/a(p)s^= ^gK(p)2V(«+p)z'‘+'‘ 

K y. 

and therefore 

A 

/a(p) = 2^k(p)^A-k(k+p), 

ic-=0 

a set of relations which determine, in turn, the pol 3 momials ^o(p)> 

^ 2 (p)» • • - 1^ particular 

/o(p) ==gb(p)^(pX 
which proves that ^(p) is not identically zero. 

When the polynomials hx{p) have been evaluated, Rx can be determined 
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explicitly, as follows : The degrees of the polynomials fx{p) have the upper 
bound n, which is attained ; those of gx(p) have the upper bound which is 
also attained. The upper bound of the degrees of hx(p) will therefore be 
n-'k, and will be attained. Let n—k=m, then since 

h{z, p)=X^!ip)z\ 
h(z^ p) is expressible in the form 

m—l 

^2, p)=;^p(/)— 1) . . . (p— m+r+l)w^_,(s)+Mt)(2X 

r=0 

where the coefficients u{z) are determined by the formula 

s\u^{z)^{A^h{z, p)]p=o, 

where 

Ahiz, p)=h{z, p+l)—h{z, p), 

A^h{z, p)=Ah(z, p+l)—Ah{z, p). 

Hence 

R^(zP)==h{z, p)zP 

and therefore Ri is the operator 

z^u^(z)D^+ . . - 

Now /o(p) is of degree n —r in p and go(p) degree k. Hence ^(p) is of 
degree n—r—k. Thus since hQ{p)=0 is the indicia! equation of Ei(?r)=0, 
the degree of this indicial equation is the number by which the degree of the 
indicial equation of L{w)—(^ exceeds the number of regular solutions. In 
particular, if Ri{w)^0 has no indicial equation, L(r£))=0 has precisely n—r 
regular solutions.* 

17-3. Proof of the general Non-Existence of Regular Solutions. — In § 17*11 

it was shown by an example that even ivhen the equation L{w)—0 possesses 
an indicial equation for the singularity ^—0, the corresponding formal develop- 
ment of the solution may diverge for all values of \z\. This phenomenon 
is in no way exceptional, in fact the exceptional case is for a regular solution 
to exist at all. 

Consider, as before, the modified equation 

Li{w)=0, 

then, if there exists a regular solution 

'w=zP(co+CiZ+e2Z^+ . . .), 
p will be determined by the indicial equation 

/o(p)=0. 

By equating to zero the coefficients of successive powers of z in 
il(OT)=2p|]^Cb/A(p)3^H-]gci/;v(p-Hiy+14.^C2/A(p+2)z^+2-!- . . 
the foUowing set of recurrence-relations is obtained : 

^i/o(p+I)4'^^o/i(p)~^? 

^'zfoip +2) +Ci/i(p +1) +Co/2(p) —^3 

^v/o(p+^)+<^v-i/i(p+^~'l)+ • • • +q)/v(p)=0, 

and these recurrence-relations determine Ci, . . ., Cy, . . . when Cq is given 
(cf. § 16*11). 

♦ Floquet, Ann, J&c, Norm, (2), 8 (1879), mppL p. 63. 
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Now the essential difference between the present case, and the case, 
treated in the preceding chapter, in which all solutions are regular at the 
origin, is that /o(p) is not of degree n but only of degree n— r in p. On the 
other hand, among the functions /j,(p) there are some whose degree is n ; the 
first of these is/^-^(p). 

If the process of evaluating the coefficients Cy terminates, so that the 
expression for a; contains only a finite number of terms, then the expression 
so found is a solution regular at the origin. In general, however, the series 
does not terminate ; in this case it will be shown to diverge. 

For certain values of A% for example h~g—n, 

lim : 

/o(p+i^) 

for the numerator is of degree w, and the denominator of lower degree, in v. 
Thus, in order that the recurrence-relation 

1) , , j Co/v(p) ^ 

^v/o(P+^) <^/o(P+^) Cv/o(p+l^) 

may be satisfied, it is necessary, in general, that 

lim . 

Cy 

the series therefore diverges. 

17’4. The Adjoint Equation. — When the indicial equation relative to an 
irregular singularity is of degree n — r, there cannot be more than n—r regular 
solutions. But since the number of regular solutions may fall short of the 
maximum, it is expedient to find a criterion for ascertaining whether or not 
the possible number of regular solutions is attained. This required criterion 
can be obtained by means of the adjoint equation.* 

Let Li be the differential operator adjoint to Li- In the Lagrange identity 

{§ 5 - 3 ) 

vLiiu)—uLx{v) = ^{P{u, v)), 

let u=zP, where p is arbitrary, but v an integer, then 

z-~P^^^iLi{zP)—zPLi{z-p-f'-'^) — ^^{P{zP, 

Now P{zPy is free from terms in zP ; from the assumption made 

concerning the coefficients of the operator L it follows that P has at the origin 
no singularity other than a pole. Consequently no term in can exist in 

z-p~^- ^L:i{zP) ~-zpLi{z-p- i) . 

As before, let 
and now let 

Li{zP)='^<f>x{p)z>^+p. 

_Tlie coefficient of z-^ in z-p-^-^Li(zp) is fj^p) and that of z-i in 
z Li{z~P~''~^) is <f)J^—p—v—l), hence 

Mp) —p—v—l) 

and similarly, 

4‘v(p)=fA—p—v—'^)- 

• Thorns, J. /«r. Maft. 75 (1873), p. 276'; Frobenius, ibid. 80 (1875), p. 820. 
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An immediate consequence is that the degrees of the two indicial equations 
/o(p)=^> relating to Li{u)=^0, and <f>Q{p)^0, relating to Li(v)==0, are equal* 
Let this degree be n—r, then the class r is the same for both equations. In 
particular if one of and L^{v)—0 has ail or no solutions regular at a 

singular point, the same is true of the other. 

It will now be supposed that Li{u)=0 actually has n—r solutions regular 
at the origin. Then 

where Mi(u)=0 is the equation satisfied by the n—r regidar solutions, and 

is an operator of order r. But if and Mi are the adjoint operators of Bi 

and Ml respectively, 

Li =3£iRi» 

Now the indicial equations, relative to the origin, of both Li and Mi are of 
degree w— r. Consequently the equation lSi{u)=0 has no indicial equation. 
If, therefore, the equatio]^L(z;) =0 has n—r regular solutions, it is necessary 
that the adjoint equation L(u)=0 should be satisfied by ah the solutions of an 
equation R(u) =0, of order r, which has no indicial equation. 

But this condition is also sufficient, for when it is satisfied the equation 
Bi(u)=0, adjoint to Bi(v)==(y, has also no indicial equation. Consequently 
the order of the equation Mi(w)=0 is equal to the degree of its indicial equa- 
tion relative to the singularity considered, and all the solutions of Mi(w)=0 
are regular at the origin. The equation Li(u) =0 therefore has n — r solutions 
regular at the origin. 

Thtis a necessary and sufficient condition that an equation of order n should 
have n — r solutions regular at a singular point at which the indicial equation 
is of degreen— r^ is that the adjoint equation should he satisfied hy all the solutions 
of an equation of order r, which has no indicial equation at the singular pdint 
in question. 

When regular solutions exist, exphcit expressions for them may be 
obtained by solving the set of recurrence-relations given in § 17*3. Any cases 
in which roots of the indicial equation are repeated, or differ from one another 
by integers, can be treated by applying the general method of § 16*8. 


17'5. Normal Solutions. — The next problem which arises is that of obtain- 
ing, if possible, developments to represent those solutions which are not 
regular at a singular point. The case of an equation of the first order for 
which the origin is an irregular singular point wiE serve as an introduction 
to the more general case. Consider, then, the equation 


in which 






mai 


{m—l)a2 

^-1 






where <j>{z) is analytic in the neighbourhood of the origin, and qS(0)==0. 
The general solution is 

w=AeQ(^hP0(z), 

where A is an arbitrary constant. 




% 


^2 , 
^1 + 


1 I 


0{z) = exp 



dz. 


and 
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If tiie solution is WTitten as 

then t’(s) is the solution (regular at the origin) of the equation 

The essential singularity of the solution is thus due to the presence of the 
factor which is known as the determinmg factor of the solution. "Vi^en 
a solution of this form exists it is known as a normal solution* ; the number 
p is the exponent. 


17-5L Equations in which the Point at Infinity is an Irregular Singularity. — 
— In equations arising out of physical problems, when a point is an irregular 
singularity, that point is almost invariably the point at infinity. It is 
therefore expedient to suppose that any particular singular point, say Zq, 
has been transferred to infinity by the substitution 


Z—Zq 

No loss in generality, and an appreciable gain in ease of manipulation results 
from this transformation. 

Consider, then, the equation 


d^w , , , 

+ . . . 


, dw 


^ +p„(z)w==0, 


in which the coefficients are developable in series of descending integral powers, 
of z, thus 

Py{z)=z^^{a„^+a^^z''^+ay^z-^+ . . .). 

If, as is supposed, the point at infinity is an irregular singular point, 
Ky^l—v for at least one value of v. Suppose that 

Kp+vCK^+r when v<r, 
when v'>r, 


then the degree of the indicial equation relative to the point at infinity will 
be n — r, and r will be the class of the singularity. 

It will now be shown that a necessary condition for the existence of a 
normal solution is that Ky^O for at least one value of v. When a solution, 
normal at infinity, exists, it is of the form. 


w—e^^^^u{z), 

where Q(z) is a determinate polynomial in z and u(z) is of the form 

2 -_|_ ^ ^ 


Let 



dz”* ■ ” 

so that 

fo=i, fi=Q' 

and, in general. 


If Q(z) is a polynomial of degree s, then at infinity 




* Thom^, J.f^r Math. 95 (188S), p. 75. 



EQUATIONS WITH - IRREGULAR SINGLTLAR POINTS 425 
Let the equation satisfied by u{z) be 

+ • • • +g'„(z)w=0, 

then it may be verified that 
and in particular 

Q'n==i5n"r^lPn-l+3^2P»“2+ • • • 

Now if a normal solution exists, it will be possible to determine Q so that 
the equation in u has at least one solution regular at infinity. This con- 
dition limits the degree of the dominant term in The degrees of the 
dominant terms of the components of are, in order 

Ky, Ky^^^S—1, Ky^^+2S~2, . . — 1 ) 

and therefore, w'hen the polynomial Q is of degree s, but otherwise arbitrary, 
the degree of the leading term in q^ exceeds that of the leading term in i 
by at least s*—!. In general, therefore, the dominant term in will not be 
less than the dominant term of any other coefficient The equation in 
u will therefore have no indicial equation, and consequently no regular 
solution, at infinity. 

Thus when a normal solution exists, it must be possible, by a proper 
choice of the degree of Q{z) and of its coefficients, to make the degree of the 
dominant term in q^ at least one unit lower than the degree of the dominant 
term in in which case only can the equation in u have a solution regular 
at infinity. In order that this may be possible, it is necessary that no one of 
the numbers 

K^, — 1, ^„_2+2(5— 1), . . 1) 

should exceed all the rest, that is, of the numbers/ 

n(5— 1), 1)(^— 1), 0 

the two greatest should be equal. Let g be the greatest of the numbers 

K^, iK,_, iK,, . . 

then it is necessary that 

Ky—v(s—l)>0 

for some value of v, from which it follows that ^ 

g>s~l. 

But since the solution is normal, and not regular,* ^>1, and therefore 
g>0. It follows that for at least one value of p. 

For instance, the equation 

4-20=0 

has no solution, normal at infinity, because 2 = —1, and thereforeg= — J<;0. 

17*52, Calculation of the Determining Factor. — The degree, $, of the 
polynomial Q{z) is thus limited by the inequality 

When g is a positive integer or zero, it is clearly admissible to take ^=^+1, 
because, in that case, 

Ky=v{s~l) 

* Note also that, when the point at infinity is an irregular singularity, 
for at least one value of v, so that g^—I. 
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for at least one value of and for all other values of p 

1 ), 

and therefore, of the numbers 

Eft— — 1> Eft_ 2 + 2 (s 1), . . n(s 1), 
the number n(s -1) is equal to at least one other, and greater than the 
remaining, numbers of the set. 

Now the class has been defined as the number r such that 

Kp+p<Kr +r when v<r, 

Ey+v<E,.+r when v>r, 

and thus, when p^r, 

K^+{n —r)(s — 1 ) >Ky 4-(^ —-I ) 

>Ep+(w— v)(5— !)• 

Consequently the equality 

Kp + “■v)(5 —1 ) =n{s — 1 ), 
or 

Kp=v{s—l)^pg, 

which is certainly true for at least one value of v, namely r, can only hold 
when v<r, and therefore 

Kp<pg when p<r, 

Kv=^pg when v==r, 

Kydvg when v>>r. 

Let m be the least value of p for which Ky==pg> then 

^m+{^ —'rrh){s —1 ) =E,. +{n —r){s ~1) =ng, 

and 

Ky+{n—v){s—l)<,ng when v<m or v>r. 

The terms of highest order in g„(s) are therefore 
_ ln> In-'tnPmi • * •> 

But 

whereas 

and therefore the dominant expression in qn(z) is 

Q'^+P^Q'^~'^+ - . . +PrQ'^-^‘ 

Let 

“T - • * 

then since 

Py{z)=z^v{ayo+ayiZ~^+. . . ), 

the condition for the vanishing of the term of highest order in q^i^) is 
A/+a^/-^+ . . . +a,^=0. 

There are therefore at most r distinct values of the constant Ag, When 
a value of Ag has been obtained, the remaining c6nstants 
can be calculated in succession. Thus, when -^==g+l the determining factor 
can be determined in one or more ways. 

The assumption that 5=^+1 is necessary when g==0, but when g is a 
positive fraction, and in genea^ also when g is a positive integer, integral 
values of s less than g+1 will be admissible. To obtain the admissible 
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values of s, use is made of the Puiseux diagram * which is constructed as 
follows. The points whose Cartesian coordinates (x, y) are 

(0, r), (ijTi, r-l), . . {K,, 0), 

are plotted, and a vector line is drawn through the point (0, r) in the first 
quadrant and parallel to the a:-axis. This vector is rotated about (0, r) in 
the clock-wdse direction until it encounters one or more of the other points. 
It is then rotated in the same direction about that one of these poiMs which 
is most remote from (0, r) until it meets other points, and so on until it 
passes through the point 0). A polygonal line joining (0, r) to {K^, 0) 
is thus formed such that none of the points lie, in the ordinary sense, above 
or to the right of that line. 

Consider any one rectilinear segment of the line, and suppose, for instance, 
that it passes through the points 

{Ka, T—o), . . {Kr, r— r), 

and let it make the angle Q with the negative direction of the ^/-axis. If 
y—tBXi d, points on this segment satisfy the equation 

where C is constant, and therefore 

K(T-^fi{r—a)= . . . =/sr-.-r/x(r— r), 
and if {Ky, r—i/) is a point not on the segment 

Ka+lx{r—a)>Ky^lx{r—v), 

If, therefore, is a positive integer or zero, an admissible value of s will be 

- 1 - 1-5 

and there will be as many admissible values of s as there are distinct recti- 
linear segments in the polygonal line, for which /x is a positive integer or zero. 

When an admissible value of s has been obtained, the method of dermng 
the polynomial Q(s) proceeds on the same lines as before. The next step is 
to obtain the difierential equation in u, and to ascertain whether or not it 
has solutions regular at infinity, for it is only when u(z) is regular at infinity 
that a normal solution w{z) can be said to exist. The existence of the de- 
termining factor is not of itself sufficient for the existence of a normal 
solution ; the convergence of the series in u{z) is also necessary, and this, 
as has been seen, is exceptional. When, however, a normal solution exists, 
it is said to be of grade s, where s is the degree of the polynomial Q(s). The 
rank of an equation, relative to the singular point considered, is the number 
h where 

When h is an integer, h may be equal to 5, but in general 

h'>s. 

When the polynomial Q{z) has been determined, the next step is to 
obtain the indicial equation satisfied by p. 'When this equation has equal 
roots, or roots which differ from one another by integers, there may exist, 
in addition to a normal solution free from logarithmic terms, solutions of 
the form 

e^<^^hP{(f>o{z)+4>iiz)lQgz+ . . . (log 

in which the functions (f>{z) are analytic at infinity. 

17*53. Subnormal Solutions. — For any rectilinear segment of the Puiseux 
diagram, the inclination ju, is a rational fraction. In order to construct any 


* Ci, § 12 * 61 . 
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normal solutions which may exist, any zero or positive integral values of jj, 
may be selected ; non-integral values have to be discarded. These, however, 
are not altogether useless, for they may lead to solutions of a new type, 
known as subnormal solutions.* 

Let the rational fraction expressed in its lowest terms, be Ijk, and trans- 
form the equation by writing 

4 

Then the Puiseux diagram of the transformed equation wUl possess a recti- 
linear segment inclined at an angle d' to the negative direction of the ^/-axis, 
where 

tand'=Z. 

If I is Si positive integer, the transformed equation may possess a normal 
solution ; if it does, the determining factor QHX) will be a polynomial in £ 
of degree s, where 

Thus the original equation may possess a solution of normal type in the 
variable such a solution is said to be subnormaL Obviously, if one 
subnormal solution in exists, there will be k — 1 other subnormal solutions 
of the same type. These solutions are said to form an aggregate of sub- 
normal solutions. 


For example, the equation 
dhio 


^dw 

dz 


2 ~+ 2 — + 


u 

16z 


w^O 


has two subnormal solutions. Its general solution is 

w =Ae\^^{z~ i ■— z'-f } i -^z— t}, 

where A and B are arbitrary constants. 


When the determining factor Q(z^/*) is of degree s in z^/*, the subnormal 
solution is said to be of grade s/k ; in this case 

h—g+l>y 

Thus -when a normal or subnormal solution exists, its grade does not exceed 
the rank of the equation. 


17*54, Rank of the Equation satisfied by a given Pondamental Set of 
Normal and Subnormal Functions, — Let 

Wi=d^iZPmi, W.2 = e^2ZP2U2,, . . Wn=e^nZPnUn 

be n functions of normal or subnormal type arranged so that, if their grades 
aie respectively 72 j • • - then 

r>Yi>Yz> • • - >Yn- 

Then the differential equation of ordeF~n satisfied by these functions will be 
of rank k not exceeding P, with respect to the singular point at infinity .f Let 


ZVi, 










be the WronsMan of the n given functions ; it is assumed that J is not 

♦ Fabiy, TMse (Faculty des Sciences, Paris, 1885). 

*** Poinoar^. Arta Math. 8 (1886), p. 305. 
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identically zero. Let be the determinant obtained from Zl by replacing 
]jy zVo^n-r) ] 3 y icJn) Then, if 

Pj. = ^ gr/Zl 5 

the differential equation satisfied by tX/q, ^vill be 

d^w d^~^w , , dw , 

The rank of this equation depends upon the order of the coefficients at 
infinity. Now from 

WyL 

it follows that 

where is analytic, and not zero, at infinity. A'ow 


Pr=- 


- • •> Ufj. 








. . .1 I . . ., . . . 1 

When the determinants are expanded according to the elements of the 
71— row (which is the only row in which the determinants differ), 
takes the form 

^ ^1, ♦ • • +i^n,n-~r^‘n^°'"' 

The functions Ui, . . U.n are analytic at infinity, and it will be supposed 
that the numbers a 1 , . . have been so chosen that U^, . . are not 

zero at infinity. 

If, therefore, 

Pr=Oi!f’-), 

Kj. will be the greatest of the numbers 

Kri— i)+“i— Ky™— 1). • • •. Kyn— !)+“«— 

which are in turn not less than 

r(yi — 1), . . r(y„-l), . . . r(y«-l), 

and of these the greatest is r(yi— 1). 

Thus, for aU values of r, 

and therefore 

^=5+1 * 

When all of the given functions are normal functions, they are uniform 
in z, and consequently the coefficients p^ are also uniform in Consider 
the case in which, among the functions Wi{z)y . . there occurs an 

aggregate of subnormal functions. Thus suppose, for definiteness, that 
’wj^z), . . (z) form an aggregate of subnormal solutions. Then if 

they may be written as 

wm, ■ - •. w,a), 

where Wj, W 2 , . . IFjj. are normal functions of But they may also be 
arranged in such an order that 

W,a)=Wi(wO, . . „ 

where a)^==l. 
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From tMs it follows that the effect of replacing by is to leave 
unaltered. That is to say, pr is uniform in z. The same is clearly also true 
when two or more aggregates of subnormal solutions are present. 

Consequently a of n functions which are normal or subnormal and of 
grade equal to or less than F satisfies a differential equation of order n and rank 
h not greater than P, with uniform coefficients, provided that when a subnormal 
function is present, the remaining members of the corresponding aggregate are 
likewise present. 

It follows from this theorem that when an equation L(!:o)=0, having 
uniform coefficients, possesses normal or subnormal solutions, it is reducible. 
For any number of the normal solutions, or of aggregates of the subnormal 
solutions will satisfy an equation 

M(n?)=0, 

with uniform coefficients. If this equation has, as may be supposed, no 
solutions other than those which satisfy L{w) =0, the latter equation can be 
written in the form 

i2M(zo)=0 

and is therefore reducible. 


17*6. Hamburger Equations. — No general set of explicit conditions is 
known which is sufficient to ensure that an equation of order n should admit 
of a normal solution. Only in one or two particular cases are explicit sets 
of conditions knotm ; of these cases the most important is that of an equation 
of order n which is such that 

(i) there are two and only two singular points, namely and a?=oo , 

(ii) the origin is a regular singularity, 

(iii) the point at infinity is an essentM singularity for every solution.* 
The equation may be written in the form 




dw 


where p^^ . . p^ are necessarily integral functions of z ; for simplicity 
it will be assumed that they are polynomi^s in z. 

Now since the origin is a regular singular point, there exists at least one 
solution of the form 

w^s^V{z), 

where V{z) is a power series convergent within any arbitrarily large circle 
\z\=R, and F(0)4=0. This solution can be obtained by the methods of 
Chapter XVI. - - 

A set of conditions wiU now be found sufficient to ensure that this solution 
is normal with respect to the singular point at infinity. Since any solution, 
normal at infinity is of the form 

w=eQ(^h^U{z), 

where Q(^} is the polynomial 


5 




and U{z) is analyric throughout any region which does not include the origin, 
and does not vanish at infinity, it follows that 

J=ao2*-i+aiS?-2+ -l-a,-i+o«-l+?77Cr, 

where, for large values of j U'fU=0{z-'^). But 

^=pz ^+V'ir, 


* Hamburger, J.f&t Math. 103 (1888), p. 238. 
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and therefore V'/V must be developable as a series of descending powers of 
s containing only a finite number of positive integral powers of z. In order 
that this may be possible it is necessary that V should have only a finite 
number of zeros within any circle | z | however large ; let V have k zeros 

apart from zeros at the essential singularity 2 ;=oo . Then, by Weierstrass’ 
theorem, 

V(z)=:P(z)e(^(z\ 

where P(; 2 ) is a polynomial in z of degree k and g{z) is an integral function 
of z. Hence 

U (z) =zP^^^'>P(z), 


and consequently g{z) on the one hand is a polynomial in z and U(z) on the 
other is a polynomial in z~^ ; also 

Now let 




where 


Pl=CX0+^1^2 ^ + 


/ \2 ^ d I w' \ 

‘ dz'" XV/ 


where 
In general 


=2:2^- 2Pi2 J^(S‘-l)z^-^Pi -f 2"- ip/ 

=22.-2P2, 

P2=t)2+.0{S“0. 






where 

Substitute for xv'/xv, w"lw, . . w^'^yw in the differential equation, then 
the resulting equation 

• • • +2®P„-iPi+jp„=0 

is an identity. Now the positive integer s has not been restricted ; let if 
be taken so large that each of the polynomials (/c=l, 2, . . n— if 

is at most of degree ns, and let 

KS 

Pk—'^O.k^vZ''. 

p=0 

Now the determining factor is 

Q{z) = / s®” '^v{z)dz, 

J 0 

and since 


is obtained by taking the first s terms of a root of the equation 

. . . +p«-i^t?+p«=0. 

In particular the equation which determines oq, the leading term in v, is 

^(oeq) =ao”+^i, 

it will be supposed that is a simple root of this equation. 
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17*61. Conditioiis lor a Normal Solution. — Let 

then if 10 is a normal solution, the equation satisfied by u will admit of at 
least one regular solution. Now 

Ak 

where is identical with in the terms in s-s-i-i. Conse- 

quently 

dz^ k\{v-k)\ ^ dz^~^ y 

with z;o=l, vi^v, and therefore the differential equation for u is 


r = 0 /c=:0^ 


(n — r — /c) ! 




or, as it may be written, 

(n-r)! , df'u ^ 

2 2 . 1 

f *=0 K =0 ^ '' 

with pQ=X. 

The coefficient of u in the differential equation is 

n 

r = 0 

But since v is obtained by taking the s leading terms of a root of the equation 

n 

r=0 

and since the s leading terms of and agree, it follows that the s 
highest terms in the coefficient of u, namely the terms in ;s^*, . . 
must vanish, and therefore 

r«0 

where, since v is known, ^0 is a known constant. 

du 

Likewise the coefficient of in the differential equation is 

r=0 

but since oq is assumed to be a simple root of the equation 


it follows that 


rs Qq” ^ — 0, 


^ {n—r)ar, „ ao»-’'-i=i=0. 


Consequently the leading term in the coefficient of that is to say the 
term in does not vanish identically, and therefore the coefficient of 

is of the form 

. . .)> 

where, since v is known, is a known constant which is not zero. 
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Now if u=z^U(z% where U{z) is a polynomial in z~^y or must satisfy the 
indicial equation 

But G=p-rh where /b is a positive integer or zero, and p satisfies the indicial 
equation 

/(p) = [p]n +^10 [pin- 1+ • • • +<2n_i^0 P+^0=^- 

It follows that a necessary condition for the existence of a normal solution is 
that the equation 

Jf( h OqI7]q)—0, 

regarded as an equation in k, should have at least one root which is a positive 
integer or zero. 

Let it be supposed that this condition is satisfied and that k is the corre- 
sponding value of k. Then 

u=z^{cq+c-^z-'^-\- . . . 

i^”r • • • +Co^^)* 

When this expression is substituted in the differential equation for u, the set 
of recurrence-relations 

Ck- il(p +1) +c«G2(p -rl) =0, 

<^k~2^(p +2) +Ck- iGi(p +2) +c^G2(p -f 2) =0, 

where Gi, G 2 , • . • are polynomials in their arguments, must be satisfied 
by the coefficients c^, Ck-i, . • .. The first equation is satisfied indepen- 
dently of Ck ; when the value of is assigned the succeeding k equations 
determine Ck~i, • • •, Cq, In all there are ^(n— 1) recurrence-relations of 
which A;+l have been used ; the remaining equations must now be satisfied 
identically in virtue of the determined values of Ck, . . Cq, When the 
aggregate of these relations is satisfied a normal solution exists. 

If the equation 

A{aQ)=0 

has more than one simple root, in respect to which all the requisite conditions 
are satisfied, there will be a corresponding number of normal solutions of 
the differential equation. The possibility of the existence of n normal 
solutions will now be investigated. Let ^ 2 ^ • • •> be the n distinct 
roots of A(aQ) =0, and let 

Qr{^)~^^ -r • * • 

Then if normal solutions exist, they will be of the form 

where 'U^{z) is polynomial in 2 ”^ ; if /c^ is its degree, then 

<7r=Pr+^r» 

where pi, p 2 . . p^ are the roots of J(p)=0. Now 

^{cTr— Kr) Pr 

r^X 

=|?2(n— 1)— aio, 

and can be evaluated as follows. 
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Let A be the Wronskian of the solutions Wi, . . k)„, then since there 

IS no loss of generality in writing 

Wf—e^rZ^T{l+0(z~^)}, 
ro/ ==^^0r2<^r+(»-i){l +0(3-1)}, 
a)/'=jS,.2eQ;3<'f+2(s-l){l +0(3-1)}, 


the first approximation to A is 
A =6^1+ • • • +Q» I z^i 


+<*-!) , 
^ i 23<" i +2<«-1). 


j^n 

P^Z^n+iS~l) 
)S„22<^n + 2{s-l) 


and more exactly 
where 

R= 1 1 4=0= 

Pi Pn 

. Pl^-K . Pn^~^ 

On the other hand, 

A =Ae^f^ 


Thus it is found that 


^ar +in(n—l)(s —1 ) = --aiQ. 

B+0{z-^)^A. 

Also 

=2°^r 4-^10 —^(n -1) 

= — Lm(?^ — 1). 

But since A*i, - . are positive integers, this equation is impossible. Thus 
if the numbers pi, . . are unequal and the numbers o-i . . . , cr^ are 

unequal^ and if the numbers a are associated with n distinct roots of the 
equation I(p) —0, the differential equation cannot have n normal solutions. 

On the other hand, if the numbers cr are not unequal, or if each a is not 
associated with a distinct p, the equation 

n n 

'X (<yr-*r)= X 

r=l r=l 


is no longer true, and the theorem is in default. It can in fact be shown by 
examples that in these cases n normal solutions may possibly exist. 

Now consider the case in which (Xq is a multiple root of the equation 

A{q^-=% 

then 7]q=0 ; since 


<^=—Soho 

must be finite, it is necessary for the existence of a normal solution that 
When the factor has been removed, the differential equation 

has the form 


0l{l+O(3-l)}«+,l{l+O(3-l)}3^+5o{l+O(3-l)}3-*+3~ + . . .=0 



EQUATIONS \^TH IRREGULAR SINGULAR POINTS .485 


and in general the eoefiBcient of is 

equation is 


or 


^l+7?lO'=0 


Thus the indicial 

when s—1, 
when 


A set of conditions suJSicient to ensure the existence of a normal solution is 
obtained by continuing the investigation on the same lines as before.* 


It may happen that a zero value for v is obtained so that Q(z) disappears. 
This woiiid happen if the solution under consideration were regular ; when 
this is the case the solution is developed by the methods of Chapter XVI. Ifs 
however, the solution is found not to be regular, the possibility that it is of subnormal 
t3T® (§ 1'7'‘53) must then be considered. 


17*62, The Hamburger Equation of the Second Order. — Consider the 
equation 

(a+2&z-i+C2!-2)=0 ; 


the origin is a regular singular point relative to which the indicial equation is 


p(p— l)=c. 

It will be assumed that the regular solution has only a finite number of zeros 
in the finite part of the plane, and that the normal solution 

w =e^^^'^u{z) 

exists, where 





Then the equation for u is 

u" -\-2Q'u' +(Q" +Q'- —d —2hz~^ —cz- -)t4 =0 ; 
in order that this equation may admit of the solution 

it is necessary that 

5=1, 0^2 aocr=&. 

The coefficients satisfy the recurrence-relations 


2a^Ci =a(o- — 1 ) — c, 

2raoC;.={(a— r+l)(or— r)— (r=2, 3, 4, . . ; 

if the series did not terminate, it would diverge for all values of [ z j 

and the solution would be illusory. Let the series terminate with ; then 

(ct— fc)(cr — K — 1) =c. 

It is therefore necessary that the equation 



should, either for ao= +\/a or for have a root k which is a positive 

integer or zero, and this condition is manifestly sufficient for the existence of 
one normal solution. 

Additional conditions are necessary to ensure the existence of two normal 
solutions. If the two values of cr, namely 

^1 = +^/V d, = —hj's/ a. 


♦ Giinther, J. fUr Math. 105 (1889), p. 1. 
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are not zero, and if they are associated with distinct values of />, thus 

<^2=^2 +^25 

then 

0 =ai +0*2 

=Pl +p2 +^2 =I +^1 

which is impossible since and are positive intl|fers or zero. 

If, on the other hand, 

0-1=02=0, 

that is to say, if b—0, and if the equation 

k{k-\-1)—c 

h fin a positive integral root, there \H11 exist two normal solutions 
e2^/«(l+Cl2;-"+ . . . 

^-2V«(i-^Ci2-"4- . . . ±c^z-'^). 

Again, if o-i and 02 are unequal, but are associated with the same value 
Pi of p so that 

< 7 l =Pl +^15 O2 =Pi +^23 

then since 

Oi — 02 =^ 1 — f<2i 

2ai and 202 must be integers, that is 2bl‘\/a must be an integer. Also 

Ki +/C 2 +2pi =0, 

and therefore 2pi is a negative integer, not zero. But 

4c+l=4pi(pi^l)+l 

:=(2pi~-l)2, 

that is 4c +1 is the square of an integer, not zero. These conditions are 
necessary and sufficient for the existence of two normal solutions. 


Miscku.aneoijs Examples. 


1. Prove that the equation 


dw 

+ 20.-z)—-w=0 


has two solutions normal at infinity and obtain them. 

2. Prove that the equations 

dPw dHjo 

d®s2) / dhn dw \ 

ii) 2»(2>4-6)— + (Z>+12)( 82— + 3— — 2%c Wo. 
02 * \ dz^ dz J 


(iii) z*(22:-f 1)— 4-(2z2-|-92;-f.5)3-— -{-(—2z»-f 32^+63+4)— +(— 232—53+3)23X3— 0 

uJJi u3* dz 

have each three solutions normal at infinity and obtain them. 

3 . Prove that the equation 

.d®a3 dw 

43 *— + 83 — — ( 4 s*+ 123 + 3 )« 3==:0 
03* az 

has one solution normal at infinity. 
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4. Prove that the equation 


dhs) a dw 

_+-._ 4 . to =0 


has two solutions normal at infinity if a is an integer or zero. 

5. Prove that the equation 


— —(az^+2b-i-cz—^)w=0 


has a normal solution if the quadratic equation 





c 


has a positive integral or zero root for either value of Consider also the two cases : 
(i) both roots are integers for the same value of 's/a ; (ii) the equation has a positive 
integral root for both values of ‘s/a. 


6. Prove that the equation 




dw 




possesses two solutions of subnormal t3q)e at infinity if 2/i is an odd integer. 

7. Prove that the equation 

dhs) 


dz* 


= (262- l+CS- 2)10 


has two solutions of subnormal type at infinity. Express them in terms. of the solutions 
regular at the origin. 

8. Prove that the equation 

dz^ 


possesses three solutions of subnormal type at infinity when 



and n is an integer not divisible by 3. Obtain them. 


[Halphen.] 



CHAPTER XVIII 


THE SOLUTION OF LINEAE DIFFEEENTIAL EQUATIONS B'i' 
METHODS OP CONTOUE INTEGEATION 


18 * 1 . Extension of the Scope of the Laplace Transformation.— The general 
principle of the Laplace transformation was explained in an earlier section 
(§ 8T) of this treatise. Let 

n m 

fsa0.S«0 


be a differential operator in z, whose coefficients are polynomials in 2 of degree 
TO at most. Then the equation 

LJ^w)—0 


is satisfied by 




where the function v (Q and the contour of integration C are defined as follows. 
In the first place let Mf be the differential operator 

n m 

f=0 s=0 

and letMj be its adjoint. Then u{$) must satisfy the differential equation 

whose order is equal to the degree of the polynomial coefficients in the operator 
L. Secondly, the contour C is to be so chosen that, if P{e^, 0 } is the bilinear 
concomitant of the transformation, then 



identically. 

The advantage of replacing a definite integral by a contour integral lies 
partly in the increased liberty in the choice of a path of integration which 
is thereby gained. But this in itself would not justify a separate discussion 
of the expression of solutions of differential equations in terms of contour 
integrals. The real reason why this discussion is now taken up again is that 
the contour integral provides a powerful instrument for investigating those 
solutions which are irregular at infinity, and whose developments in series 
diverge, and are therefore illusory. The nature of the coefficients in the 
equation i*(ic)=0 shows that the point at infinity is an irregular singular 
point ; by means of contour integral expressions for the solutions of the equa- 
tion, the behaviour of the solutions in the neighbourhood of the singularity 
may be mvestigated. 


18‘IL Egnations whose Coeffidenis are 0! the Eiist D^ree.— In the case 
in which the coefficients of the given equation are of the first degree, the 
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equation satisfied by v{Q is of the first degree^ and therefore completely 
soluble. Let the given equation be 

{aQZ~\-bQ) + (aiz+bi) + • • • = 

Then v{l) will satisfy an equation of the form 


= 0 . 


P&j^-QiOv- 


= 0 , 


where P(Q and Q(^) are polynomials of degree n ; * this equation may be 
written as 

, Ai , . 


a„ are the zeros of P(0, and are supposed, for the moment. 
Then 


where aj, . . . 
to be distinct. 

The bilinear concomitant is found to be 

• • * -f 

and therefore the contour integral 

e^^v(0d^ 


/. 


will satisfy the given differential equation provided that the contour C (which 
must be independent of z) is so chosen that 

[(^-ai)i+Ai . . . 

identically with respect to z. 

Let the real parts of A^ and A 2 be greater than —1, then 

w—f ^ e^^v{X)di^ 

J tti 

will be a solution of the equation if the integration is taken over any simple 
curve of finite length joining ai to a 2 , but remaining always at a finite distance 
from any point for which the real part of the index 1 -f A,, is negative or 
zero. 

If the real parts of A^, . . A„ are all greater than —1, there w^ill be tz— 1, 
but no more, distinct integrals of the above type, each of which satisfies the 
given equation. 

Now consider the case in which the numbers A are unrestricted. For 
simplicity, each of the points aj, . . will be considered to be at a finite 
distance from the origin. Then the contour will be that formed by the 
aggregate of four loops described in succession such that each loop begins 
and ends at the origin and encloses one and only one singular point. For 
instance, let the first loop pass round ai in the positive direction, the second 
round in the positive direction, the third round in the negative direction, 
and the fourth round a 2 in the negative direction. The function 

returns to its initial value after this circuit has been described and therefore 
the contour is appropriate. In this way n — 1 distinct integrals may be 
formed, which satisfy the given equation. 


* Note that P(^) is a constant multiple of • • • +<ht—il+On ; in order 

that P(^> may not be of lower degree than n it will be supposed that ao=|=^* 'i'be point at 
infinity is then an irregular singu&rity for a? of rank unity. 
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A set of n distinct contour integrals which satisfy the equation cannot be 
obtained without some restriction on z. Suppose, for instance, that 

R(s+p,)>0, 

then a suitable contour is described when the point ^ moves from — oo along 
the line drawn through aj parallel to the real axis until it reaches a distance 
r from a^, describes a circle about in the negative direction, and then 
retraces its rectilinear path. It is of course supposed that every point on 
the loop is at a finite distance from 02, . . a„. In general, n integrals of 

this type will exist. 


18T2, Discussion of the Integral when R(z) is large. — Consider the 
integral 

for large values of R{z). There is no loss in generality in taking fi to be zero, 
wliich amounts to replacing z+ft by js, nor in taking to be zero which 
amoimts to replacing ai by ^ and putting aside the factor which will 
subsequently be restored. The contour is then composed of the three 
following parts : 

(i) the real axis from —00 to —r, 

(ii) the circle y of radius r described in the negative direction about the 

origin, and 

(iii) the real axis from — r to — 00 . 

Let li, J3 be the respective contributions of these three paths to the 
integral. Now when $ is real, and l<. —r a positive number k can be found 
such that 

.... 


and therefore, when R(z)>/c 


Consequently 
and similarly 





r(«— ic) 


Z — K 

as R(is)->+oo, 
as R(s)-^+oo- 


There remains the integral I2, taken round the circle y of arbitrarily 
small radius r. The JSrst part of the integrand may be expanded thus : 


where Aq^ Ai, 
when |£l<r. 


A ^ are constants. LetM be the upper bound of 

(C— . . . (^— a„)\ 

Then there will be a positive number p such that 
\Ao\<M, \A^\<Mp, . . 


and consequently 


Now 


1E1<M 


1 — rp* 






the problem is to determine the behaviour of J2 as R(2)->-i-Q0. No 
essential point will, however, be lost by restricting z to be re^. 
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Consider the integral 

zP+ij 

where z is large and real ; let zl = —t, then the integral becomes 

J K 

where k is a circle of radius rz described in the positive direction about the 
origin in the ^-plane, and the value of the integr^ therefore is 

2i sin pirFlp+l), 

This quantity is iSnite except when p is a positive integer. 

Consequently, as z-^+oo along the re^ axis, 

zK+i j sin Ai7rP(Ai+l)» 


if ^Xi+vez^dC-^0 
J Y 


2 , 


/ n>w-f 1 

|<^2 1 r(Xi+m+2) 0 , 

y 1— rp 

since r can be so chosen that rp<l. Hence 

l2=0(2-A,-l), 

except when A^ is a positive integer. 

The factor e°'i^ was temporarily discarded, on restoring this factor it is 
seen that the integral considered approaches the limit 

where is finite and not zero, as z approaches +oc along the real axis. 


18‘13. Existence of n linearly Distinct Integrals. — Let it be supposed that 
the numbers 

Ctlj Ct25 • • -5 Ctn 

are arranged so that their real parts form a decreasing sequence. In order 
that the loop corresponding to each point a may be drawn, it is necessary to 
suppose that the imaginary parts of these numbers are all unequal. When 
that is the case there will be an integral corresponding to each a ; let these 
integrals be respectively 

Wi, W2, . . 

These integrals are linearly distinct, for if this were not the case, there would 
be an identical relation of the form 

CXW1+C2W2+ • . . 

But as ;s--> + oo , 

lim 

lim lini Kp 

=0 (v=2, 3, . . . , n), 

since the real part of ax — is positive.f Consequently the relation cannot 
hold unless Ci=0. In the same way C 2 , . . are zero, and therefore no 
such linear relation exists. 


* Wliittaker and Watson, Modem Analysis^ § 12*22. 

t When the real parts of any two or more successive numbers a axe equal the theorem 
is still true, hut the proof of this fact is much more difficult. 
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1814. The Case in which P{^ has Repeated Linear Factors* — This case 
mil be illustrated by considering the effect of two of the numbers a, say 
ai and a2, becoming equal. In this case 


so that 





<1 


“X!! + 


+ ■ . 


C-a.’ 


c-ai(C— ai)^i . . • (^— a„)^". 


In order to obtain the full complement of integrals, two distinct contours 
relative to the point ai must be obtainable. One suitable contour is the loop 
which has been discussed ; the real interest of this case lies in the second 
contour. It has been seen that when ai and 02 are distinct there exists a 
suitable contour which enlaces these two points and does not proceed to 
infinity. The contour which now provides the second integral relative to 
the point is in reaKty a limiting case of the contour enlacing the two 
points ax and which now coincide. 

In the present case the bilinear concomitant is 

. . . (^— 

An appropriate contour would be a closed curve starting from ax in a certain 
direction and returning to ax with a different direction. In other words 
it would be a contour whose gradient is discontinuous at ax- Moreover, it 
must be such that as J approaches ai, in either of these directions, the bi- 
linear concomitant must tend to zero. 

Let 

^ — ax = 

so that 

Ki k 

then 


Now p -^0 as In order, therefore, that this exponential factor may 

tend to zero as ^ approaches ax, it is necessary that cos (^— ^) should he 
positive or that 

Thus aE possible directions of approach to will lie on one side of the 
straight line drawn through ax in the direction 


18T5. The ^uation with Constant Coefficients. — When the method of 
Laplace is applied to the equation 


«o: 


dw 

+«»-! ^ +a„io=0. 


ia which the coeflBcients a are constant, it appears to break down. For if 
the equation is satisfied by an integral such as 


zo= 

the condition to be satisfied is simply that 

•* 

identically, where 

^0==^?*^ • - • +^n“l£+^n- 
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Thus there is no differential equation to be satisfied by v(C) ; the only 
condition to be fulfilled is that the functioii 


should be analytic in a region of the ^-plane. The contour C may then be 
taken to be in that region. 

Consider, for example, the case in which ^ =a is a root of multiplicity m 
of the characteristic equation 

and let the contour C enclose this root, but no other root of the equation. 
Choose /{^) so that 


va)- 












where tp(^) is analytic within C ; the constants A depend on the choice of 
f(l) and are therefore arbitrary. 

Then 




J_. "^2 1_ 


+ 


C—ai 


-^(Oy^dC- 


When this integral is evaluated, w is found to be of the form (cf. § 6‘12) 


e“i*{Ci+C22+ . . . 


18*2. Discussion of the Laplace Transformation in the more general Case. 
— The restriction that the coefficients of the differential equation are of the 
first degree will now be abandoned. Let the equation be 


in which Po(z) is a polynomial in z of degree p, and the remaining eoeflficients 
are pol3momials of degrees not exceeding p.* Let 

Po(2)=ao»*’+ • • • («o4=0)» 

Pr(z)=u^J’+ . . . (r=l, 2, . . n). 

Then if 

lF=f e^^v(Qd^, 

J o 


L(W)= I {aozP^"+ . . .}e^v(C)dC- 

J c 


By repeated integration by parts it may be verified that 

di 


J c J c 




Consequently 

L{W) =[P] +( -1)^ / joo +a, 

♦ The rank of the singular point at infinity is therefore at most unity. 
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where Ris a series of terms of the form 

/5=0, 1,2, 

Vr=0, 1, 2, , > 

whose coefficients are polynomials in z alone. 

Thus if the integral W is a solution of the given differential equation it 
is necessary that v(z) should satisfy the differential equation 


Consequently the determination of a contour integral which satisfies the 
given differential equation depends upon (i) the solution of the associated 
equation of order p, and (ii) the determination of the contour C so that [^] 
is zero identically in z. It will now he proved that n distinct integrals of 
the type considered do in fact exist.* 

Let a 2 ) . - be the roots of the equation 

. - * +««=0, 

then ^=ai, a 2 , . . are the singular points of the differential equation 
in V, Now each of these singular points is regular and, moreover, relative 
to each singularity there are n—1 solutions which are analytic in the 
neighbourhood of that singularity and one non-analytic solution of the form 

where (j>r{Q is analytic near <Xr. Consider this non-analytic solution v. Let 
z tend to infinity along a straight line I drawn in the negative direction 
parallel to the axis of reals. Then, by an unimportant modification of the 
theorem of Liapoxmov (§ 6*6) it follows that a positive number p, exists 
such that 


tend to zero as R(Q->- -oo , 
with regard to 


Ti 






The same is evidently true, whatever v may be, 


dv « 


d^V y 


If, therefore, R(z) is positive and sufficiently large and the contour C is 
a loop beginning and ending at the point at infinity on the line I and encircling 
the point a^., [E] will vanish independently of z. 

Thus there will exist n integrals 


JFi, W2, . . 

such that the integral JVj. corresponds to the point a^. Moreover, as in § 18*2, 
it follows that wffien A^, . . A,^ are not positive integers 

• • -5 JV^e~°''nPz^'^^ 

tend to non-zero limits as z approaches +00 along the real axis. Thus the earlier 
discussion virtually also covers the more general case. 


18*21. Asymptotic Representations. — ^The contour integrals obtained in 
the preceding section lead directly to asymptotic representations of the 
solutions which they represent.f It follows as in § 18*12 that if W represents 
the typical contour integral 

f eKt\f>{Qdl 

j a 


* Poincar^, Am. J. Mceth. V (1885). p. 217. 
t Poincai^, Aaa Math. 8 (1886), ?.• 295. 
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then 

. . . +4^;^”>'}^>^e‘idC+z^+^f 

Along the rectilinear parts of the contour the integral itself, and the product 
of the integral by any arbitrary power of z, tend to zero as R( 2 j)->+oo . 
The important part of the contour is the small circle y encircling the origin 
in the negative direction. Now if r is a positive integer, 

gA-rr-fi f —ly^i sin Att J'(A+ r+l), 


1 21^+1 / I <,K 1 ( , 


where K is independent of z. 

Let 

sin A7r{.£lQj^(A-j-l) — -4xjP(A"f-2)2i'~^-|~ , . . 

then 

z^(We~^^z^‘^^—Sfn)^0 


as 2 00 along the real axis. Consequently 

representation of the integral W, that is 

W^2z sm ^^XT 2 — ^ 


gaz 2 ;-A-~i^^ w an asymptotic 


Arr,r{X^m^l) 


gA+OT-fi 


■]. 


The asymptotic series is formally identical with the series obtained in 
examining the equation for the presence of a normal solution. Thus when 
the normal series does not terminate and furnish a normal solution it furnishes 
an asymptotic representation of a solution. 

In the preceding investigation it has been supposed that z tended to 
infinity along the real axis. This is a restriction adopted merely for the sake 
of simplicity ; there is no essential difference in the case in which z tends to 
infinity along any ray of definite argument. The series cannot be an 
asymptotic representation of the same function for all values of the 

argument, for if 

were to tend uniformly to zero for sufficiently large values of | |, We^°^zX-^^ 
would be analytic, and the series representation would converge, which, 
at least in the general case, is untrue. What actually happens is that as arg 2 : 
increases, the solution which asymptotically represents changes abruptly. 
Thus when a solution is developed asymptotically it is essential to specify the 
limits of arg z between which the representation is valid.* 


18-3. Equations-of Rank greater than Unity : Indirect Treatment — In the 
preceding sections an explicit solution of equations of rank unity was 
obtained by means of the Laplace integral. The restriction that the rank 
should not exceed unity is essential ; when the equation is of rank greater 
than unity the method breaks down entirely. It will now be shown that an 
equation of grade s greater than unity can be replaced by an equation of unit 
grade and rank which in turn lends itseK to treatment by the Laplace integral-t 
A more direct method of procedure will be given in a later section. J 

* See the example of § 18*61 below and compare §§ 19*5, 19*6. 

t Poiacax^, Acta Math, 8 (1886), p. 328, onginated the method and discussed in detail 
the case of an equation of grade 2. Horn, Acta Math, 23 (1900), p. 171, continued the 
discussion in the case of an equation of the second order and of rank p. 

t § 18*81 ; see also §| 19*41, 19*42. 
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Let the equation be 
d^w 


P ^ I p ^ 

° dz^ ^ dz^-^ 


dw 


+P^w=0, 


in which the coefficients are polynomials in z ; let Py. be of degree Ky.» Then 
if the equation possesses solutions which are normal and of grade s at infinity, 

Ky.<Ko+r(s-l) 

and the sign of equality holds at least once for r >1. 

Let 

be n independent normal solutions and let 

2rri 

co==e « • 

Form all possible products, each of s factors, such as 

V=Wa(z}W0(£OZ) . . . 

where the sufhxes a, fi may assume any of the values 1, 2, . . n. 

The number N of distinct products is n\ and the products satisfy a difier- 
ential equation of the type 


d^v d^~^v 


dv 




whose coefficients are polynomials in z. Now o is a normal solution of grade 
s, and therefore, if By. is the degree of Q,., 

If 2 is replaced by coz, or the products v are permuted 

among themselves and therefore the equation remains unaltered. 

Thus a number m can be found such that 

(r==:0, 1, , , N), 

where qr{^) is a polynomial in zf. The equation in v may therefore be written 
rd^v . . . dv 




+ g’iv-i(z*)s^ +g'^(2*)D=0. 




Now let 2*=^, then is a linear expression in 




d^v 


yr-ld’^~^V 


r— 

' ' ^dl 


with constant coefficients. The equation therefore becomes 


^ d^v , ^ d^-^v , 
^dry dr y-1 




= 0 , 


where the coefficients are polynomials in 
If Tjr is the degree of qy. in s®, 

6y.—m—r+sr]y.y 

and therefore 

Vr<Vo+'r^ 

Now the degree of B,, is the degree of the highest term in 

and in general is the greatest of the numbers 

N— 1+171, . . N—r+ 7 jr^ 

that is N +170- Consequently the degree of each of the coefficients Ej, . . Ejy 
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is at most equal to the degree of Bq, and therefore the equation is of unit 
rank, and v can be expressed in the form of a Laplace integral. 

It remains to deduce w from t?. Let 

w=<f>i{z) 

be the solution aimed at and write 

then the equation in v is satisfied by the product 

v=<f>i(z)<f>^(z) . . . 

Form the first N derivatives of v ; since and higher derivatives are 

expressible in terms of the fiorst N — 1 derivatives, there will be in all iV+1 
equations of the form 

d^v ^ d^<f>g 

(r=0, 1, . . N)y where the coefficients Z are rational functions of s. When 
the N products 

dz°‘ ‘ dz^ ’ * * dzi^ 

are eliminated determinantally from these equations, the differential equation 
of order N in i? is obtained. 

Now consider only the first N equations, in which r has in succession the 
values 0, 1, . . A^— 1. From these equations any of the N products may, 

in general, be expressed in terms of v, v\ . . In particular 

.^i(z)^2(2) • • • <i>x{'Z)<f>dz) ■ ■ ■ <f>s(z)=<P, 

where is a linear expression in v, v\ . . ., ^^hose coefficients are 

rational functions of z.* Hence 

<jSi(z) v’ 

and thus when v is known w =^i{z) is obtained by a quadrature. 


18*301. An Example of the Reduction to Unit Rank. — Consider the equation 


dhs) 

z 

dz^ 


-(2:3+l)ze;=0, 


which is of rank 2 with respect to the point at infinity. If w~tj>{z) is a solution, 
srj=^(— 2 ) satisfies the equation 


Let v—wwiy then 




v'=w'Wi-^WWj'y 
v'' ==^w''Wi~\~2^'Wi -i-WWi' 
:^2z^wW:j^+2w'Wi, 


8z* +4 — +h2z— ^ +8z%£)'ie3j'. 


* The case in wHch the determinant of the coefficients Z vanishes is dealt with 
by Poincar^ in the memoir quoted. In this case O is not rational but algebraic in 

Zy U, V\ . . 1 ). 
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By eliminating w'wu ww^' and w'Wi'it is found that the equation satisfied by 
V is 


-163^^ -(82*-4)o=0, 

dz^ dz^ dz^ dz 

and is of rank 2. But when it is transformed by the substitution z^^lit becomes 

J -(2S-1)«=0, 


and is of rank 1. 


18*31. Equations of Rank greater than Unity : Direct Treatment. — When 
an equation is of rank greater than unity, the integral representation of 
solutions which replaces the Laplace integral is of the form 

Hj=J . . . j ■ ■ ■ +^/’lPZdC:i . . . dip, 

where Z is a function of h, . . Ip. The problem of this representation will 
now be studied in the case of p=2 ; the more general case presents much 
complexity but no additional difficulty. 

Let the equation be 

L{^)=P<i{^)^+Px{^)%S.+ ■ ■ • J+Pn(2)«>=0, 


where the coefficients are polynomials in z and the degree of jp,^{z) exceeds that 
of Pq{z) by r. Let Pq{z) be of even de^ee A f and let A+2n=2m. 

Now consider the possibility of satisfying the equation by a double integral 
of the form 


y = 



Ududt, 


in which U is a function, to be determined, of u and t, and the u- and t- 
contours are independent of z. Then 


dw 

dz 


■ j j e^‘^i'^^\t+uz)Ududt, 


^ = f j ^+i«^{^t+uz)2+u}Ududt, 

and, in general, 

^ = ff ef^+i^tUrUdvdl, 

where 


0^T = —Q^+0>l0>r-X- 

It will be observed that cu, is a polynomial of the form 

O 

in general the coefficient of is 0 when v is odd, and a constant 

multiple of when v is even. 

Thus 


z^L{w)^ j j Uy z)lJdudi, 

where 

iT(f, w, • • - +^ijpM-i+Pn}- 


* Cimmagham, Ptoc. London Math. Soc. (2), 4 (1906), p. S74. It should be noted that 
Cutmingham’s definition of rcmh iliffcrw from that now accepted- 

t If Po(^) is of odd degree, ^multiply the left-hand member of the equation by z. 
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Now i7 is a polynomial in z of degree 2m=A-j-2n. Let a^s be the coefficient 
of gA+r-s ijj_ ami let Bg be the coefficient of jj^ Then 

• • • -h^nOf 

Bi=t(na(jQU^~'^-l-(n — 0 } 

+{floiW«+aiit^«~i+ . . . 

and in general 


where Bj.g(u) is a polynomial in u of degree n-r-i-s at most. 

Thus 

s=»l 

Now single integrations with respect to u and t give 

j" J ^+i^z^Ududt= I di— 2 j dudt 

= J ei“'|^e^2’'-iDj du—ij j 


at 


where the brackets denote the difference between the final and initial values 
after description of the u- or t- contour as the case may be. The single 
integrals containing these brackets will be referred to as the semi -integrated 
terms. 

This reduction is repeatedly applied to z‘^L{w) so that the latter is reduced 
finally into the form 

1 1 et^+iu^M{U, u, f)dudt-\-[Rl 


where [R] denotes an aggregate of semi-integrated terms. Thus in order that 
the integral considered may satisfy the differential equation, it is necessary 
firstly, that U(u, t) should satisfy the partial differential equation 

M{U, u, t)—0, 


and secondly, that the contours be so chosen that [12] vanishes identically. 
When these conditions are satisfied and the integral exists, it furnishes a 
solution of the given equation. 

The highest power of 2 in 17(i, u, z) is and this may be reduced by m 
successive integrations with respect to u, thus contributing to u, t) the 
term 


(-2)n 


n^oU) 

du^ 


In the same way the term in z^'^-'^ is reduced by m— 1 integrations with 
respect to u and one integration with respect to t and contributes the term 






The remaining terms may be reduced in the same manner ; if a sufficient 
number of integrations with respect to u is made, no partial differential 
coefficient need be of order exceeding m.* 


* It may be observed that the equation M(Z7, u, f)=0 is not uniquely determined, for 
in reducing the later terms there is a certain freedom of choice as to when integrations are 
made with respect to u and when with respect to L 

2 G 
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The partial differential equation satisfied by U is therefore of the form 

Bo (»-=0, 1 m-1 ; r+.<m), 

where the coefficients A^g are polynomials in u and i. Let u=a be a non- 
repeated root * of the equation Then as in the case of an ordinary 

linear equation, the point w=a is in general a singularity of the solution of the 
partial differential equation. It will now' be shown that this equation admits 
of a solution expressible as a convergent double series. 


1S*33. Deteriniiiation of the Function U . — Since u=a is a simple root of 




it follows that if 


twi(X)a”+(^ — l)aioci^ 


then jS=|=0. Let 


and write 


. . . +^nl=y? 


where 


V =u —a, s =t +yl^) 
loes not involve v is j8 

L{w)==e^-y‘l^ J j ^+»U€>{s, V, z)dvds. 


then the term in Bi which does not involve v is jSs. 
Now 


^( 5 , V, z)z=n{ty u, z). 


A term in is reduced to a term independent of s by p or p,+l integrations 

with respect to s together with |(#c— /u.) or ^(k — fi — 1) integrations with 
respect to v according as the integer k— p, is even or odd. It will be observed 
that since 0 contains the factor z, k is at least n; p is at most n and therefore 
fc~p is a positive integer or zero. 

Let ( 5 , denote a polynomial of degree r in 5 and n in v. Then the 
differential equation in U is of the form 


+ . . • =0, 


or, when expanded, 


d^u 


* d^U 
dv^-^ds 


«4-l m 

+ 22 Mi» f)«+s’'-i(i, »)„} 

F -»0 ft «=2 




where the expressions (1, denote polynomials in v of degree n. Assume 
a solution of the form 


U==n {fo(s)+vMs)+v%(s)+ . . 

♦ The ca^ of a repeated root involves a somewhat tedious analysis, and does not present 
any pomts of special interest. 
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then if [p]^=p(/3— 1) . . . (p—m+1), the functions / satisfy the recurrence- 
relations 

2 [p]^/o+[p].-ii 85 g +[p]^^i^/o= 0 , 

2[p +l]fnPf 1 +[p +l]m~ +[P +l]w-- l^/l +^1^) -gp 

+(Co-!?-f-do)^ +^/o» 


where Oq, Cq, ... are constants which occur in the differential equation. 

The first recurrence-relation reduces to 

s.-h +|^ 2 (p— m+l) + ~|/o =0 

and is satisfied by 


where 




cr— 2(p— m+l) + ^ . 

The second recurrence-relation then takes the form 


^ +(<^“r 2 )/i — AiS ^ 


where A^ and A2 are definite constants (dependent upon a). Consequently, 

fi—s~^{\Ai+A2S'^'^) 

and, in general, 

fr=s-<^gr{s-^), 

where gr(^”^) is a polynomial in of degree r. 

It will now be proved that the formal solution 

U=z;P^-^{l+z;gi(5-i)+ . . . +v^gr{s-^)+ . . .} 

is convergent within any finite circle | v | =y for all values of | 5 | greater than 
a fixed positive number $q. There will be no loss of generality in assuming 
that p= 0 , a= 0 , for the form of the series is the same in ail cases. 

For simplicity let then the partial differential equation for U becomes 

QmJJ 8^U gm—f^-rvTJ 


Its solution may be developed as the series 

U=:l+i;gi(^)+ . . . +V^grit)+ • . 

whose coefficients gr{t) are polynomials determined by relations of the form 

+2rgr=^ 2 

^ (h) k^O 

where aj^j^ and are constants. 

If polynomials are defined by the relations 

+ 2 »^r= 2 5 

^ (A) jEr-O ^ 

with ^0 =gQ=l, the coefficients of will be the moduli of the corresponding 

coefficients of g^{t) and therefore 
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for all values of L Consider also the sequence of functions where 

the coefficients are positive if Co=l. If | ;^ | > 1 and if 

(k=0, 1 , . ~ 1 ), 




dt^ ^ 



then 

1 fAr 1 ^ 1 !• 

Therefore, by induction, for all values of r and for [ ^ | >1, 

I 'Ar I > 1 I > Ur 1- 

But and is a polynomial of degree r with positive coefficients and 

therefore 

UVr l > 

eft* 

for h=l, 2, . . r, and therefore 

IdVr 


dt^ 


dt^ 


Now consider the expression 

F =1 • • * 

==1 . . .j 

it satisfies a partial differential equation of the form 

0^m 


in which is a power series in v which converges within the circle 

I I ==§^ where S is the modulus of the zero of Ro(^) nearest the origin. Con- 
sequently, if vi==l, F(5) satisfies an ordinary differential equation of the form 








r ’ 


where $j. is developable as a power series in ^ which converges for | S |<S^ 
and therefore the series F converges for j£j<8^, that is for | u |<:S. 

It follows that the series 


I +^^52(0 + • • - 

converges absolutely andfuniformly if [ | <d and if | ;f j is. finite and greater than 
unity. But since the coefficients g^{t) are polynomials in t, the series converges 
also when I 

The function U{v, s) is thus represented by a double series which converges 
for all non-zero values of s, including 5=00 , and for |7:;|<c8. It remains to 
prove that contours in the s- and u-planes can be assigned such that the 
double integral exists and the semi-integrated part [jK] vanishes. 


18*S0. Completion of the Prool — The series for V satisfies a linear partial 
difierential equation whose coefficients Pjiji.{v) can be developed as power 
series in {v — c), where c is not a zero of Bq{v). Its solutions may similarly be 
developed and will converge within the circle | v —c | =17, where 77 is the 
distance from c of the nearest zero of Ro(^)- From this remark it follows that 
V admits of an analytic continuation throughout any closed region in the 
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v-plane which contains no zero of Bq(v). The same is true of the differential 
coefficients of V with respect to v and i.* 

But when [ ^ j>l, the coefficients in the development of F are dominant 
functions for those in the development of U and therefore U and its derivatives 
admit in the same way of an analytic continuation. 

Now” by considering the source of the coefficients the partial 

differential equation for V it will be seen that these coefficients, and 
therefore also the coefficients t) in the ordinary equation for V are 

bounded for 5y = oo. It follows that, if a* number A can be found 

such that as v tends to infinity in a definite direction, 

and therefore 

e-\vtu^Q 

Thus if l<|i|<T and if v tends to infinity in such a manner that 
is positive, 


But since C7 is an absolutely convergent series of positive powders of t, the 
restriction K.t can be removed and the result is true for 0<if<:T. Under the 
same conditions 




dv^ci^ 


■^0. 


Consequently if j 5 j >5o as 




and similarly as ] 5 |->co 


provided that ultimately, 


dv^ds^ 

dv^ds^ 


> 0 , 


B(z;22)>0, R(52)-^0. 

Thus it is always possible to find contours in the v- and 5-planes, encircling 
the points z;=0 and 5=0 and extending to infinity in appropriate directions 
such that the double integral 




SI 

exists and such that the semi-integrated term [R] vanishes at the infinite 
limits of integration. 

The double integral 

j j . . .}dvd^ 

is therefore a solution of the given differential equation of rank 2. Setting 
aside the exponential factor, the integral solution consists of terms such as 


If 


-h + 7i— 1^— O— it + 1 dvds 


Let the contours in the and 'jj-planes be loops each encircling the origin 
and proceeding to infinity along the negative real axis. Then the term 
considered is seen to be a constant multiple of 

— cr— fe), 

* The proof wotild be on the lines of § 12‘B. 
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that is of 


np^h) 

r(cr+&+l) 


2 — 2wt+<io/jS — 2/8.+A + 2 


(&=!, . . Ti). 


Hcncc 

where may formally be developed as an ascending series in 

since an infinite number of the coefficients 


r(p+h) 

F(a-j-k-f-l) 

increase without limit as k^O, the series will in general diverge. Thus 
unless P( 2 ~i) terminates, the development will not furnish a valid solution 
of the equation. It may, however, be proved that it does furnish an 
asymptotic representation of the solution. 


18*4. Integrals of Jordan and Pochhammer. — The Euler transformation 
(§ 8*81) furnishes a powerful method of discussing equations of the type 

.... 


1 . 2 


'Q"(z) 




.d"-^zo , . , 


.= 0 , 


where Q{z) and R( 2 :) are polynomials such that one of Q(s) and zR{z) is of 
degree n, whilst the degree of the other does not exceed n. 

The complete discussion of the contour integrals which arise out of this 
transformation is due to Jordan and Pochhammer ; * by considering the 
various possible contours of integration it is possible, in general, to obtain 
n distinct particular solutions which together compose the general solution. 
The integral to be considered is 


where U is a function of ^ alone, determined by the Euler-transform 

^m)U}=B{ou, 

namely, 


Then 

where 


J7=_L_e^Q(£)‘^ 

e(0 

L{W{z)}= j^dV, 


and the contour C has to be so chosen that 


independently of z. This condition will be satisfied if either 

(i) C is a closed contour such that the initial and final values of V are the 
same, 

or (ii) C is a curvilinear arc such that F vanishes at its end-points. 


* Jordan, Cours d^Analpse^ 8 {8rd ed. 1915), p, 251 ; Pochhammer, Math. Ann. 35 
(1889), pp. 470, 495 ; 37 (1890), p. 500. Further applications of the method were made 
by Hobson, PhU. Trans. Boy. Boc. (A) 187 (1896), p. 498. 
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As a general principle it may be stated that when Q(z) is a polynomial of 
degree n with unequal zeros, there are n contours of the first kind, one 
corresponding to each zero of Q{z), which give rise to n distinct contour 
integral solutions. When, on the other hand, Q(s) is of degree n but with 
repeated zeros, or of degree less than n the number of possible distinct contours 
of the first type falls short of n and the deficit is made up by contours of the 
second t 3 q>e. 


18*41. Contours associated with zerc^ of Q{z ). — Let the zeros of Q(z) be 
^ 1 , . . (m^n) ; then 


m 

Qil) 


^ rr 


where, in the most general case, S{t,) consists of a pol 3 Tioinial in I with terms 
in (£— (S— etc. Consequently 


V=KeP(^^~z)m{l -ar)^r, 

r»l 

where is a constant and 

p{Q=jsa)d^ 

is meromorphic throughout the plane. Thus as ^ describes a simple closed 
contour in the positive direction around the point a,., V returns to its initial 
value multiplied by 

Let 0 be any point in the plane, and let Aj, denote the loop beginning 
and ending at O and encircling the point cz,. in the positive direction. 
will signify the same loop described in the reverse direction. Now consider 
the composite or double-circuit contour consisting of the loop 

Ar followed in succession by the loop A^y the loop A^ reversed and the loop 
As reversed. When C describes this contour, V evidently returns to 0 with 
its initial value. If O is taken on the line (a^, Ug) the double-circuit contour 
is as shown diagrammatically (Fig. 18) ; the four parallel lines, drawn 
separately for clearness really coincide in the line a^).* 



Fig. 13. 


Let JV^ denote the value of the integral 

ji^-zr+n-Wd^, 

where m 

n {^-a,rr 

for the contour Ar and for a definite initial determination Iq of the integrand. 
Also let Wfs be the value for the composite contour A^gAr-^Ag'-^. Then 
Wf.s is a solution of the differential equation. 

Consider now the contribution of each of the four loops to the value of 
Wyg. The contribution of Af. is and after A^ has been described the 

* It is assumed that no other singular point lies on this line. 
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final value of the integrand is This is the initial value for the loop 

As which therefore contributes the amount to the value of Wrs and 

leaves the integrand with the value Now if the loop Af,~-^ were 

described with the initial value assigned to the integrand, the con- 

tribution would be —Wf and the final value of the integrand would be Jq. 
But actually the integrand has, with regard to this loop, the initial value 
e25n(a^-fa^)/^ - the Contribution to the value of TF^g is therefore 
and the final value of the integrand is Lastly, the loop con- 

tributes the amount —Wg to the value of Wfg and the integrand returns to 
its initial value Jq. 

The four loops together therefore give 

Wrs^{\ 

Thus 

W — — W 

rr — rr 

and it may readily be verified that 

A similar contour with respect to the points z may be constructed ; 
let be the value of the integral for this contour. Then 

(1 -^e^'^^^)Wrs=il —e^^<^r)Wss+(^ 

and therefore all integrals of the type W^g may be expressed linearly in 
terms of the integrals Wy.z. Consequently there are not more than m 
linearly distinct integrals of the type in question. 

18*42. The Case of integral Residues. — When any of the residues ay in 
is an integer, the method fails. Thus let 

CLy A/, 

where k is an integer. Then in the relation 

is zero and JVy is identically zero since the integrand is analytic 
throughout the contour Ay. Consequently Wy^ is identically zero, and the 
number of distinct integrals of the t 3 rpe considered falls short of m. In this 
case the missing integral is supplied by the following device. 

In the integral Wy^ replace by A;+€, where € is a small quantity ; then 
the integral Wy^ will not vanish. It is clearly legitimate to expand the 
integrand in powers of e, and since [IYrjr]e=o=0 the development is 



The differential equation is satisfied by 



=(1 Wy+2me^^W^ , 

where Wy is the form which the integral Wy takes when the term — ciy)^r 

is replaced by 

When, for any reason the number of distinct integrals falls below m, 
this method may be employed to furnish integrals to bring the total number 
up to m. 



SOLUTION BY CONTOUR INTEGRALS 


457 


18‘43. Contours associated with Mnltipie Zeros of Q{z).— Let a he b. zero 
of Q{z) of multiplicity k. Then the preceding methods furnish one and only 
one integral-solution relative to this point. By choosing a contour such that 
V vanishes at its end-points an additional set of /j— 1 distinct integrab may 
be obtained. 

Let the principal part of E(QIQ{Q relative to l=a be 

, , Pi 

and wnte 

^~~a=p (cos sin cf), 

— (cos sin i). 

Then 

T"=VQ{^—a)^ie * * * 

— FopA(cos sin 

where 

co=i — (k — 1)^ 

and Vq is finite (non-zero) in the neighbourhood of ^=a. The exponential 
term 

cos {«— 

dominates the function V, which tends to zero or infinity as p tends to zero 
according as cos {i— is negative or positive. 

The equation 

' cos {t—{k—l)<f>}=0 

gives rise to 2(k — 1) equally-spaced values of ^ in the interval 0<^<27r. 
If through the point a rays are drawn in the corresponding directions, these 
rays divide the plane into 2(^’~l) sectors of equal angle. As ^ tends to a in 
the various sectors V tends alternately to zero and to infinity. Let any 
sector in which V tends to zero be termed the first sector, and number the 
remaining sectors consecutively. 

Consider a simple curve C issuing from a in the first sector, crossing the 
second sector at a finite distance from a and returning to a within the third 
sector (Fig. 14). Then, since F vanishes at the end-point of C, this curve 


h / 



Fig, 14. 


may be taken as the contour of integration. Without any loss in generality 
it may be assumed that the contour C is sufficiently small not to include any 
singular point of the equation. Another integral may be obtained by 
drawing another contour from the third sector to the fifth and so on and 
thus new integrals are finally obtained. Thus to a root of Q(2) of 

multiplicity k there correspond k contour-integral solutions of the equation.* 

* It is left to the reader to prove that the h integrals are linearly distinct. 
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18’44. of degree less than n . — The preceding discussion leads to 
distinct contour-integrals equal in number to the degree of Q{z), When 
the degree is n the discussion is complete ; when the degree is less than n 
further integrals must be sought to raise the total number to w. Let the 
degree of Q be w— A, then since R is of degree n—1, 

III = + + 2^1^ + ^0 +^2 ^ +oa-^) (A>1) 

when CM 

^=p(cos sin 4>), P'^~^=r(cos t+i sin i), 

then 

F=FoA-i^^--- m^-a^Yr 

fsaol 

==Fop“(cOS a4+i sin co + isin a>) + 

where 

a =ai ■-j-a2 -f- - • - n>=:i-{-A^5 

and Fq is finite at infinity. 

F therefore tends to zero or to infinity as p tends to infinity according 
as cos (^+A^^) is negative or positive. If therefore the plane is divided into 
2A sectors by rays drawn from any convenient point in the directions 

cos (^+A^)=0, 

F will tend to zero and to infinity in alternate segments as p tends to infinity. 
A suitable contour of integration is therefore a curve starting from infinity 
in a segment in which the limiting value of F is zero, crossing a consecutive 
segment, and then returning to infinity in the next segment following. 
There are A possible distinct curves of this character which do not enclose 
any singular points of the equation, and which give rise to the A integrals 
necessary to make up the full complement of n contour-integral solutions. 

18-45. The Group of the Equation* — ^For any fixed values of z the 
contours may be deformed in any continuous manner without altering the 
value of the integrals, provided that they do not encounter any of the 
points ^ 1 , . . 2 , In the same way, if z varies continuously the integrals 

will likewise vary continuously provided that the deformation of the contours 
consequent to the movement of the point z does not involve passage through 
any of the singular points. 

Consider the resultant effect of a simple circulation in the positive direction 
around the singular point a,.. As before let denote a loop proceeding 
from an arbitrary point O and encirciing the point ; let Z be the loop 
encircling the point z. Then the loops (s^r) will be unaffected by the 
circulation, but the loops A,, and Z will, in order to avoid encountering the 
points z and be deformed into A/ and Z' (Fig. 15). 

The new loop Z' is equivalent to the loop Z followed by a double- circuit 
contour enchrclmg a^. and Zj that is, to ZArZA^'~~^Z^^, and the new loop 
^4/ to a double-circuit encircling z and followed by the loop A^, that is to 
ZA^'^^A^-'^A^y or ZAjZ-K 

Let WJ md W^f be the respective contributions of Z' and A/ to the 
value of the integral taken round the corresponding double-circuit. Then 

w; = w ; = - Wrz+ w^, 

and consequently the integral whose value for the undeformed contom is 

.(1 
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is transformed into 

(1 — —(1 
=(1 — (1 

On the other hand, since the loop is unaffected, the integral Wg^ is 
transformed into 

= ^e2maj,J 

Now consider the effect on the integrals of § 18*48 of a circulation around 
the multiple zero a. The contours are simple closed curves hegiiming and 
ending at a and may be made arbitrarily small. Consequently a circulation 
of z around a has no effect upon this contour. The only effect is that which 
is due to the presence of the factor in the integrand, for as z encircles 

the point a it also encircles the point ^ on the contour. The effect of the 



circulation therefore is to multiply the integral by the factor The 

integrals of this type relative to multiple zeros other than a are unaffected 
by a circulation aroxmd a. 

Finally, the effect of a circulation in the positive direction including all 
the singular points is to multiply the integrals of § 18*44 by the same factor 

Thus the fundamental substitutions of the group of the equation are 
known and therefore the group itself is known. 

18*46. Recurrence-Relations and Contiguous Functions. — In order to 
emphasise the dependence of the integral-solution upon the parameters 
tti, . . fjL it may be written in the form 

W{ai, . . a^, fM; z). 

In particular, let Q{z) be of degree n and let the roots of Q(s)=0 be unequal, 
then 

W(a^, . . 

where C is such that the initial and final values of the integrand are equal. 
By differentiation under the integral sign it is found that 

g) =(_i)«(^+n-l) . . . (f.+n-K)W{a ^, . . .. a„, fji-K; z). 

By substituting this expression, with /c—l, 2, . . ., n, in the differential 
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equation a linear relation with polynomial coefficients between the w+1 
functions 

W(ai, . . .,a„, fi; z), W(ai, . . a„, jn— 1 ; z), . . lV(ai, . . a„, fi~n; z) 

is obtained. 

Again, since 

it follows that 

■ • *5 ^25 * • •» F+1 ; 

+( 2 ~-a)PF(ai, a 2 , . . a„, /x. ; z). 

By considering all possible formulae of these types it may be seen that all 
the functions 

IF(ai+pi, . . y 

where pi, . . p„, q are integers or zero, may be expressed as linear com- 

binations, with polynomial coefficients, in terms of any n of these functions, 
as for instance, 

lF(cii, . . (x,j, p 1 I z\ . , (Zjj, fM ni 2j). 

These relations are the recurrence-relations between the functions. 

When one of the parameters is increased by unity and another diminished 
by unity a contiguous function * is produced. The relations which involve 
contiguous functions are particularly simple, thus by eliminating the function 
W{ai, . . /A— 1 ; z) between 

I s z) = W(ai, a^, . . a„, p ; z) 

+iz—ai)W(ai, . . a„, p— 1 ; z) 

and 

W{ai, a 2 +l, . . a„, p— 1 ; z)=W{ai, ug, . . a,,, p ; z) 

+{z—a 2 )W{ai, . . a^, p— 1 ; z), 

it is found that 

(s~”a 2 )lF(ai-f 1, a 2 , . . a„, p— 1 ; z)—(z—ai)W{ai, ag+l, . . a^, /x.— 1 ; z) 

^(ai—a2)W{ax,a2, . . a„, p ; «). 

Other sets of recurrence-relations may be derived from formulse similar to 


-(ax-l) — =(^-ai) 


aspF 

daidz ^ 


where IF=lF(ai, . . a„, p ; s). 


1847. Ckmtonr-Iiitegral Solutions of the Riemann P-Equation. — If, in 
the equation of the Riemann P-function (§ 15*96) the transformation 

•w =(z — a)°iz — b)^{z —cyu 
is made, the resulting equation is 

where 

;it=-a-^-y-l=a'+j8'+/-2, 

Qiz) =(z— a)(a— &){2— c), 

=^(a' +y)(z —i)(z —c). 

* Biemann, GoU. Abh. 7 (1857) ; [Math. Werke, p. 67]. 
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In this case 


1 




=(5_a)a'+^+y-l(g_6)a4.j8'+y-l(5_c)ax#-fy'-l. 


If, therefore, C is a double-loop contour encircling any two of the points 
a, b, c, the integral 


[ um-z)-^-^-ydZ 

J c 


multiplied by the factor {z—a)^(z—b)P(z^€y represents a Riemann P- 
function. 

In particular, let the double-loop contour encircle the points b and c. 
Let z lie in a circle F whose centre is a and which does not include either of 
the points b and c, then the contour C may be deformed, if necessary, so as 
to be wholly outside H Then, for all points ^ on C 

I z-~a\< \ I— a |. 

Let 

1 arg(2:— a) |<7r, 

also let arg (a —b) and arg (a—c) have their principal values, and let arg —a), 
arg(5— and arg(^— c) be similarly made definite when ^ is at the initM 
point O. Then if axg(z—b), SLTg(z—c) and arg(^-~s) are so defined that 
they reduce respectively to a.Tg(a—b}, arg(a— c), arg(^— a) when 

(2-c)y=(a-c)r[l+y|^+ . . 


and the series on the right converge absolutely and imiformly for all z in 
and on F and for all ^ on C. 

If, therefore, that Riemann P-function which admits of the develop- 

ment 

(z — u)“{l+Ci( 2 — a)-\-C 2 ,{z — a)2+ , . 
then the integral solution * 

/•(&+, c-f-, d— , c — ) 

{z-aF(z-b)^(z-c)y U{CM-z)~<^-P-ydt 

J 0 

represents P^®^ multiplied by the factor 

/•(& + , c+j 6 — ,c — ) 

In the same way the solutions P^^-'K P<^^, P^P'\ P^y\ P^y'^ may be 
expressed as double-circuit integrals.f 


18*471. The Periods of an AheKan Integral. — When the indices ai, <i„, v 

are rational real numbers, the indefinite integral 

/(^-a,)ax-i . . . a-a„)o^-HC-zy-^dC 
is an Abelian integral. Its value for a closed contour such that the int^rand returns 

* The mai^ner of writing this integral indicates the order and sense in which the loops 
composing the contour are described. 

t The exceptional cases in which a— a', iS— j3' or y— y' are integers or zero require 
the special treatment of § 18*42. 
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to its ini tial value is a period of the integral. From what has gone before it is not 
difficult to deduce the fact that the periods, which are functions of js, satisfy a 
linear differential equation with coefficients which are poi 3 naomial in z. 

Consider in particular the elliptic integral 

/(I— f2){l —kH^)dt 

and let I be one of its periods. Then if ■ 

I{r^==:z, kl=w, 

a>=i/r*(S -!)“*{£ 

and in the notation of the previous sections, 

«=2, M=-i, 

and therefore w satisfies the hypergeometric equation 

In fact, if K and K' are the quarter-periods of the Jacobian elliptic function 
then * 

K=inFihi; 1; k^); i; i-k^h 

18-5. The Legendre Function P«( 2 ). — A result obtained in an earlier 
section (§ 8*811) may now be restated in the following terms. The contour 
integral 

J c 

furnishes a solution of the Legendre equation 

^ dw , , , 

provided that the contour C is such that the expression 

(^~5;)-«-2(52_i)n+i 

resumes its initial value after the contotu* has been described. 

Let ^ be a point on the real axis to the right of ^=1 t and at A let 

arg($— l)==arg(C+l)=0; 1 arg (C— z) I<7r. 

Now if I starts from ^4,- describes a positive loop aroxmd the point ^==1 and 
returns to A, the expression assumes its initial value 

multiplied by gSTnCn+i) • if a similar loop is made round C== 2 , the expression 
returns to its initial value multiplied by ^27r<(~«-‘2), If therefore the two 
loops are described, or what is the same thing if the contour of integration 
begins and ends at A and encircles ^=1 and in the positive direction, 
but does not encircle ^ = —1, the contour integral is a solution of the Legendre 
equation for all values of w. 

Thus the contour integral J 

JL (g2^1)n 

^rri] ji ^ 

is a Legendre function, and since when is a positive integer and z===l it 
reduces to unity, it may consistently be represented by the symbol PJjs) 
which, when fi is a positive integer, represents the. Legendre polynomials. 

* Whittaker and Watson, Modem Analysis, § 22*8, et seq. 
f If z is resl and greater than unity, A must be to the right of ^—z*. 

$ Schlafii, XTber die aaoet Meme'schen Kvgeffunctionen, Bern, 1S81. 
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The contours C and C (Fig, 16) both satisfy the requisite conditions, but 
the one cannot be transformed into the other without encountering the 
singular point i, Thxis when n is not an integer, P«(2J) will not be a 



single-valued function of z. To render the function single-valued a cut 
along the real axis from —1 to — oo must be made in both the and the 
2 ;-planes. Throughout the cut ; 2 ?-plane the function Pr^{z) is anal 3 rtic. 

18*51. The Legendre Function Qn(^)- — ^The contour which leads to the 
Legendre function of the second kind Qn(^) ^ described as follows,* Let 
z be not a real number lying in the interval ( —1, +1) and describe an ellipse 
with the points ±1 as foci such that z lies outside the ellipse. Then from A, 
the right-hand extremity of the major axis, describe a figure-of-eight contour 
C encircling the point +1 clockwise and the point —1 counter-clockwise, and 
lying within the ellipse (Fig. 17). Then the expression ($— 



returns to its initial value as $ returns to the starting point A after having 
described the contour. 

Let I arg s I <7r, let | arg( 2 s— |“>args as $-->0 on the contour, and at 
A let arg (^ —1 ) =aTg (5 +1 ) =0. Then 


Qn(z}^ 


1 f (^^-1)^ 

4si sin fiTTj o2’*(s— 


dC 


is a solution of the Legendre equation valid when n is not an integer, and is 
analytic throughout the 2 -plane cut along the real axis from 1 to — oo . 

Now let B ( 7 ^+l )>0 and consider the contour as composed of : 

(i) a small circle described aroxmd +1 in the negative direction, 

(ii) a small circle described around —1 in the positive direction, 

(iii) the lines (+1, — 1) and ( — 1, -1-1). 

Since R (? 2 - 4 -l )!>0 the contnbutions of (i) and (ii) tend to zero as the dimensions 
of the circles diminish. 

The contribution of the line (+1, —1) is 


2^+2 sta 71 


J +1 




* Whitts^er and Watson, Modem Analysis, § 15’3. 
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and that of the line (—1, +1) is 

pflrri r "1" 1 

2«+2 sm nTrJ ^ ^ 

and the two contributions taken together gives 

Qn(z)= 2^ -t^Ydt. 

This formula is valid when R(n+1)>0 and covers the case in which is a 
positive integer or zero (cf. §8-311). If the integrand is expanded as a power- 
series in the series for Qn(^) is obtained (§ 7). 


18-6. The Confluent Hypergeometric Functions. — The equation of the 
confluent hjpergeometric functions of Whittaker* is derived from the 
Riemann P-equation, which is effectively the hypergeometric equation, by 
the following limiting process. In the equation of the P-function 


r 0 00 

w=P I i+m 

( m 0 

let c^oo , then the equation becomes 


z 

Jc 


The substitution 


d^w dw (k , i— m2) 

^+S+ii + ’ 




reduces this equation to its normal form, the confluent hypergeometric equation 

i~-m2 ■ 


d^W ( 


-i+^- 

^ z 




|pF=0. 


The limiting form of the contour integrals which represent the above 
P-function suggests that this equation is satisfied by an integral of the form 

for a proper choice of the contour C. 

It is readily foimd that this integral is a solution of the confluent hyper- 
geometric equation if 

and this condition is satisfied if the contour is a simple loop proceeding from 
infinity in a direction asymptotic to the positive real axis, encircling the origin 
in the positive direction but not encircling the point ^ = — 2 , and returning to 
infinity on the positive real axis. 

Thestandard solution of the confluent hypergeometric equation is defined as 

1 r(0+)/ r\ 

where, to make matters perfectly definite, it is supposed that arg z has its 
principal value, that | arg(— C)|<7r and that arg(l+5/;s)->0 as £-->0 along 
a simple path inside the contour.. The confluent hypergeometric function 
is then anal 3 rtic throughout the plane, cut along the negative real 

axis. 

The above definition of Wjc^ ceases to be valid when, and only when 

* WMttaker and Watson, Modem Analysis^ Chap. XVI. 
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m ~~k -j- is a positive integer. But when B(m >0 the contour integral 

may be transformed, as was done in the last paragraph, into the definite 
integral 

w'hich is also valid when ^ positive integer. 

The function m(— is also a solution of the given equation valid 

when j arg ( — z) | < 77 . But since, in their respective regions of validity, 

^k, m{z) +0(z- 1)}, 

W-i:, „( -z) =eH +0(s- 1)}, 

the ratio of these two solutions is not a constant and therefore, taken together 
they form a fundamental set. 

18*61, The Asymptotic Expansion of — In order to derive the 

asymptotic expansion from the contour integral for use is made of 

the formula * 


where 




and X=k-\-m—\, 

Then by substituting this series in the contour integral for ^(z) and 
integrating term-by-term it is found that the (r+1)^^ term in the expansion is 


' ^ r! 27^^ ./ ^ 

and since 

55 /. IW- 


this reduces to 


that is to 


( IV r(i:+m+i)r(k—m-i-i) 

^ ’ r! r(k+m-r+i)r(k~m-r^i) ’ 


rl 

When n is so large that R(n— &+m— J)>0, the remainder term may be 
expressed as the definite integral 

Now suppose that X=k+m^^ is real, that and that [ arg 2 ; ] < 77 — a, 

where a>0. Then 

1< 1 1 +tz-^ [<1 +t when R(s)>0, 

1 1 +tz^^ I >sin a when R{^) <0, 
and consequently, in either case, if p=| A [ and r==s\tz~^^\, 

11 ? Y J 


I I 




A(A- -l) . . . (X—n) f l+t y n+i i^jP 


* See Jacobi (Diss. Berlin, 1825), Ges. Werhe^ 3, pp. 1-44. 
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Therefore when | z |>1 the remainder term is in absolute magnitude less than 
A COSecPa | | j 

where A is independent of z, and since the integral converges, the remainder 
term is of the order of 

cosec^a 

and in particular, when a>cxo>0, it is of the order of 
Therefore for | | >1 and | arg z | a<7r. 

If ±711 is a positive integer, the series terminates and therefore furnishes 
an exact representation of the function. 


18*7. The Bessel Functions. — The Bessel functions of integral order n 
may be defined * (cf. § 8*22) as the coefficient of in the Laurent expansion 
of Consequently 

where the contour is any simple closed curve encircling the origin in the 
positive direction. 

The substitution ^ = 2 f /;2 transforms the integral into 


the contour is again any closed curve encircling the origin in the positive 
direction, and may conveniently be taken to be the circle |f j=l described 
counter-clockwise. 

Now consider how the contour must be modified in order that the integral 
for JJz) may, for any value of satisfy the Bessel equation 




It is an easy matter to verify that the contour C must be such that 







identically in s. \¥hen n is an integer, the function exp {t—z^l4it) 

resumes its initial value after C has described the circle [i[=l, but when n 
is not an integer, this function is not one-valued on the circle. A suitable 
contour is one in which exp {t—z^jU) vanishes at the end-points and 

this is ftirnished by a loop beginning at a great distance along the negative 
real axis, encircling the origin positively, and returning to its starting point. 
Thus for all values of JfSz) is defined by the integral 


2m\2/J^oo 



where arg z has its principal value and | arg t j <7r on the contour. 

The function thus defined is anal 3 rtic for all values of z and admits of the 
series development 




(|a;)«+ 2 r 

r(n+r+l)- 


* Schldmilch, Z. Math. Phys. 2 (1857), p. 137. 
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The contour integral may, for all values of w, be transformed into a definite 
integral where I argjs I CfTT.* The formula 

holds for all values of n when ] arg z la^Tr, Let the contour be taken to be 
the circle |^ | =1 joined to the point at infinity by a double line lying along the 
negative real axis» 

The contribution of the circle is (writing 


1_ 

277 



£—nid-hiz sin 

7T 


and the contribution of the lines ( — qc, —1) and (—1, — oc) together give, 
when ^ is replaced by in the first and by te'^^ in the second. 


r (n-f l)7ri 


r 


27n- 


u: 




In the latter integral write and then, taking the two integrals together, 

j cos {nS—z sin — J 

When n is a positive integer the second integral disappears and the result 
reduces to that of § 8*22. 


Miscellajneous Examples. 

1. Transform the Schlafii integral (§ 18*5) into the Laplace integral 


■P«(z)=- r{z-h(z^-l)^cos 

TfjQ 


[Whittaker and Watson, Modem Analysis ^ § 15’ 28.] 
Transform the corresponding integral for Qn{z) into 


/ oo 

^ {z+(z*-l)icosh 


2. Prove that the associated Legendre equation 

dw C 

5V-^'*+[ 

is satisfied hy 


[Ibid. § 15-33.] 


w(n-i-l)-^-^jz£j=0 


2"7ri 




f(l- 


J. 


and transform the last expression into 

(n+l)(n+2) . (n+m) frr 


I {21+(22^1 )J cos 96 }” cos TrKftdji. 

J 0 * 


3. Show that the Weber-Hermite equation 

^ +{ii+i-iz*}to=0 

is satisfied by the function 

I>„(z)=2^+iz- _^(-iz»), 

that 

zm J 

* Schlafii, McOh. Ann. 3 (1871), p. 148. A similar result which holds when < j argx j <zr 

was given by Sonine, ibid. 16 (1880), p. 14. 
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and that when n is a positive integer 

[Wliittaker and Watson, Modern Analysis, § 16‘5.] 

4, Prove that 


J. 

2'ni 


-CCl 

f r{j+a)r(£+j8)r(-o. .u. r(a)m . 


provided that | arg ( — 2 ) | <7r and the contour is in general parallel to the imaginary axis 
but is curved where necessary to ensure that the poles of r(J+a)r(^ +jS) lie to the left and 
the poles of r ( — Q lie to the right of the path. 

[Barnes, Froc, London Math, Soc, (2), 6 (1908), p. 141.] 

5. Prove that when | arg 2 1 

cpi 

rrr e-^V[ r(-g-fc-m+Dr(-;-ft+m+t)r(0 .r 

Tri,4s)=-^j r(_A_;;»+j)r(_A:+m+D 


and that this expression is a definition of TFi, m(a) when | arg 2 1 <|;t. 

6. From the last result deduce that, when [ arg 2 [ < fw, 

where 

Mjfc, ^n(2)=3i-fme-i4 


[Barnes.] 


ij. Rm-fe 
^ 1 ! ( 2 ?»-{-l) 2 !( 2 ?w 4 -l)( 27 W-f- 2 ) 


[Whittaker and Watson, Modern Analysis, § 16-41.] 

7. Prove that 

2-i 

dn(^) 22n + D'lrip ^ 
and deduce the asymptotic expansion for Jn( 2 ). 


8. Prove that 

where C is a figure-of-eight contour encircling J=1 in the positive and 1 in the 
negative directions. Deduce that when R(n4-i)>0, 

2^ fhr 

JJz)— ~ —z j sin ^^0 cos (z cos d)d0, 

2”-ir(n+4)r{i)j, 

[Hankel, Mafft. 4nn. 1 (1869), p. 467.] 

9. Prove that when n is an integer, 

Y„(2)=Iim e-l{dn-i-£(z)-(-l}«J,i_f(z)} 

t->0 

==( ^ y { „(2t2) + e-(i”+ «( - 2i2) } 

is a second solution of the Bessel equation, and deduce its asymptotic expansion. 

[Hankel ; Whittaker and Watson, Modern Analysis, § 17*6.] 
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SYSTEMS OF LINEAR EQUATIONS OF THE FIRST ORDER 

19’1. Equivalent Siagulai Points. — In the system of n linear differential 
equations of the first order 

2 , . . n), 

““ S=1 

it win be supposed that the coefficients Pri{z) are analytic functions of the 
independent variable z, and have no singularities but poles even at infinity. 
Any finite point is an ordinary point of the system if the coefficients are 
analytic at that point ; the point at infinity is an ordinary point if 

Prs(z)=0(z-^) 

as z->oo . In studying the behaviour of the solutions at a singular point, it 
is a convenience, and no restriction, to transfer that point to infinity. 

Outside a circle 1 2 1 = 22 , which includes all the finite singular points of the 
equation, the coefficients may be expanded in series of descending powers 
of 2 . If q is the greatest exponent of the leading term in any of these expan- 
sions, the number q+l is, consistently with the previous definition, termed 
the rank of the singular point at infinity. Thus when 5 <— 2 , the point 
at infinity is an ordinary point ; when q=—l it is a regular singular point. 

Let and consider the possibility of satisfying the system of equations 
by a set of formal solutions of the normal type 

where 


Q(2) = 


023+1 


+ 


Then if 


?+l ‘ 


- -Az. 


a is determined by the characteristic equation 

kr«-3r*a|=0, 


where 


^TT — 15 ^ 


When q=—l, this same equation determines the exponent a in the regular 
solution 

K),=2®{1 +0(2-1)}. 

The nature of the formal solutions depends upon whether the roots 

®1> ®2) • • •» 

of the characteristic equation are equal or imequal and, when 5 '=— 1 , differ 
or do not differ by integers. But in any case, the fundamental existence 
theorem implies that there exists a set of n linearly independent solutions 




ro.. 




(s=l, 2 , . . ., »), 
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such that each element is analytic for \z\ >R, and the general solution 
may be expressed as a linear combination of these solutions, thus 

Now by any linear transformation of the form 

n 

«’r= (»'=1. 2, . . n), 

s2i 

where the coefficients a^eiz) are analytic at infinity and such that the deter- 
minant 

J=|o„(z)l 

is not zero for z=<xi ^ the given linear differential system is transformed into 
a system of the same form, namely 

~J^== (r=l, 2, 

s—1 

The coefficients of this transformed equation are explicitly given by the 
formula 

n ^ d 

frAz)= S arh{z)piciz)au{z)— (»*. «=1. 2, . . «), 

1,/=! ifc=l 

where {u^,{s)} is the matrix of functions inverse to the matrix {ar 5 ( 2 )}j that 
is to say such that 

n 

When the transformation is such that the coefficients are not only analytic 
at infinity but also satisfy the relations 

«rs(2)=Srs for 25= CO, 

the original and the transformed systems are said to have an equivalent 
singular point at infinity. Since the inverse transformation has also this 
special property at infinity, the relation of equivalence is reciprocal. More- 
over, since the product of two such transformations is also of this special 
form, the relation is transitive. 

It is clear from the formulae which express the coefficients prsi^) terms 
of the coefficients Prsi"^) that the rank of the transformed system cannot 
exceed that of the original system. But since the relation of equivalence 
is reciprocal, the converse is also true, and therefore the rank of all systems 
ha^dng an equivalent singular point is the same. 

The conception of equivalent singular points suggests the problem of deter- 
mining the simplest possible system which is equivalent, at infinity, to the 
given system. This problem is solved in the general case by a theorem 
which vtH be proved in the following section, namely that every system of 
n linear differential equations, with a singular point of rank g'+l at infinity 
is equivalent at infinity to a canonical system of the form 

AW 

(^= 1.2 

in which the coefficients Frg{z) are polynomials of degree not exceeding q+l* 

* This theorem is due to Birkhoff, Tram, Am. Math. Soc. 10 (1909), p. 436. The 
simpler and more general proof here reproduced is also due to Birkhoff, Math. Ann. 74 
(1913), p. 134. 
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Consider, for a moment, the implication of this theorem when the point 
at infinity is regular, and the roots ai, a2, . . a„ of the characteristic equa- 
tion are unequal and do not differ by integers. The canonical system is then, 
in its simplest form, 


It is soluble and has the fundamental set of n solutions 




IF2<i)=0, 




Consequently the original equation has the fundamental set of solutions 

(s=l, 2 , n), 

where ^ 

a^g{z). 

This is, in fact, the fundamental existence theorem for a regular singular 
point ; in the same way the solutions of the canpnical system lead to solu- 
tions of the original system when the point at infinity is an irregular 
singularity. 

19-2. Reduction to a Canonical System. — The proof of the theorem 
enunciated in the preceding section depends upon a lemma in the theory of 
analytic functions which will be stated, without proof, in the following 
terms : * 

Let {lrs{^)} anymairix of functions^ single-valued and analytic for |zj>E, 
but not necessarily analytic for s=qo , and stock that the determinant of this matrix 
does not vanish for \z\'^R, Then there eccists a matrix of functiojis 

analytic at infinity and reducing at infinity to the unit matrix and also a 
matrix of integral functions^ whose determinant is nowhere zero in the 

finite plane, such that 

{Z„(z)} ={a„(2)}{e„(s)A}, 
where ki, k^, , . k„ are integers. 

The significance of the lemma may be illustrated by considering a single function 
/(z) and taking R so large that l{z) does not vanish for | z j >E. Then log l{z) is 
analytic for | z | >R, but not single- valued. But after a positive circuit around 
z=Qo , log l(z) becomes 

log l{z) — 27rM, 

where A; is an integer. Consequently 

log l(z) —k log z 

is both analytic and single- valued for | z | and its expansion as a Laurent series 
shows it to be of the form 

A{z)^E{z), 

where A(z) is analytic at infinity and A(co)=^0, and B(z) is an integral function. Let 
a(z)= exp A(z)f e(z)=exp E(z), 

then 

l(z)=a(z)e(z)z-K 

♦ For a proof based upon the theory of linear integral equations see Birkhoff, Bull. 
Am. Math. Soc. 18 (1911), p. 64 ; Math, Amt. 74 (1913), p. 122. A proof in matrix notation 
of an equivalent theorem is given by Birkhoff in Trans. Am. Math. Soc. 10 (1909), p. 438, 
and generalised in Proc. Am. Acad. 49 (1913), p. 521. These theorems are included in 
more general theorems by Hilbert, Gott. Nach. 1905, p. 307, and Plemelj, Monatsh. Math. 
Phys. 19 (1908), p. 211. 
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where a{z) is analytic at infinity and a(oD)=l, €(z) is an integral function and k is 
an integer. 

Now let 2; describe in the negative sense a simple closed curve C, enclosing 
the circle within which lie ail the finite singularities of the system. 

This curve is equivalent to a circuit described in the positive sense about 
the point at infinity. Since every finite point outside the circle [ z | ~R is 
an ordinary point of the system, there exists at any point of the curve C, a 
fundamental set of n solutions 

wj-)), 

each element of which is analytic at all points of C. The elements of these 
solutions are not, however, single-valued, and thus when z has described a 
complete circuit along the curve C, the solutions are transformed into a new 
fundamental set 

(ffii(i), . . 

The two sets of solutions are connected by linear relations 
or in matrix notation 

where is a matrix of constants of non-zero determinant. 

In the general case, that is to say, when the roots pi, p2, • . Pn of the 
equation 

are unequal,* the initial fundamental set of solutions may be so chosen 
that the matrix has the simple form Thus the substitution 

relative to a circuit in the positive direction around s=oo is 

Now let Ai, A2, . - A„ be numbers which satisfy the equations 

As = ^logp^ {s=l, 2, . . n). 

These equations leave A^, A2, . . A^ undetermined to the extent of additive 
integers. For any chosen determination of Ag let 

then each function l^si^) is single- valued and analytic for \z\'^R and the 
determinant of these functions has the value 

\lrs{z)\=Z-(\-^ * • - V I ze7/«)(5j) I 

=CZ-(^I+ • • • +^) exp ^^[>11(2:) +5322(2)+ • • • +Pnn{^)¥z^, 

where c is a constant, and is not zero for | z | 

The matrix of functions ilrs{^)) thus satisfies the conditions of the lemma 
and can therefore be decomposed into the product of matrices 

Let 

=erg(z)zf^s, 

* Strictly speaking, it is not necessary to assume the inequality of pi, pg, . . p^t ; 
the correct assumption to nmke is that the elementary divisors of the matrix (c^W — Sf^p) 
are distinct. Vide Kowalewski, JOeterminantentheorie, Chap, XIII. 
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then with the functions <2^5(2) so defined, the transformation 

={a„(2)}{PF,<»)} 

connects each particular set 

Wi(^\ . . 

of solutions of the original equation 

^ (^=1 

S = 1 

with the corresponding set 
of solutions of the transformed equation 


(r==l, 2, . . n) 


dW ^ 


(r=l, 2, 


The equations satisfied by the elements may be combined into 
the matrix equation 

CdW 

whence, if is the matrix inverse to 


and therefore 


iPTs(-n =1 r 




where the functions frs{^) are integral functions. Consequently 
{Vrsi^)} ^ 

==z-^{Uz)}{ers{z)r\ 

Since the determinant | lrs{z) | is nowhere zero in the finite plane, the matrix 
{^rs(^)}~^ is a matrix of integral functions. Consequently each function 

zprs{z) 

is an integral function. 

But since the rank of the singular point at infinity is g+1, 

as ;S“^oo . Thus zp^siz) is an integral function w'hich has a pole of order 
g+1 at most at infinity and is therefore a polynomial of degree not greater 
than q-\-l. 

The given system is therefore equivalent at infinity to the canonical system 

dlF*. TTl /.A TIT T rk — \ 


-=%Prs{z)W, 


{r=l, 2, . . n\ 


where the coefficients Prs(^) polynomials of degree q-{-l at most. 

The canonical system may be stUl further simplified by a substitution of 
the form 




(r=l, 2, . . n). 
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In particular, when the roots ai, of the characteristic equation 

I ^rs I 

are unequal, the constants c^s may be so chosen that the polynomials P^s(^) 
are of the form * 

F,,.=prr^^^+pr/^h+ , . . 

When the polynomials Prsi^) are thus simplified the system is said to he 
in the standard canonical form. 

19*21. Modification of the Proof in the Degenerate Case. — To illustrate 
how the argument is modified in the degenerate case in which two or more 
of the multipliers p, corresponding to a positive circuit around the point at 
infinity, are equal, consider the particular case pi=P 2 * If, as in the general 
case, there is a fundamental set of solutions such that 

for s=l, 2, . . n, no modification is necessary. When this is not the 
case,t a fundamental set of solutions exists such that (cf. § 15*22) for r=l, 
2, . . n, _ 

wf 2) = p^wf^^ ^ \ 




CO 

II 

n). 

As before, let 


(5=1, 8, 

n), 

and write 





wP'>=z\^l^{z) + ^^^^Jri(z) log zj 

) 



=z^slfs{z) 

4, . 

n). 


In this way there is defined a matrix {4s(^)} of functions which are single- 
valued and analytic for 1 2 1 >jK and whose determinant 

2-2A1— Ag— . . . — 

is not zero for [ z | >E. 

Then, as before, the transformation 

changes the given system into an equivalent canonical system 

= (r=l, 2, . . nl 

in which the coefficients Pr6(^) ^xe polynomials of maximum degree g^+1, 
and which has the fundamental set of solutions 

(r=l, 2, . . ., n), 

* The coefficients Crs are such that the operations 

new col. r=C;.i (col. 1)4- . . . (col. n) (r=l, 2, . . ., n) 

transforms the determinant fari?— 8rsaj into | 8^.j{(ar— a) j . The corresponding theorem 
when ai, a^, are not all distinct may he supplied by the reader. 

f That is to say, when the elementary divisors of the matrix {CyW—hrsp) corresponding 
to pi=pi are equal. 
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where 

=zi^ieri{z% 

W/^>=zhizher. 2 {z)+ r^.z^ieniz) log zi 

V j&TrpiZ j 

W/^^=z^s^\ers(z)=zf^sers(-) (s=S, 4 , . . ., n). 

As before {Zrs(s)} is a matrix of integral functions whose determinant does 
not vanish anywhere in the finite plane and A’l, . . /c« are integers. 

The standard canonical form is reached as before. 

Cases of further degeneracy may be disposed of in the same manner ; and 
thus the possibility of reduction to the canonical form is established in all 
cases. 


19*22. A simple Example of the Rediactioii to Standard Canonical Form. — 

Consider the linear differential equation of the second order 


d-w , f .dw . , . ^ 

+q{z)w=0, 


in which p(z) and q(z) are analytic for j z ] >E and, at infinity, 

P{^) =Po +0{z-^), q{z) =qQ-r-0{z~^). 

In the most general case the point at infinity is an irregular singularity of 
rank unity. If and bo are the roots of the quadratic equation 

“tPo^ "t^o — fl* 

and are distinct, and if the constant c is properly chosen, the change of 
variables 

z—{b2 — bi)z, 


will transform the given equation into an equation of the same form but with 
p{z) = —l+p:iZ-^+0{z~'^), q(z)==0{z-^). 

It will therefore be supposed that p{z) and q(z) are of these forms. 

Now if single equation of the second order may be replaced 

by the pair of equations of the first order 

dw V dv / X , 5 \ 1 

A pair of solutions zs)i^ W 2 of the original equation can always be found such 
that if the point z describes a positive circuit about the point at infinity, then 
either 


or 




Wi =piWi, W2 =pia^2 +^1* 

The first case will be dealt with in detail ; the modifications which the 
second case involves will be indicated subsequently. 

Thus the linear system admits of the solutions 

Vi =^ZW2.' =Z^il2x{z), V 2 =ZW2' —zH22(z)> 
where the exponents Aj, Ag satisfy the equations 


= ^2 = 


2-37^ 


r P23 


and are thus arbitrary as to additive integers, and the functions lxii^)> 


* Birkhoff, Trans. Am. Math. Soc. 14 (1018), p. 462. 
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l 2 i(z) and l 22 (^) are single- valued and analytic for | ;s | >R. Moreover the 

determinant has the value 

~ Ajt — A2^ — JV (2)«22^ 

and is not zero for | z | > JS. 

In order to carry out explicitly the reduction to canonical form, it is 
convenient to restate the lemma of § 19*2 for the particular case n=2, as 
follows : Let functions single-valued and analytic 

for I z I (but not necessarily analytic at infinity), and such that their deter- 
minant lii{z)l 22 {^)--'h' 2 k^)hi{^) vanish for \ z \ Then there exist 

a set of functions aifz), < 2 i 2 (^)> cmalytic at infinity and reducing 

respectively to 1, 0, 0, 1 at infinity, and a set of integral functions ^ 11 ( 2 ), ^ 12 ( 2 ), 
e^xiz), ^ 22 (^) u)hose determinant does not vanish at any point in the finite plane, 
such that 

Zu(2) ={aii(a)eii(z) -\-aii{z)ezi{z)}z\ 

^ 12 ( 2 ;) ={aii(2)ei2(z) +Oi2(2)e22(2)}2*'®. 
hx{z) ={«2i(2)eii(2) +a22{z)ezi{z)}z\ 
hz{^) ={«2i(2)«12(«) +<H2{^)e2z{z)}z\ 
where ki and are integers. 

Now four functions li 2 i^)> satisfying these conditions, 

have been defined by means of the relations 

Wi=z>^illl{z), W2=z^li2iz), 

Vi=zM2i{z), V2=Z^d22(z), 

and their definition depends upon the actual choice of and A 2 . By properly 
choosing these exponents, the integers ki and ^2 can be made zero, and it will 
be supposed that this definite choice of Ai and A 2 has been made. 

Now make the transformation 


w==aii{z)W +ai2(2)F, v=a2i{z)W +a22{^)V ; 
then the transformed system is 

^lW dV 

^ =Pii(2)IF+Pi2(2)F, ^^=P2i(2)^F+P22(^)F, 

where 

P12 = J [^^22^ ^ -^'12! —zqax2 +( ”P + ^ )^22 — ^'22 1 ]> 

~ — ^27%2+(^”“P+ “)<^22“^"22|jj 

A —aiia 22 — ^ 12^^21 


■ 21 = 


— 1 
A 


and the determinant 


is not identically zero. 

Since, at in^ity, 

^11“^22”I5 ttx2=^21^^5 

these expressions admit of developments of the form 
Fxi^O{z~^), Px2=rz’~^+0{z-% 

P21 ^ +Oiz- 2), P22 =1 +(i +px)s- 1 + 0 {z-‘ 2), 

where r and s are constants whose values will be determined later. 
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The solutions of the transformed system are 

P'i—z^ie22(z), V2=z^2e22{z) ; 

on substituting these expressions in the first equation of the transformed 
system it is found that 

^ 611(2) + ^eii(2) =Pli(2)eil(2) -f Pi2(2)62i{z)> 


Since ^11(2:), ei2{z)> e2i{z), e22iz) are integral functions and their determinant 

is not zero for any finite value of z, the functions Pii{z) and Pi2(-) are analytic 
throughout the finite plane except for a possible simple pole at the origin. 
By considering the second equation of the transformed system it may foe 
proved that the same is true with regard to the functions ^21(2:) and jP 22 (2). 
But the four functions P^si^) are analytic at infinity^ ; they are therefore 
linear in z-i. Thus the terms 0 {z^^) in the developments of these functions 
disappear and the transformed system has the simple canonical form 




dW 

dz 




dz 


^sW+(z+ 1 ^Pj)V. 


This leads to the theorem : If w{z) is a solution of the equation 


d^w . ..dw 
^+p{z)^+q{z)w= 0 . 


where 


p(z) = — 1 +PiZ-^ +0(2-2), g,(2) =0(2-2) 

then w(z) and zw'{z) may be represented in the forms 


w{z)=a^:,{z)W+a,.{z)l~, 


—a2i{z)W +a22iz)^ dPF 


dz 


V dz ’ 


where W is a particular solution of 


^4_i+a|^_LV=o 


and ^22(^) analytic at infinity and reduce when s=x 

^0 1 , 0 , 0 , 1 respectively,^ 

The constants r and s will now be identified. The origin is a regular 
singular point of the transformed equation with exponents and A2. 
But the indicial equation relative to this singularity is 

A 2 +CPi-'l)A-“r 5 == 0 , 

and therefore 

Ai + A2 == 1 — Pi, A1A2 = —rs. 


In the exceptional case when 

=PiWx, W2 =pl^2 


♦ 

t 


The system is integrable by quadratures when either r or s Is 2 iero. 
When r=0 it is necessary to replace 

5.^ by lim 
r dz dz 
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the functions lii(z), ^12(2), h2{^) are defined, so as to satisfy the 

conditions of the lemma, l3y means of the relations 

Wi =z>^ilxi(z), tVz =z^i^^i2(s) + hxiz) log 
»1 =ZK>i' =Z^il2l(2), »2 = 2 ^ 2 ' hzi^) + 2~i 

where 

and Aj is so determined that, in the lemma, A:i=0. The argument then 
proceeds on the main lines as before, and ends with precisely the same 
theorem. 


10*3. Formal Solutions. — It will now be supposed that all the roots, 
ai, , . of the characteristic equation of the given system are unequal 

and that g>0. The equivalent standard canonical system is therefore 




where 


• - • +Pss^®’z®+“«2a+i. 

Then for each value of s there will arise a formal solution 

of the normal type in which 

where 

• +As 2, 


{t 1, 2, . , 72-), 




and iJLg is so chosen that .the constant is not zero, 
solutions definite, Bgg will be given the v^ue unity. 

By direct substitution it may be verified that 

Brs=0 (>'4=5)> 

and that 

(?> 0 ), 

F'i=Psa^°'* (2'=0)- 

The remaining coefficients are then determined in the order 

Ys^ Ag, [Mg. 

The determinant of the formal solutions is 

. . . +<2n(%fq4- . . . +M„{i>+Z)(l);2-1 + 


To make the formal 


where 


}, 


D=|£„i=l. 


The formal determinant therefore does not vanish identically. 
Since solutions of the original system 


fi=i 


(s=l, 2, . . ., n) 
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are connected with the solutions of the canonical system by the relations 


«==! 

where each function is analytic at infinity and reduces to for 2 ;==oc , 
it follows that the system admits of precisely n formal solutions 

(^=1, 2, . . n), 

in which 

■where Qa(%) is the same polynomial as for the canonical system, and A^g{z) 
is a series of descending po'wers of and has the value for s = x . 

19*4. Solution of the Standard Canonical System of Rank Unity hy Laplace 
Integrals. — When g=0 the standard canonical system is of the form 

^^=P21<°W,+{p,J0^+a.z}W^^ . . . 


• . • +{p„„<0>^a„s}TF,. 

The formal solutions 

(s=^h 2 , . . n) 

are given by expressions such as 

T/^)=^e^s^zf^sBre{z), 

where 

and 

Brt(z}=B„+Bri^^'>Z-^+ .... 

Now consider the possibility of satisfying the sy-stem by the set of Laplace 
integrals . 

Wr= j (r=l, 2, . . ., n). 

By direct substitution in the differential system it is found that the condition 
to be satisfied is 

X p„(0) f e^v,{i)dl= 

S^l 

=[e^m-a,)vAm-je^^{vr{Q+{^-<^r)^^]dl (r=l, 2, . . ., n). 

Consequently the functions Vi{l), must satisfy the Laplace 

transformed system 

-(C-ai)— "={P11<«+1K+Pl2<“>t>2+ • - • 

— (?— 02 )^^ =P21^‘^^*’l+{P22^°^+l}®2+ ■ • - +P2n^°*®n> 
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and the corresponding contour of integration must be such that every one 
of the terms 

[^f(S-a,K(0] {r=l, 2, n) 

vanishes identically in z. 

Now the Laplace transformed system has regular singular points at 
^=ai, a 2 , . . and at infinity. The exponents relative to are 

all zero except one which has the value 

It will, for the moment, be supposed that this exponent is not a negative 
integer. Then the corresponding solutions of the transformed system, 
namely 

where the functions are analytic in the neighbourhood of ^=ag, 

lead to a set of integral solutions if the corresponding contour is a loop 
from infinity in the ^-plane along a suitable ray, encircling the point a,, in 
the negative direction, and returning to infinity along the ray. The con- 
ditions which must be imposed upon the ray are that it does not meet any 
singular point other than a^, and that R{ 2 ( 5 — as)} is negative along the ray. 
Then a set of solutions is represented by the formulae 

W,(^)=f 2, . . n). 

•I 0, 

To each finite singular point as corresponds a set of solutions, that is n sets 
in all. 

When —[Ms — 1 is a positive integer, the contour degenerates into a 
rectilinear path extending in an appropriate direction from to infinity. 
When — juts— 1 is a negative integer or zero, the logarithmic case arises but 
does not present any special difficulty. Thus each set of integrals 

represents a solution of the standard canonical system of rank unity, which is 
valid in certain sectors of the z-plane. 

19*41. Solution of the System of Rank Two. — It will now be shown that 
the foregoing process may be modified and extended so as to cover systems 
of rank greater than unity. Consider first of all the system of rank two 
(?= 1 ) : 


dW 

The formal solutions are 

(s=l, 2, . . n), 

where 


and 
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Now in this case the Laplace integral is replaced by an integral of more 
general form, namely 

(r=l,2, . . n). 

When this expression for JF, is substituted in the system of equations it is 

found that 

= j z^e‘‘<(2C-ar){v,o(0+^n{0}dC+ f ze^^v.^i^dC, 

or, transferring the terms which involve from the left-hand to the right- 
hand member, 

= lz^^^C^2C-ar)M)+zVr^{Q}dl+ 

S = 1 

=[e^t(2£ -cv){Crt.(D +®,i{0} 

+ (r=l, 2, . . ., n). 

The integrals on the two sides of this equation cancel one another if the 
2n functions Vf(y{Q and Vj.i{0 satisfy the 2n simultaneous equations 

-(2C -a,) 

-(2C-a.)^ + =2 p^+ 

(r=l, 2, . . n). 

The finite singular points of this system are $=|ai, Jao, . . 
they are not regular but irregular singularities of rank unity. The point 
at infinity is a regular singularity. If, in the original system, the trans- 
formation 

W^=e~~'^m^Wr (r=l, 2, . . n) 

were made, the effect would be to replace by throughout ; 

in particular would be reduced to zero. 

Now the system of equations by which v^oiO and are defined may 

be written 

(r=l, 2, , . n). 

The singularity C==ia^ is irregular when poles of the second order at 
occur in the coefficients of the system, and this can only happen if 
since by the transformation just mentioned ^nay 

2 I 
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be reduced to zero, that transformation renders the singularity at 
regular. It will be supposed that this transformation has been effected. ^ 
The exponents relative to the regular singularity are all zero 

except two, which are 

Hence there exists a solution of the system in v^{0 and which is of 

the form 

^ 

where ^^^d — h^m) are anal3d:ic in the neighbourhood 

of ^=^<1^. 

Each individual singularity ^=|a^ is dealt with separately, and is made 
regular by the appropriate transformation. To each singularity 
corresponds the set of 2n functions 

The corresponding contour Cg is a loop-circuit encircling the point 
in the negative sense and proceeding to infinity along a ray such that 
R{a;2(£— Ja^)} is negative. Then each set of integrals 

(r=l, 2, . . n) represents a solution of the standard canonical system of 
rank two. 

The case in which the exponent — -4 (m«+I) ^ integer is easily disposed 
of ; the other exponent which is then not an integer, simply 

takes its place. 


19*42, Solution o! the System of general Rank q+l, — In the general 
case the formal solutions are given by 

Tr<^)^e<^g(z):2f^g(Brg+Brg<^h-^+ . . . 

where 


. . . +A^. 


The generalised Laplace integrals 

JF,=Jexp(S5!«+i){Brt®+OTrt(Q+ . . . {r=l,2, n) 

satisfy the system of rank q +1 if 

/exp(S2«+') X:^{iq+l)!^+K+j}v^{Qdi: 

i*=i 

= % /exp(^+i)^ 


+ar /exp (&!*+i) 2 «+i (r =1, 2, 


«). 


All integx’al powers of ;s up to are involved. By equating to zero the 
aggregate of terms in z and for v=0, 1, ...» g, a set of g+l 
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equations in the ^^+1 unknown functions VroiQ, ^ 

obtained. The t3rpical equation is (after the factor s ^has been suppressed) : 

f exp(C2*-i){(g-fl)s«+iC+v}»„(0dC 

= ^ /exp(^ + l)| ^ 

k+l^v 

+cvj exp(C3«+i)s«+i»„(0<K;-. 

But since, by integration by parts, 

[exp (fe«+i)2<?+i«(CK=[exp(Cz«-^)«a)]- [ exp{5z«-i)dM(£), 


each of the g+1 equations is found to be satisfied, for an appropriate choice 
of the contour, if the functions 


(^=I» 2, . . n) 

satisfy the set of ?z(g+l) transformed equations 

s=l jl*+Z=a-i~y4-l S = ll--rl = v 

where r==l, 2, . . n ; v=0, 1, . . q. 

Thus, taking in succession v=^q, q—l, . . .,0, the complete set of trans- 
formed equations may be written ; 

— {(?+l)C— ar}^ = »r«+ 2 




5 = 1 k-hl^q 


-{{g+l)C-a,}5^^2^ + 2 =2tV, *-i+ 2 

5 = 1 «=1 


=(g-|-l)nyo+ 2 

5 = 1 

In each equation r=l, 2, . . ., n. 

The finite singularities of this system are 

■ ■ ■’ ? + l’ 

and are irregular singularities of rank q at most. The point at infinity is 
regular. The transformation 

JF=TF,exp|-^„^-y„^ - . . . -A„z| 

has, for fixed m, the effect of changing 

P„^p, 33„<o> 

respectively into 

• • •, A„ 

for r— 1, 2, . . ., n. The equations for then have a regular 

singular point * at 5=a„j/(g+l), relative to which all n(g+l) exponents are 

* For a proof of this fact see Birkhoff, Trans. Am. Math. Soc. 10, p. 460- The statement 
concerning the exponents admits of an indirect proof by the principle of continuity ; no 
direct proof appears to be known. 
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zero except ^+1, namely, 

”-(Mm+I)/(3'+l)» — •(/^m+2)/(g + l), . . — (^m+Q'+l)/(5' + l), 

and a solution of the form 

exists, where the functions are analytic near l=a^j{q-\^l). 

Thus if Cg is a loop-circuit about ^ =agf(q+l) such that R[is«+i{5 ~“«/(? +1)}] 
is negative along its ray, each set of integrals 

represents a solution of the standard canonical system of rank q. 

If (ft 5 +l)/(^+l) is an integer, it may be replaced by any one of the other 
(non-integer) exponents. The sectors in which this integral representation 
of the solution is valid will be specified more particularly in the following 
section. 


19*5. Asymptotic Representations, — In. the integral representation of 
make, for each s, the substitution 

then 

f _ pg+r s 

Wr(^)=e<^s(^^z^s eH ff-M ^ z^cj>^ff^\z-^-H)dt, 

ifc = 0 


where Fg is a loop-circuit enlacing the pomt ^=0. Then by a suitable 
modification of the reasoning of § 18*21 it may be proved, on expanding the 
integrand, that if arg z—f) is a ray for which 

there will be a sector for which arg z=<f> is an interior ray, and for which 




+ 






I 


' + l V 


where for aU w as z-^oo . So far as the first m-j-l terms are concerned, 

this development coincides with the formal solution T/®>. Thus is 
asymptotically represented by along the ray arg z=<f> or symbolically 

(arg z=<fi). 

The ray in the $-plane along which the loop-circuit Cg proceeds to infinity 
is such that Rs«+i{S“a^/(g^+l)} is negative; subject to this condition it 
may vary so long as it does not pass through any finite singular point other 
than ^=a,/(g-l-l). It is not difficult to determine the exact sectors in the 
;s-plane for which the corresponding formulae are valid, and this is the question 
which will now be considered. 

In all there are N— 72 ( 71 — l)(g-l-l) rays for which 

R{(a^ —0^)32+ 1} =0 +^), 

and these rays are given by the formula 

tan (^jr-[-l)^==cot arg (a^ — af)* 

Assuming that these rays are distinct, let them be denoted, in increasing 
angular order, by 

axg^=Ti, T2, . . Tjsf; 

let rj^+i=Ti 4 “ 27 r, 
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As the point ;2 passes from any sector t„i) into the consecutive 

sector (r^, part of a particular one of the differences (%— 

changes h:om positive to negative. Let this particular difference be denoted 
by 

Consider any one of the ^+1 values of m for which and let 

be the ray next in increasing angular order to on which the real part of 
another difference, say 

for which changes from positive to negative. Then the argument of 

the loop circuit C, is intermediate between the consecutive pair of arguments 

arg arg —a,) 

and aj(g+l)}] remains negative for 

< arg 2 < 

The integrals 

furnish a set of g+1 solutions of the canonical system, fixed by assigning ike 
sector in which the ray of the loop circuit Cg is to lie. Each set is valid for any 
one of the g-j-l corresponding sections 

'7-m<arg 

For every ray arg z^<j> which lies, within any one of these sectors, there exists 
a fundamental set of solutions 

TF'i=TFi(^), (5=1, 2, . . n) 

siuih that 

^ 

The corresponding theorem for the original system * is that there exist 
solutions Wx, w^:, - • such that 

Wr'^Sy.^^^ {r—1, 2, . . n) 

within any given sector 

‘^7n<^^g 2<T^'+7r/(^+l). 

19‘6. Characterisation of the Solutions in the Neighbourhood of Infinity. — 
The solutions of the canonical system are characterised by the following 
theorem : There exist N =n(n-'l){q-{-l) fundamental sets of solutions of the 
standard canonical system, namely 

W. (1) W» w W (1) 

(m=l, 2, . . N) 

W- M W„ (") JV (”> 

such that 

~ T,w, T„< arg z<T„+ 1 , 

and suxh that 
and finally 


* This theorem generalises a result given by Horn, J.fMr Math. 13S (1907), p. 19. 
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The present section will be devoted to a proof of this theorem.^ 

By virtue of the theorem in the preceding section it is possible to divide 
the 5J-plane into a finite number of closed abutting sectors a in each of which 
there exists a fundamental set of solutions 

such that, in the sector considered, 

The sectors may be chosen so that the rays arg are internal rays 

and so that at most one ray lies within each sector. Now if a is a sector not 
containing any ray r, every solution of the canonical system of equations 
will have a definite asymptotic representation throughout <j. For the general 
solution is 

Wr=C2Wr^^^+C2W/^^+ . . . (r==l, 2 , . . w), 

and this leads to the asymptotic relationship 

For large values of Isj] the relative magnitudes of the terms of this 
expression are respectively the relative magnitudes of 

R(ai;^+i), R(a 22 i^+l), . . R(a, 2 ^+i), 

and the relative order of magnitude does not change except at the rays 

arg2:=Ti, t2, . . 

and therefore does not alter in any sector a not containing a ray r. Let it 
be supposed that, for the sector under consideration, the suffixes 1 , 2 , . . n 
are so chosen that 

R(ai;s«?+^)>R(a 2 ;s«'+^)>. . 

and let 

Cx=C2~ • - • — Cjfc— 1==0, Cjfc=|=0, 

Then for the sector cr 

Wr^Cj,Tr(^\ 

But since consecutive sectors abut on one another, every solution Wi, 
W2, ...» Wn has the same asymptotic representation in successive sectors 
until a sector which contains a ray r is reached. Thus if the sector a and 
consecutive sectors up to and including that which contains the ray 
are amalgamated into a single sector it follows that there eadsts a funda- 
mental set of solutions 

( 5 = 1 , 2 , . . n) 

stick that throughout the sector 

Wr^ Tr<^\ 

Now consider the character of the general solution 

Wi, Wz, . . W„ 

in the sector As the poiat z crosses the ray arg z=t^, the order of 
magnitude of E{Q, Ja)} and E{Q{_^(2)} is inverted, and moreover 

(arg z<tJ, 

<0 (axgz>Tj. 

Suppose that on the initial bounding ray of the sector (r„ 

E(aiZ«+i), E(a22*+i), . . R(a„2«+i) 

The solutioxis referred to in this theorem are not, in general, the integral solutions 
of §§ 19*4“19^^ ; the Laplace int^ral solutions retain their asymptotic form throughout 
maximum sectors ; the sectors of the present theorem are minimum sectors. 
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are in descending order of magnitude. Then as z crosses the ray arg 
two particular consecutive terms say 

will change their relative order. But the general solution 

W,=c^Wr^^^+c^Wp)+ . . . +CnWr(^) (r-1, 2, . . n) 
will nevertheless preserve its asymptotic form unless 

Ci=C2— . • . =Cj._ 2=05 C;J;=|=0» Cj5;4.i=|==0 

When this is the case the solution is of the asymptotic form 

Wr - ^ 

on the initial hounding ray, and of the asymptotic form 

on the terminal boundary ray of the sector 

If, however, two particular solutions IF,. -and W/ can be found such that, 
on the initial bounding ray of 

Wr - c,Tr<^K w; ^ (r=l, 2, . . n), 

then a linear combination of these solutions can be chosen which 

win preserve its asymptotic form throughout the sector For since 

pr/==c',4-iW^+^>+ . . . +C/1F,(«>, 

it is only necessary to assign to A the value 
Now let 

(^=1, 2, . . ri) 

be any fundamental set of solutions such that, in the sector ai. 

Each of the n distinct solutions of the set will preserve its asymptotic form 
throughout the consecutive sector 0*2 except possibly the solution 

but when this exceptional case does arise,* a constant Ai can be so chosen 
that the solution 

Wxi^h)+AiWii<h), 

preserves its asymptotic form 

T^(h\ 

throughout the sector a 2 . Therefore the new fundamental set of solutions 
where 

Wr^(h) =Wri<hy +A^Wri^ii\ 

preserves its asymptotic form throughout the sector or 2 . 

In the same way fundamental sets of solutions 

(5=1, 2, . . n) 

are determined in succession, which respectively preserve their asymptotic 

* It is important to note that this exceptional case arises only when changes 

its order .relative to the other expressions B{a.gja!?+1) and goes into a lower rank. 
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forms throughout the sectors ( 73 , - . From the last set the same 

process leads to a new set 

5 • •• •» (5 = 1 , 2 , . . n) 

which preserves its asymptotic character throughout the sector ai. It now 
remains to prove that a choice of the initial fundamental set of solutions 
made be made so that 

(r, 5 = 1 , 2 , . . n). 

The first step is to show that the final fundamental set of solutions is 
entirely independent of the choice of the initial set 

PFiiH IF 21 H • ‘ ( 5 = 1 , 2 , . . n). 

Let 

(5=1, 2, . . n) 

be a new initial set of fundamental soljitions ; let 

^ 2 ^^^ . • *, ( 5 = 1 , 2, . . n; m=2, 8, . . N) 

be the successive fundamental sets derived therefrom, and let the constant 
which corresponds to -^4^ be denoted by 
In the sector (ti, T 2 ) let 

R(aiZ«+i)<R(a^-2s^+i)<R(a;fc2«+i)< . . 
then since R(aiS«-^i) is the expression of lowest order there can be but one 
solution as 3 rmptotic in (tj, T 2 ) to 

T2^% . . ., 

and therefore 

(r=l, 2, . . ., n). 

Now every two of the expressions R(ag 2 ;^+^) become equal 2(g+l) times 
as z describes a complete circuit about the origin ; if they become equal on 
the ray arg z—t\ they also become equal on the rays 

arg»=T'+^^ («=!, 2, . . 2gt+l), 

and nowhere else. Consequently in the sector 

Ti < arg <Ti 

where v=\n{n—l), every two of the expressions R(as 2 ^+i) become equal 
on one and only one ray. In partictdar, as arg z increases from to r^, 
R(ai^+i) steadily increases and finally surpasses all the remaining expres- 
sions R(a^"^i), and therefore 

Ur^^^=Ur2<^^ . . . 

Thus since 
it follows that 

(r=l, 2, n) 

for m^v. 

Now since, in (ti, T 2 ), is second in increasing order of magni- 

tude, there will be a relation of the form 

(r=l, 2, . . ., n), 

and from this there follows the relation * 

* Note that R(a^+^) oaimot fall below R(aaZff+^) except for s^i. 
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for m=2, 3, . . 0, where 6 is the value of m for which the magnitude of 

fails below that of R(aiS«*^^). Now since 

Ur^0^i<^^=Ure(^)-i-BeUre(^\ 

the relation 

Ure<^>:=Wr0^J)+cWrB^^> 

may be written 

Ur, — ^e^r, 0-f = — (A$ —c)Wr^ 

In the sector (tq, r^ + i), R(cLi 2 s^'^^)>B(a,- 2 :«-^i), and since it has been proved 
that 

Ur, 0 + l^^^==IFr, 

it follows that 

B0=A0—Cy 

and consequently that 

But for m=d+l^ 6+2, . . v, the order of R(ajS^'^i) does not fall below 
that of any other expression R(ajyS^'^i) and therefore 

UrJ^)=WrJ^) (r=l, 2, . . 

for m=^+l, ^+2, . . ., V. 

In the same way a relation of the form 

U,J^)==W,J^)+cWrJ^)+dW,Ji) 

holds for successive values of m. The constants c and d in this relation 
alter their values only for values of m such that the relative order of the 
three expressions 

R(a,^-i), 

is changed at the ray arg z=r^. If the first expression, w’hich is initially 
lowest in order, increases over the second, the value of d may change ; when 
the second increases over the third, c becomes zero ; when the first increases 
over the third, d becomes zero. Thus if 6' is the value of m for which the 
first expression increases over the third, 

(r=l, 2, . . n) 

for m==6'+l, 6' +2, . . p. 

By continuing the argument on these lines it may be proved that on 
and after a fixed value of m <v, the relation 

(r=l, 2 n) 

holds for every value of s. In particular the final fundamental system 

Ui, + U 2 ,jv+ 1 ^^^ • • •» (5=1, 2, . . n) 

is identical with the system 

. . *, (5=1,2, . . n). 

The final fundamental system is therefore independent of the choice of 
the initial fundamental system, provided, of course, that the initial choice 
is consistent with the conditions of the theorem. Let the initial system be 
defined in terms of the invariant final system by the relations 

This definition is self-consistent for, since is multiplied by the factor 
when the point z has described a complete positive circuit' about the 
point at infinity, the asymptotic relationship 

Wr^ ^ 


holds for the sector (t^, 
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Thus the theorem proposed has been completely proved. Its extension 
to the original system is immediate and may be formtdated as follows : 
There exist N=^n(n—l){q+l) Jundamenial solutions of the system 

2, . . n) 

whose ranh at infinity is namely 

{m=l, 2 , . . N) 

) 

such that if the formal fundamental solution is 

SiH S„<^\ 

. . .. SJ’^K 

then 

zcr„<»> ~ 5VW, 'r„<arg 

The N fundamental solutions are linked up by the relations 

ZOr, ro+ 

where, for m=N, 

Any set of functions WrJ^^'> which satisfies all these conditions famishes 
a solution of the differential system. The theorem is therefore said to give a 
complete characterisation of the solutions of the system with reference to the 
point at infinity. 

The constants which determine the nature of the standard canonical 
system are known as the characteristic constants and fall into two classes. 
The exponential constants are the constants a^, of each 

polynomial QJz) and the exponents pg ; altogether they are n{q-{-2) in 
number and are independent of one another. The transformation constants 
Ajfjr are not all independent, for n — 1 of them may be disposed 

of by transformation 

Wr^CpWr \ (r=l, 2, . . n), 

where the constants Cr are properly chosen. The mpaber of essential cha- 
racteristic constants is therefore 

n{q+2)+n{n-l){q+l)-^{n--l)==n^q+l)+^^ 

The coefficients in the standard canonical system involve, in all, 
^^(^4-1)+^ constants which may be reduced to i)y multiplying 

^29 • • •> Wn by suitable constants. In the general case the number 
of constants in the equation cannot further be reduced ; these constants are 
therefore said to be the irreducible constants of the system. Since the 
number of characteristic constants and the number of irreducible constants 
is the same, it follows tha'f the characteristic constants are not connected by any 
necessary relation, 

19*7. The Generalised l^emann Frohlem. — The Biemann problem which, 
in its original form (§ 15*92), referred to three singular points, all of which 
were regular, has been generalised by Birkhoff in the following terms : To 
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construct a system of n linear differential eqtmtions with prescribed singular 
points 

^ 2 . . , „ 2^4.3 =x 

of respective rank 

^ 1 ? q%i • • •} qmy + 

and with a given monodromic group^ the characteristic constants being assigned 
for each singular point. 

To show that the problem thus postulated is self-consistent consider the 
simultaneous system of equations 


dWf 

dz 


2! I 2*5^, 



=1, 2, 


nl 


which is the most general equation whose singular po^ts z-^, oo 

are of the prescribed ranks q^, q^, . . q^^ number of arbitrary 

constants Af^u and to be disposed of is 


r jn4-l ^ 

^ qi+^m+l^. 

Now let 

(^=1, 2, . . n) 

be a fundamental set of solutions fixed by assigning the condition that at 
some particular ordinary point a, 

•wf^)=8rt ; 


the group of this particular fundamental set will be regarded as assigned. 

Now the monodromic group possesses m fundamental substitutions, one 
corresponding to each finite singular point.* Each substitution is defined 
by a matrix of constants, and therefore the group involves, altogether, 
mn^ arbitrary constants. 

The characteristic constants relative to the singularity Z}. are 722(5^5.4-1) 4-1 
in number, in all there are 


m 

2 {n2fe+l)+l} 

characteristic constants. But the exponents p are determined both by the 
group and by the characteristic constants, and are n(m-ri) in number. 
Thus between the constants of the group and the characteristic constants 
there are n(m+l) relations. 

Finally a correspondence must be set up, at each singular point, between 
the chosen fundamental set of solutions and the canonical fundamental sets 
defined by the theorem of § 19 * 6 . This correspondence is determined by 
the group (which fixes the exponents at each singularity) except for n multi- 
plicative constants. Thus n— 1 additional conditions are imposed at each 
singularity ; in all (n— l)(m+l) further conditions. 

The tot^ number of conditions to be satisfied is therefore 
m-{-l 

S {n2(5;5.-fl)+l}— w(772+l)-}-(n— l)(m-fl) 
k^i 

^ m+l -s 

i-1 ^ 


sponding to 2=00 , then 


are these substitutions, and is the substitution corre- 


where J is the identical substitution. 
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and is equal to the number of constants to be disposed of. The problem u 
therefore self-consistent. 

The problem thus formulated was virtually solved by Birkhoff {Proc, 
Am, Acad. 49 (1913), p. 536). When obvious conditions of consistency are 
satisfied, either a solution of the problem as stated, or a solution of the 
problem modified by replacing the exponents /xi, . . relative to any 

one of the singifiar points by fii+ki, . . where ki, . . k^ are 

integers, will exist. 


Misceixaneoits Exajmples. 


[These examples are all taken ftrom Birkhoff, Trans. Am. Maih. Soc. 14 (1913), pp. 
462-^76.] 


1. The system 


=^^+(z+l-Pi)V 


has the formal solutions 


z dSjiz) 

zdS^(z) 
r ~dz ’ 


W^S,{z), F= 


where, if Ai+A^s=i~~jOj, AiA2=“-r5, 


1 1.2 


• •} 


2. Let 

pi=e~2'jTiAi, 

then if />i=pl, P 2 =i=l neither r nor s is zero and the formal solutions diverge. If p^=l 
either r or 5 may be taken to be zero and at least one. of the formal solutions terminates. 
The two formal solutions are, when r=0 


1-h 


and when 5=0 


IF= 1 , V =--\ 
z \ 


ir=o, 




- + 




TF=1, F=0, 




W=TeH-Pi(l + — -f ^ - + . . F= 

I 2 j 

When both the formal series terminate both r and 5 may be taken to be zero. 


3- By determining the formal solutions and 53 ( 2 ) of the equation 
dho dw 


where 


— +p(2)-+a(s)a,=0. 




and using the formal solutions jSj(z), S,(z), sho'vr that the coefficients in the transformation 

iD=aii(z)Tr +ai*(z)I^, 
o=aji(z)Tr+aj*(z)F, 

can be developed in power series in z when r=J=0. 
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4. Two linearly independent solutions of tiie equation of Ex. 3 may be represented 
in the form 

-^)-^idC+Bi(z) J ^ {i=l, 2), 

where Ai(z) and Bi(z) are analytic at infinity and reduce to 1 and 0 respectively for z= oc. 
This representation breaks down when one or other of pi and pg reduces to zero, when it 
may be replaced by one of the following : 

zoi =A(z) +B(z)e^^-Pif }-‘zPi- -dl, zcj =B(z)^z^-Pu 

ail =^(z)/fi=3-Pirf3+B(2)e*sl -Pi, a-. =A{z). 

5. If the multipliers pi and p, distinct from one another and from unity the 
coefficients in the Laurent series 

<30 X 

V=~X v=— X 

in which two particular linearly independent solutions of the equation of Ex. 3 mav be 
expanded have the form 

. . . {f==lj 2), 

where 

L <*')= ♦ » ■ (Ax-rv-1) 

^ i/!(Ai-A.-rl) . . . (Ai-Ao-f^ 

L<*')= ^2(A2-M) . ♦ ♦ (Ag-rv-1) 

[/ ! (Ao— A^-f I) • • • (Ao — Aj-fv)’ 

and ap and bp are numbers such that ] Op | [ bp | are finite for all values of v. 


6. If Pi and pg are distinct from one another and from unity and if ^(s) is analytic at 
infinity, then for every solution W(z) of the equation 


d^W C ^,PildW 
dz^ ( z\ dz 


TS 

TF =0, 

z2 


there is a relation of the form 


W{z+iljiz)}^aiz)W{z)-j^b{z) 


dWjz) 

dz 


where fl(z) and b{z) are analytic at infinity. 



CHAPTER XX 


CLASSIFICATION OF LINEAR DIFFERENTIAL EQUATIONS OF THE 
SECOND ORDER WITH RATIONAL COEFFICIENTS 

20*1. The Necessity for a Systematic Classification. — The foundations of the 
abstract theory of ordinary linear differential equations axe firmly placed 
upon the classical theorems ■which assert the existence and specify the 
nature of solutions in the neighbourhood of an ordinary point. The nature 
of the solutions m the neighbourhood of a regular singularity is known with 
equal exactitude, and the beha-viour of solutions with regard to irregular 
singular points has been revealed. On the other hand, the information 
available regarding the functions defined by particular equations or classes 
of equations is very scanty. Apart from simple equations, whose solutions 
are elementary functions, the only equation which has been exhaustively 
studied is the hypergeometric equation in its general form or under a particular 
guise such as the Legendre equation, that of Bessel or that of Weber or the 
equation of the confluent hypergeometric functions. The equations of 
Mathieu and of Lame have been studied to some extent, but the knowledge 
of the functions defined by these equations is, even now, far from complete. 

It would thus seem desirable that the study of linear differential equations 
should be resumed from a point of ■view mtermediate between the most 
general on the one hand and the highly particularised on the other. In tbs 
intermediate aspect, any given equation appears as the common member of 
a number of specific classes whose salient properties it possesses. Thus what 
is inherent and essential in any given equation is readily discriminated ffom 
what is purely accidental. 

In the present chapter a systematic classification of linear differential 
equations with rational coefficients is carried out by grouping the equations 
mto types according to the number and the nature of their singular pomts. 
Tbs classification is of value in that it not only indicates those properties 
wbch are common to the members of a particular class, but also suggests 
the existence of relationsMps between the individual members of one class 
and the correspondmg members of another. 

This systematisation was suggested by the discovery of Klein and Bdcher * 
that the cMef linear differentib equations wbch arise out of problems of 
mathematical physics can be derived &om a single equation ■with five distinct 
regular singular pomts m wbch the difference between the two exponents 
relative to each singular point is The coalescence of two such singular 
points produces a regular smgularity whose exponent-difference is arbitrary ; 
the coalescence of three or more in one pomt generates an irregular smgularity. 

Every linear differential equation of the second order ■with rational 
coefficients has associated ■with it a de finit e number of regular and irregular 

* Klein, Vorksungfn Her Uneare Bifferentic^leidiwngm der maim Ordmng (1884), 
p. 40 ; Bocher, Vber die BeUtenetOwiekelungm der PotentiaMheorie (1894), p. 198. * 

494 
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singular points. By regarding each of these singularities as generated by 
the confluence of the appropriate number of regular singularities with 
exponent-difference I, it is possible to consider the equation as deriveda 
by definite processes, from one of a standard set of equations. The whole 
ground can be covered in this way, and those characteristic features which 
may be attributed to the presence of certain singularities of a certain deiSnite 
type may be brought to light. 


20*2. The influence of Singular Points. — It is convenient to introduce 
a term signifj^g a regular singular point with exponent-difference ^ ; such 
a singular point will be called elementary. When a regular singular point 
is not so qualified, it is to be assumed that the exponent-difference is arbitrary. 

The most general equation which has p elementary singularities, situated 
at the points 


is (§ 15-4) 


%, Qc 


d^w ^ ct^idr+i) , Aq+AiZ-t • - • 'hAp-^^z^ a 

dz^ 5 dz (z-^Or)^ ^ a ^ ^ ^ 


where the exponents relative to are and o^+J. Since the exponents 
relative to the singular point at infinity also differ by" f , 


rJJ-l ■)2 


Ap—2, ■ 


p-i 

- 

r~l 


^ r=l 


(p— 2)(p— 4) 
16 


The constant Ap^g is therefore definite; the remaining p—S constants 
Aq, Ai, . . Ap- 4 ^ are, on the other hand, entirely arbitrary. 

Now suppose that two of the elementary singularities are caused to 
coalesce ; thus let < 22 =^ 1 . Then the indicial equation relative to the singular 
point z=ai becomes 


p 2 2 (ai-i-a 2 )p +ai(<ii+ J) +012(0-2+4) -vA — 0 , 

where 

^o+.^iOi+ » . . +Ap-2ai^~^ 

(Oi O4) . . . («! Op_3) 

The exponent-difference relative to the singularity z—a^ is now dependent 
upon A, that is upon the arbitrary constants Aq, . . Ap^^, and is therefore 

arbitrary if p>4. The singularity, however, remains regular. 

If the co^escence is not between and but between say Up^i and 00 , 
let the arbitrary constants A^^, . . ., Ap^^ be such £hat 


where - 
sarily finite, 


lim _A. = -.A'o, lim = -A' p-i ; 

Op— 1 ^p—1 

. ., A'p^^ are finite but otherwise arbitrary ; since Ap^^ neces- 

lim =0. 

Op-1 


Then the equation takes the form 
d^w 5^ 4— ^Or jdzg c^-^r 
dH ”*1 z^Of. j dz 


A' o+A\z+ . . . +A'p^^^ ^ 

n 


and the smgular point at i n finity is regular but, since A'p^^, is arbitrary, with 
arbitrary exponent-difference. 

Again, suppose that any q elementary singular points coalesce, then if 
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q'>2, the resulting singularity does not admit of an indicial equation and is 
consequently an irregular singularity. 

The nature of an irregular singular point depends entirely upon the 
number of elementary singularities by whose coalescence it was generated. 
An irregular singularity generated by the coalescence of three elementary 
singularities will be said to be of ike first species, and in general an irregular 
singularity of the r-th species will be defined as one which arises out of the 
co^escence of r+2 elementary singularities. It is evident that the order 
in which the singularities coalesce has no influence upon the nature of the 
resulting singularity. 


20*21. Standard Forms : Transformations. — By multiplying the depen- 
dent variable by an appropriate factor it is possible, without altering the 
exponent-difference, to give to one exponent at any regular singular point 
any chosen value. Thus if the equation with dependent variable u has an 
elementary singularity Or with exponents cv and the transformation 

u={z~arf'^v 

gives rise to an equation in v with a singularity at with exponents 0 and 
More generally if the equation in is defined by the scheme 

u=P ai * 

%+i .+i- * 

where the asterisks denote that the point at infinity is any singularity, regular 
or irregular, the transformation 


leads to the equation 


t;=P 


U=vll{z—‘ary^ 

r=l 


ai 02 
0 0 


i 


a„ 00 
0 * 


in which the nature of the singularity at infinity has not been altered. 

Thus there is no loss in generality in taking as the standard ^uation 
withp elementary singularities ai, qo the following 

i . \dw Ao+Aj_z+ . ■ . +^p_3zi’-3 

dzZ dz 3 >-l 

r=l 


where, since the point at infinity is also elementary, 

^ r • 


This equation is known as the generalised Larne equation. There is 
occasionally an advantage in taking the exponents at the finite singularities 
to be i and for then the equation assumes its normal form 


1 


A0+A1Z+ +A-8 

T p—i 

n (Z—Or) 

r—1 


-1 


w=0. 


A.-a=— fsCp— 2). 


wherei 
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There are two algebraic transformations in the independent variable 
■which will occasionally be made. The projective tramformation 

z—Oj 

Z’~^OLjq 

transforms the singular points and %. into 0, 1 and oo respectively, 

without altering the exponents relative to these points.* Thus there is no 
loss in generality in fixing three singularities at the three points 0, 1, =0 ; if 
there are more than three singularities the distribution of the remainder is 
arbitrary. 

Next in importance is the quadratic transformation 

with two fixed points 0 and 00 . An elementary singularity at either of these 
two points becomes an ordinary point, a regular singularity remains regular, 
and an irregular singularity has its species doubled. A singularity at any 
other point 2;= a is replaced by two precisely similar singularities at z' = a 
and thus in general complicates the equation. 

Finally, transcendental transformations are used to reduce the equation 
to a known form, e.g. to the Mathieu equation. Their general effect is to 
replace a number of elementary singularities by an irregular singularity of 
transfinite species. 

20*22. The Formula of an Equation : the Irreducible Constants. — Any 
given equation is, in the first place, characterised by 

(a) the number a of its elementary singularities, 

(fi) the number h of its non-elementary regular singularities, 

(y) the number c of its essential singularities of all species. 

In the second place the c irregular singularities may be subdivided into 

(i) Cl singularities of the first species, 

(ii) C2 „ „ second „ 

(hi) C3 „ „ third „ , 

and so on. The equation will then be said to have the formula t 

[<3/, Ci^ Coj C3, . . .J. 

Equations which have the same formula may differ from one another 
firstly as to the actual location of the singular points, secondly as to the 
actual exponents relative to the regular singularities, and thirdly as to certain 
arbitrary constants. An equation, whose formula is given, is determinate 
except as to these three variants, the arbitrary nature of w^hich introduces 
three categories of constants into the equation. Of the constants in the 
first category, which determine the position of the singularities, all but three 
must be regarded as arbitrarj^. Secondly, to each non-elementary regular 
singularity corresponds an arbitrary constant which represents the exponent- 
difference. These arbitrary constants, together with the constants of the 
third category, are the irreducible constants of the general equation wdth the 
given formula. Thus the first equation of § 20*2 whose formula is \jp, 0, 0] 
has p —1 constants of the first category («!, a^, • . ap^i), which are reducible 
to p— 3 ; it has p— 1 constants of the second category (a^, ag, . . a^-i) 

all of which are removable, and p — 3 arbitrary constants of the third 
category (Aq^A^, . . ., Ap^^). It has thus in all 2p— 6 irreducible constants. 

The coalescence of singularities is a process affecting the constants of the 

* Alternatively a transformation into -f-l? — ® is occasionally used. 

f When c~0 the formula [a, 6, 0] is used. When there is only one irregular singularity 
the formula is shortened to [«, h, I5], where s is the species. 

2 K 
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first category alone; each individual coalescence of two singular points 
diminishes the number of irreducible constants by one and only one provided 
that at least three singularities remain. When, however, the number of 
distinct singularities is reduced to two (0 and qo ), a transformation z'^Cz, 
where C is a constant properly chosen, can be applied which reduces one of 
the constants in the third category to a predetermined numerical value. If 
now further coalescence takes place, and but one singularity (at oo ) remains, 
a linear transformation can be applied which again diminishes the number 
of constants in the third category by unity. Hence the equation [p, 0, 0] 
and all others derived from it by coalescence have at most 2p—Q and at 
least p— 5 irreducible constants. 

20*221. The Number of Distinct Types of Equation which can be derived 
from the Equation [p, 0, 0]. — It may easily be verified that the number of distinct 
types of equation, having only regular sin^arities, which can be derived from the 
equation [p, 0, 0] is Jp or ^(p —1) according asp is even or odd. Any such equation 
is in fact of type [p~2r, r, 0]. 

Similarly the number of types of equation possessing one irregular singularity 
of the first species is |p — 1 or |(p —1) according as p is even or odd. More generally 
the total number of types of equation having one irregular singular point of any 
possible species is 

(ip-l)+(ip-l)+(ip-2)-{-(Jp-2)-f- . . . 4-2-f-2-fl-bl=ip(p-~2) 
when p is even, or 

i(p-l)+i(2>-S)-l-4(p-3) -t- . . . -f2+2+l+l = i(p-l)^ 
when p is odd. The typical equations having two or more irregular singularities 
may be enumerated in the same way. 

If each regular singularity is counted once or twice according as the exponent- 
difference is I or arbitrary, and each irregixlar singularity of the rth species is counted 
r-{-2 times, "the sum of the numbers thus obtained will be p. Conversely the 
number N of distinct types of equations which may be derived from the equation 
[p, 0, 0] is the same as the number of partitions of the integer p into any number 
of integral parts each less than p. The results are summarised, for particular 
values of p, in the following table in which denotes the number of distinct types 
of equation with r irregular singularities and N the total number theoretically 
possible. The equation [p, 0, 0] itself is not included. 


1 

3,= 

4 

5 

6 

7 

8 

9 

10 

11 

12 

. , 

2 

2 

3 

3 

4 

4 

5 

5 

6 


2 

4 

6 

9 

12 

16 

20 

25 

30 


— 

— 

1 

2 

5 

8 

14 

20 

SO 

N, 

— 

— 

— 

— 1 
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1 

2 

5 

9 


t — 

— 

— 

— 

— 

— 

— i 
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1 

N 

4 

6 

10 

14 

! 

21 

29 

41 

55 

76 


20*3. Equations derived from the Equation with four Elementary Singu- 
larities. — The equations which have two or three elementary, and no 
other singularities are trivial ; the present section deals with the equation 
having four elementary singularities and its coalescent cases. 

Let the four elementary singularities be z^a^y flg, oo ; since the sum 
of the eight exponents is 2, the exponents relative to each singularity can be 
chosen to foe 0 and is then zero and the standard form of [4, 0, 0] can 

therefore be taken as 


d^w 


f i 


I 


dw 


ju 
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There are two irreducible constants, namely ^ ^ and The equation is 

a particular case of the Lame equation and is of no importance in itself. 

Now let the singular point 2 :=% coalesce with the singular point at 
infinity, and let 

lim AQ la2=n^. 

If the points ai and <22 are transferred to and +1 respectiYely, the 
equation becomes [ 2 , 1, 0 ] : 

Y d^w , ( i . i \dw 

+ (2"+! ~ 

and contains one irreducible constant, n. It is the equation of the Gegenbauer 
function Cn^{z). 

If Og X and also Oo 0 , and is as before, the equation becomes 

[ 0 , 2 , 0 ] : 

d^w Idw 
dz^ z i z 

with one irreducible constant, n. -Multiplication of the dependent variable 
by z^ reduces the equation to its standard form : 

d^w , l—2ndw_^ 
d^^ z dz 

The equation [ 1 , 0 , 1 ] is obtained by the coalescence of Ug % with 00 , 
producing at infinity an irregular singularity of the first species. Let nj “> 0 * 
Since Aq is arbitrary, it may be so chosen that 

lim AQja2(h=-^'^“9 

where m is finite. This gives rise to the equation : 

d^w , idw m 2 

_ J- r- 20 = 0 . 

dz^ z dz z 

The constant is not irreducible ; if the independent variable is multiplied 
by m “2 the equation reduces to its standard form : 

TTT jdw w 

dz^'^zdz z 

Finally let 

as ao ■-> ^ 

and let 

lim AQla-^a^dz^'^^y 

then the equation has an irregular singularity of the second species at 
infinity and is 

dz^ 

The constant is removable, and therefore the standard form of [ 0 , 0 , 0 , d ] 
or [ 0 , 0 , 12 ] is 

IV. — ro=0. 

dz^ 

Thus there can be derived from [4, 0, 0] the four types : 

I. [ 2 , 1 , 0 ] with one irreducible constant, 

11 . [ 0 , 2 , 0 ] „ one „ „ 

III. [1, 0 , ,, no ,, 5 > 5 

IV. [ 0 , 0 , 0 , 1 ]„ no „ • 

It may be noted that the quadratic transformation changes III. into IV. in 
accordance with § 20 - 21 . 

* Whittaker and Watson, Modem Analysis, § 15‘S. 
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20*81. Equations derived from the Equation with Kve Elementary Singu- 
larities. — The standard form of [ 5 , 0, 0] is 


<Pw 



i 

z — a^. 



Aq+AiZ+yq. 

4 

niz—ar) 

r=l 




(w= 0 ^ 


and contains four irreducible constants. 
Let <24 0 and let 


lim AQla4^=lh, lim Ai/a4^=ln{n+l). 
Then the equation which arises is [8, 1, 0] : 


I. 


^ I . I . i h+n{n+l)z 

d^z'''^\z~ai z—a2~^ z—a^^dz 4(;s— ai)(s— a2)(s— %) ' 


and has three irreducible constants, ^ h and n. It is the Lame equation 
in its algebraic form.* 

Now in I. let a2 1 , 0, then equation [1, 2, 0] arises in the form : 


II. 


d^w ii ^ 1 \dw h+n{n+l)z 

dz^ ^Iz^z-^lidz 4z{z—l)^ 


and contains two irreducible constants. 

It is transformed by the quadratic substitution z=x^ into the Associated 
Legendre equation : 


Ila. (i_^2)^_2.-,g+^n(«+l)-j^|^=0. 


Equation Ila. has the formula [0, 3, 0] but is particularised in that the exponents 
at z= — 1 are the same as those at -f-1. It has only two irreducible constants 
whereas the general equation of type [0, 3, 0] has three (Equation III. of the followmg 
section). 


The first of the two possible equations having the point at infinity as an 
irregular singularity of the first species is obtained by the process : 


lim Aola2a4^=la, lim Aija^a^;-^ 
Thus the typical equation [2, 0, 1] is : 


III. 


dz^ z—l J dz 


a-\-k^z 

4 iz{z—l) 




and contains two irreducible constants. By means of the transcendental 
substitution 2=0082,13 it is transformed into the Mathieu equation 


-rxY d^W 

Ilia* cos2a?)«;=0. 

Now let 

% ^2 0, > Qo , 

lim Aola^a^^ =in2, lim ^1/%% =p^ 
then there arises the equation 


d^ Idw n^+k^z 
dz^ z dz 4^2 ^ 


♦ Whittaker and Watson, Modem AnalyfsiSx § 23*4. 
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The constant k is removable by mnltipljHbg the independent variable by 
^k^^ ; thus the typical equation [0, 1, 1] is 


IV. 


\dw ^ z—n^ 

^ j =0 

az^ zdz 4z 


and involves one irreducible constant. The quadratic transformation s!=£C^ 
reduces it to the Bessel equation : 


rva. 


„ dw 


The Bessel equation is a particular ease of [0, 1,0, 1], the general case of which 
involves two arbitrary constants (Equation VIII. of the following section). 

An irregular singularity at infinity of the second species is obtained by the 
operations 

<22 ^ QO , “*> 0 . 

The equation [1, 0, 0, 1] or [1, 0, I2] thus generated reduces to 


V. 


d^w , - dz£; , - , , , - . 


and contains one irreducible constant. Under the transformation 
this equation becomes the Weber equation : 

d'^W 

Va. -7-^ 


=x^ 


^^2 r\-‘' T-^— Oj 


which has the formula [0, 0, I4] (Equation X. of the follo^ving section). 

Lastly, if ai a2 <24 ^ 00 , the equation [0, 0, I3] arises, which 

may be reduced to the standard form : 

VI. -y-r +ZW=^ 0 y 

dz^ 

and contains no irreducible constant. 

Equation VI. is transformed by the substitutions 

w^ziy, s=(|r)l 

into a particular case of the Bessel equation, namely 

Thus the six types of equation which can be derived, by coalescence of 
singularities, from the equation [ 5 , 0 , 0 ] are as follows : 


I. 

II. 

III. 

IV. 
V. 

VI. 


■3, 1 , 0 ] with three irreducible constants 

1 , 2 , 0 ] „ two 

2 , 0 , 1 ] „ two 

0 , - 1 , 1 ] „ one 

1 , 0 , I2] „ one 

0, 0, I3] „ no 


20*32. Equations derived from tiie Equation with six Elementary Singu- 
larities. — It is convenient to take [6, 0, 0] in its most general form : 

5 1 r Ao+AjZ-hA^z^+A^z^l 

>to=U, 


d^w 


^ 5 ^ i-2ar \dw ^ ^ ar(ar+i) 




(s-flr)* 


n (z— Of) 

r=s=l 


^3=( S'*’-) ~ 2 2 


where 
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There are six irreducible constants, namely Aq, Ai, A^ and the anharmonic 
ratios of three tetrads of the numbers a-i, « 2 j • • ^ 5 * 

Let Us CO and let 

lim Aola^ =—iCo, Mm lim A 2 ,la^=^{n+ 1 ) ; 

also let ai=a 2 =a 3 =a 4 = 0 . Then the equation which arises is [4» 1 , 0 ] : 

^ d^w i -)dw , (Co+2CiZ— w(w+l)a3) 




4 


This equation is a generalised form of the Lame equation ; it has four ele- 
mentary singularities and a regidar singularity at infinity with exponent- 
difference n+|, and involves five irreducible constants. 

The next equation [ 2 , 2 , 0 ] is obtained from I. by the operations 

and is of the form : 

TT I i \dw C6+2CiZ-n(n+l)22 

dz^ z ^ z—a^ z—1 ^ dz 4iz(z~'a)^z~l) ’ 


dw CQ+2CiZ—n{n+l)z^ 

'^—0, 


dz^ ~ t z ~ z—a~ z—1 ) dz 4iz{z~‘a)^z~l) ’ 

with four irreducible constants < 2 , Cq, Ci, n. 

Let a=k~^ and make the transformation s=sn 2 (a?, k), then with a little 
manipulation the equation may be brought into the form : * 


h+n(n+l)k^ sn^ x - 


m{m+l)k^ en^cc 


\y=o- 


Equation [0, 3, 0] is most conveniently obtained directly from [6, 0, 0]. 
Let ax^ 0, 1, oo , and let Cq, Ci, and n be as above. The 

four exponents ai, as, may be assigned in any arbitrary manner ; there 
remain three irreducible constants, let them be a, jS, y defined as follows : 

1 — y=2(ax+a2), 

0 =ai(ai 4-^) + 0^2 (®2 +i) +i^o> 

y — a = 2 ( 03 +a 4 ), 

fi =Ct3(^ +i) +<^ 4(^4 +i) +i{^0 H“2Cx — 92(n + 1 )}, 
a^= — K^o4"^i)- 

The equation then reduces to the ordinary hypergeometric equation : 

III. +{y-(<^+i8+l)2:}^ -a^«,=0. 

The equation [3, 0, 1] is obtained by the operations 

, 

lim A^fa^a^ =iCo, lim Ax^ja^fL^ =iC'i» Mm A^ja^a^ =iC 2 . 


< 11 =^ 2 = 03 = 0 , 

and the equation becomes : 

dPa ^i i I Xdw Cq+2CiZ+C2z2 

I 2 : z--a z—l) dz 4z(;z— a)( 2 — 1) ’ 

with four irreducible constants. If a=k-^ and z==sii^ (a?, k) the equation 
becomes 

4.2C1 sn2 X +2C2 sn4 x)w =0. 

This equation is thus an extension of the Lame equation. 

* Hermite, J- JUr 3iath. 89 (1880), p. 9 {(Etwres, 4, p. 8] ; Daxboux, C. R, Acad. Sc. 
Paris, 94 (1882), p. 1645. 
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The equation [1, 1, 1] is a confluent case of IV. It is, however, more 
convenient to derive it from [6, 0, 0] as follows. Let a4“>a5->Q0 and let Q, 
Cl and C2 be as above. Let ai’-^O with ax=0 and let forming 

a regular singularity with exponents 0 and r. The conditions for this are 

r— 2(a2 H-ct3), 

0 =a2(a2+i) +ct3(a34‘-|) +i(^o 4-2Ci + 2 C 2 ). 

The equation then assumes the form : 


V. 


d^w 


+ 


l~~r \dw a+k^z 


z z—l^ dz 4 s(s— 1) 


w= 0 , 


where a=C^^ k^ = 2C2 ; it has three irreducible constants. The substitution 

;s=cos2 X transforms it into the Associated Mathieu equation : * 

Va. 


d^uo d’isy 

__ — 2r) cot X +(a+ib2 cos^ x)w= 0 . 


The equation [0, 0, 2] having two irregular singularities of the first 
species, the one at the origin and the other at infinity, arises as follows. 
Let a4r>a^'-> 00 and let Cq, Ci and C2 be as before. Let with 

ai=i, a2=0, 03=0. Then the equation becomes : 

+{Co+2Ci«+2C222}a,=0. 


There are only two irreducible constants ; if the independent variable is 
multiplied by an appropriate constant, the equation can be reduced to its 
standard form : 


VI. 


^d^zv 


+z 


dw 

dz 


- l{a +p2 1 j ~o. 


The transcendental substitution z—e^^ now transforms it into the Mathieu 
equation : 

d'^w 

-^2 a 7 )== 0 . 

Two equations for which the point at infinity is an irregular singularity 
of the second species are obtainable. In the first place, let a3->a4“>a5-» 00 
and let 


lim lini Aija^a^a^ = — JCi, lim A2l(ha4p.s = — 4^^2* 

Let a2->l with ai— a2=0. There arises the equation [2, 0, I2] : 

VIL ^ \dw , Co+ 2 CiZ+ 2 C 2 Z^_ ^ 

^ + 

which contains three irreducible constants. The transformation z=cos^ x 
followed by a modification of the constants brings the equation into the 
form : f 

d^W 

Vila. +{a- cos 2a? +4^2 eos 4a3}uj=0. 

Secondly, let <Z3->%-><25->oo as in the previous case, and let ai*>a2->0 
with ai=a2=i. If 60=— the exponents relative to s=0 are m 


* Ince, Proc, Bdin. Math, Soc, 41 (1923), p. 94. 

f This equation was first obtained by "VS^ttaker, Proc. Edin, Math. Soc. 33 (1914), 
p. 22, by confluence firom [2, 2, 0]. It was investigated in detail by Ince, Proc, London 
Math, Soc. (2), 23 (1924), p. 56 ; ibid, (2), 25 (1926), p. 53 ; for its physi^ significance 
see Ince, Proc, Boy. Soc. Edin. 45 (1925), p. 106. 
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and l+m. No loss of generality is involved in taking Ci = 
The equation is now reduced to its standard form : 

VIII. -3r5-+5 -i+z 4-^^^to==0, 


Cp 


"i 


dz^ ^ L ^ ^ z 

and involves two irreducible constants 
hypergeometric functions * 

Let let a^-^O with 

lim Aila2fizci4f^5 =i^i> 

the equation becomes [1, 0, I3] : 


It is the equation of the confluent 

=0. If 
lim 


IX. 


d^w 1 

d^ 


dw Cq +2CiZ+2C^z^ 
dz 42 


Z£?=0. 


The equation has only two irreducible constants, Cq^/Ci and Cq^/C 2 . 
quadratic transformation z=x^ brings it into the form : 


The 


IXa. 


dcc^- 


4-{Co +2CiX^ +2C2 S)^}w =0, 


which is a particular case of [0, 0, Ig]. 

Finally, let all the elementary singiilarities coalesce in the point at infinity, 
then the equation [0, 0, I4] which arises can easily be reduced to the Weber 
equation : 

X. ^+(n+i-i^>=0. 

It involves one irreducible constant. 

Thus the ten distinct equations which arise out of the equation [6, 0, 0] 
by coalescence of its singularities are : f 


I. 
II. 

III. 

IV. 
V. 

VI. 

VII. 
VIII. 

IX. 

X. 


A 1 , 0 ] 
■ 2 , 2 , 0 ^ 
0, 3, 0 
>, 0 , 1 
[1. 1, 1. 
' 0 , 0 , 2 ] 
[2, 0, I 2 J 

0, 1, 12' 

[1. 0, Is 

0 , 0 , u 


with five irreducible constants, 
four 
three 
four 
three 
two 
three 
two 
two 
one 


20*4. Constants-in-Excess. — It may be noted that in the set of equations 
derived from [6, 0, 0] the number of irreducible constants is equal to the 
number of singularities ; in the set derived from [5, 0, 0] the number of 
singularities exceeds the number of irreducible constants by unity. In 
general the number of irreducible constants in an equation derived from 
[p, 0, 0] exceeds the number of singularities by p— 6. It is interesting to 
inquire how these constants are to be accounted for. 

The typical equation [p, 0, 0] involves altogether 2p— 6 irreducible con- 
stants, of which p— 3 are accoimted for by the arbitrary position of p— 3 
singularities, and p— 3 remain unspecified. Similarly in the equation 
[p, q, 0] there arep-f-^— 3 arbitrary constants which are not accounted for by 
the positions of the singular points or by the arbitrary exponent-differences 
relative to the q regular singularities. These constants are termed the 
consianis-in^excess, 

* Whittaker, BulL Am. Maffi, S4K. 10 (1003), p. 125 ; Whittaker and Watson, Modem 
Analysis^ Chap. XVI. It is essentially equivalent to the Hamburger equation, § 17*62. 

f The types I., IV., V. and IX. have not yet been investigated in detail. 
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Now consider the class of equations which have one irregular singularity 
of the first species. Any such equation g, 1] may be regarded as generated 
from [p4-l> S'+lj fi] by coalescence of an elementary with a regular singularity. 
In this process one constant is lost, but it is not a constant-in-excess. There- 
fore [p, g, 1] has the same number of constants-in-excess as [p+1, 0], 

namely p+g— 1. Similarly by considering [p, g, I 2 ] to be derived from 
[p, 0] by the coalescence of two regular singularities it may be proved 

that the number of constants-in-excess in [p, g, I 2 ] is p+g— 1. In general 
the equation [p, g, 1^] has 2p+8g-f5— 3 irreducible constants, of which 
p+g— 2 are accounted for by the arbitrary positions of that number of 
singularities, g are accounted for by the exponent differences relative to the 
g regular singularities, and s by the constants in the determining factor 
relative to the irregular singularity. There remain p-j-g— 1 constants-in- 
excess. 

The constants-in-excess are involved in the group of the equation ; by a 
proper choice of these constants the group may be simplified. An example 
is furnished by the Mathieu equation (§ 20*81, Ilia.), in which the constant k 
occurs in the determining factor relative to the irregular singularity at infinity, 
and the constant a is the constant-in- excess. 


20*5. Sequences of Equations with Regular Singularities. — ^The equations 
of formulae 

[8, 1, 0], [4, 1, 0], . . [p, 1, 0], ... 

form an important sequence. The first is the Lame equation 


( -w s — dz 


— 8 ^ 

4 n {z—ar) 

r = l 


Only one of the constants is reducible ; there is therefore no loss in 
generality in supposing that the singularities are so disposed that 

Let z be transformed by the substitution 

so that z=^{cc), and the equation becomes 

~ — {fe+n(n+l)f {a;)}ie)=0. 


The generalised Lame equation is 


' I f V i 1 • 

^^z-a^S dz~^l 




... . 4>n{z-ar) 

r=l 

with p — 2 constants-in-excess, namely Aq, Aj, . . Ap^g, Under the 
transformation 


n (t-Orp 


the equation becomes 


^2 +{-^0+^1^+ • • • -irAp^2^^ — fi* 

* Ince, Proc. Pot/. Soc. Edin, 46 (1926), p. 386, 
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Another important set of Fuchsian equations is the set having p singu- 
larities. The distinct types are 

!>. 0, 0], [p— 1 , 1 , 0 ], .... [o,p, 0 ], 

and each equation has p—S constants in excess. The equations p=zS are 
equations of the Riemann P-function ; the equations p =4 are the Lame 
equation, and the associated Equations derived from the Lame equation by 
generalising its elementary singularities. The equations forp== 5 , 6, 7 , . . . 
have not yet been studied. 


a)*51. Sequences of Equations with one Irregular Singularity. — The Weber 
equation [0, 0, I4] 

^+(w+i-i2!2)w=0, 

may be regarded as a particular case of [0, 0, l^] : 

■^2 +{-^0+^2^^+ • • • 

which has p —3 irreducible constants. 

It was seen that the equation [i, 0, I2] (§ 20 * 31 , V.) is transformed by the 
quadratic substitution into [0, 0, 14 ]. Now the more general equation [ 1 , 0 , 1 ^] 
is 


with r— 1 irreducible constants. It is transformed by the substitution 
into 

g; +(Bo+BiX^+B^^+ . . . +B,_ia;2^-2)a)=0 

and now has the formula [0, 0, l2r]. But it is not the typical equation of that 
formula since it contains only r— 1 instead of the full number 2r — 3 of 
irreducible constants. The sequence of equations [1, 0, 1,] can therefore be 
ignored ; they are effectively included in the sequence [0, 0, I3,]. 

The equation [0, 1, l^] is transformed by the quadratic substitution into 
Bessel’s equation which is a particular case of [0, 1, I2], the confluent hyper- 
geometric equation. Similarly, the more general equation [0, 1, 1^] : 


with p irreducible constants, is transformed by the substitution z=ijc^ into 
which is a particular case of [0, 1, l2p]. 


20*52. Equations with Periodic Cfoeffidents. — Just as the equation [2, 0, l^] 
is transformed by the substitution z—cos^x into the Mathieu equation, so 
also is the more general equation [ 2 , O, 1 ^,] : 


iR I i A0+A1Z+ . . . 

^2 ^ 42 ;{ 2 — 1 ) 

with p +1 irreducible constants, transfoirmed into 


w^O, 




+{Ao+-cIiScos2a?+ , . . -\-ApCos^ x}w^0. 
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which may be wiitten in the form 

_ COS 2x+ +20^ cos 2px}w=0^ 

and is virtually the equation of G. W. Hill in the Lunar Theory. When 
it reduces to the Mathieu equation, when y>=2 to Equation Vila, 
of § 20*32 : no particular properties of equations for which p'>2 are known. 

"if the two elementary singularities z=0 and s=l of [2, 0, are caused 
to coalesce in the origin, the equation becomes [0, 1, IJ. 

The Lame equation may be generalised in a somewhat similar manner 
by replacing the regular singular point at infinity by an irregular singularity 
of species p—1. The equation [3, 0, is 

I i I i 1 j 4)+^i2+ • • • 

dz^ ^ (z—ai z—a 2 Z’—Oq) dz~ i 4i{z^ai){z—a2){z—a^) ) ’ 

with j)+2 irreducible constants. If ai=0, ^ 3 = 1 , the substitution 

z—m^(x, k) brings the equation into the form 

d^w 

—k^AQ +Aisn^ X + +ApSn^^ x)w — 0 . 

By means of the operations 

>00 , >1 

[3, 0, Ip^i] becomes [2, 0, 1^,] and the generalised Lame equation degenerates 
into the Hill equation. 

20*6. Asymptotic Behaviour of Solutions at an Irregular Singularity. — 

Since any equation which has an irregular singular point at infinity of odd 
species can be converted by the quadratic transformation into an equation 
with a singularity of even species, it will be sufficient to consider the latter 
type. The equation [0, 0, l 2 p] may be written 
d^w 

+{^0 ^ ~m^Z^-^)w = 0 , 

where m4=0. If a normal solution exists, the determining factor is of the 
form 

C* j 

and therefore the equation is of rank p. The same is true even when other 
singularities are present. 


Miscellaneous Examples. 

1. Find conditions sufficient to ensure that [2, 0, Ig] should possess a normal solution. 
Examine the possibility of two normal solutions. Express the results in terms of Equation 
Vila. (§ 20-32). 

2. Illustrate in tabular form the statement that equation [2, 0, Ig] bear the same 
relation to [2, 0, Ij] as [0, 1, Ig] bears to [0, 1, IJ. 

3. Write down the formulae of the 14 typical equations which can be derived from 

[7, 0, 0]. 



CHAPTER XXI 

OSCILLATION THEOREMS IN THE COMPLEX DOMAIN 


21 T. Statement of the Problem. — In Chapters X. and XL a series of theorems 
was developed, whose aim was to specify the number and the distribution of 
the real zeros of functions of the Sturm-LiouviUe type. The complex zeros 
of such particular functions as the hypergeometric function, Bessel functions * 
and Legendre functions f have been investigated by modern writers, but 
until quite recently no general theorems covering the whole field of Sturm- 
Lionville functions were known. This gap was filled up by Hille.J who, 
in turn, applied his results to such well-known functions as those of Legendre § 
and Mathieu. || Hille’s methods will be expounded in the present chapter, 
and illustrated by the special example of the equation 

d^w w 

whose solutions may be expressed in terms of Bessel functions of the first 
order. 

The method depends upon the study of certain integral equalities, known 
as the Greenes transform, which are derived from the differential equation 
of the problem. The behaviour of the zeros of a particular solution of the 
equation is reflected in the behaviour of the corresponding Green’s transform. 
It will be found that there exist certain regions of the plane of the complex 
independent variable, known as zero-free regions, throughout which the 
particular solution does not vanish. In the more important cases, the zero- 
free regions will be found to extend over the greater part of the plane, 
thus confining the zeros of the solution to a comparatively small region. 


21‘2. The Green’s Transform. — In the self-adjoint linear differential 
equation of the second order, 


it win be supposed that K{z) and G{z) are analytic in a domain D throughout 
which K{z) does not vanish. If 



* See espedally Hurwitz, MaOi. Ann, 38 (1889), p. 246. 
t Hflie, ArJdvjor Mat. 18 (1918), No. 17. 

t Arkio for Mat 16 (1921), No. 17 ; BvU. Am. Math. Soc. 28 (1922), pp. 261, 462 ; 
Tram. Am. Math. Soc. 23 (1922), p. 350. 

§ Arkivfdr Mai. 17 (1922), No. 22. 

il Proc. Londm Math. Soc. (2), 28 (1924), p. 185. 
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the single equation (A) is replaced by the pair of simultaneous equations of 
the first order 




The first equation of this system is also true if each term is replaced by its 
conjugate, thus 


It follows that 


dwi —w^d^lKiz)- 


-{-Widw2 ^'W2W2dzlK{z) —WiWiG{z)dz, 


and, on integrating between limits z^ and Z 29 and assuming that every point 
on the path of integration lies in D, 


‘ |2G(z)d;s!=0. 

L J K(Z) J 


This equation is known as the GreerCs transform of the given equation ; it 
plays a part in the investigation of the complex zeros analogous to that 
played by the original Green’s formula in the case of the real variable. 

Let 

dzlK(z) =dK~c[Ki + 2 ^X 2 , 

G{z)dz = dQ =dGri -{-idG^i 

Ki, K 2 , Gi, G 2 being real, then the Green’s transform becomes 

(C) fea’zl I 

L Sz-^ J J 

and -when the real and imaginary parts are separated, 


(E) 


— j 1 Wz pdKi + J “ I »-i 1 2dGi =0= 
irtoiaja] ^ + [“ \ wz\^dKz+ f * 1 k>i 12^62 = 0 . 


21*21. Invariance of the Green’s Transform. — Let Z be a new independent 
variable, defined by the relation 

dz^f{Z)dZ, 


where f{Z) is any analytic function. In the new variable, the system (21*2, B) 
becomes 


where 

If 


dwx =W2dZ lk{Z), dw2 = —g{Z)widZ^ 
kiZ)^K{zmZ), g(Z)=Giz)f[Z). 


dZlkiZ)=dTk, g(Z)dZ=d& 
then the Green’s transform becomes 


—j^ 1 Wz l^d^+jf 1 zoi |2d(5 =0, 

as (C) above, and therefore the Green’s transform is invariant under a trans- 
formation of the independent variable. 
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Three special cases of the transformation deserve special mention. 

(i) Let Z=K{z) and -write J(Z)=G(z)K(z), 

then the differential equation and the Green’s transform become respectively 

... 


(ii) Let 


j^zDire)2j ^ — J 1 5^2 l^<iZ+ j ^ | Wi\^J{Z)dZ=0. 
Z=B{z) and write H{Z)==G{z)K{z), then 


dZi 


MI' Mdz+/^V,|2dz=o. 


(iii) To obtain a symmetrical form, let 


then 


5'(Z)=V{G(^)^(2)}, 


i- 

dZl 


L{s(Z)|j+s(z)»=o, 

[e.® J’ - I |W(2:)<E-o. 

L J Zj, S(Z) J 


21’3. Selection of an appropriate Path of Integration. — The path of 
integration {zi, Z 2 ) has not yet been specified ; by choosing the path to be 
such that one or other of the conditions 

dK^ =0, (0^2 

dGx=0, dG’2=0 

is satisfied, the formulas (21*2, E), derived from the Green’s transform, may 
be simplified. 

The curves Ki=const., K 2 =const. are mutually-orthogonal families of 
curves in the s-plane, and wOl be known as the K-net. In the particular 
case E'=l, the K-net consists of the network of straight lines parallel to 
the and ^/-axes. Similarly the curves Gi=const., G 2 =const. constitute 
a pair of mutually-orthogonal families, known as the G-net. 

Now consider the G-net,* and write 

<?(2)=^l(2)+*g2(2). 

where gj and g 2 are real. Let J be a region of the 2 ?-plane for which G(z) is 
meromorphic, and let a be an interior point of J for which G(a)=^0, Through 
a there passes one and only one curve of each family Gi=const., G 2 ='Const. 
The slopes of these two curves at a are respectively 

gMlidp), -gz{a)lgi{a). 

Thus the curves of the family Gi —const, have tangents parallel to the 
r-axis at points where they meet the curve gi{z) =0, and tangents parallel 
to the f/-axis at points where they meet the curve g^iz) =0. The reverse is 
true in the case of the family G 2 —const. 

* Since the K-net becomes trivial in the most important case, namely it is 

advantageous to concentrate on the G-net. The corresponding results for the K-net 
will be stated at the end of the section. 
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The only exceptional points of A are zeros and poles of G{z). In the first 
place let z=a be a zero of multiplicity k. Then, if 

G{z) =a^{z — c)*+0{(«— a)*'+ 1}, 

I ^ G( 2 )efe= a)»+i +0{(z— c)*+2}. 

Write 

z^a=re^, a]c=pe^, 

then, separating real and imaginary parts, 

Gi(;s)— Gi(a)=R J cos {(ife+l)^+^}+0(f*+2)^ 

G 2 (^)'”C^ 2 (a)=I f €r(z)dz= sin {(k+l)8+^}+0(r^-^^). 

J a K-tX 

Thus through the point z=a there pass ^+1 curves of each of the families 
Gi —const., G 2 =<^^^st. The curves of the two families alternate with one 
another and ctonsecutive tangents intersect at the constant angle 7r/(ic4‘l)* 

In the second place, let z=a be a pole of order h, where A->1. If 

G{z) =aj,{z-^a)-‘f^-]-0{{z--a)^~% 

and if it is assximed that the term in (z— is absent from the expansion of 
G(z), then 

G(z)dz =y —a)^ “ * +0{{z — a) ^ 


where y+zS is the complex constant of integration. It follows that 
Gt{z) = B.f G(z)dz=y - cos {{k-l)e-<j>}+0(r^-’‘). 


Gs.(^)=lf G{z)dz=S + ^r^-’‘ sin {{k-l)e-<f>}+0{r^-’‘). 


Since, under the assumption made, Gi and G 2 involve no logarithmic 
terms, every curve of either family which has points in the neighbourhood 
of z=a actually passes through z—a. The curves in question which belong 
to the Gi-fanuly are tangent to the lines 

arg {z-a)={<f>+{v+i)rT}j{k—l) 
and those of the tangent to the lines 


arg {z —a) ={<f> +im}l{k —1), 


where, in each case, v==0, 1, 2, . . ., k — 2. 

Lastly, consider the case in which z—a is a simple pole of G{z), and let 

G{z) =ai(z— a)'"i+0(l). 

Then 


G{z)dz=:y+iS+axlog {z—a)+0{z—a). 


and, if Ui—a+ijS, 

CI’i(i2)=R j^6r(z)dz— y+a log r—pO+0(r), 


02 ( 2 )=! j 6r(z)dz=8+j3 log r+a^+0(r). 


When a=j=0, /3=j=0, the point z==a is a spiral point for the curves of both families ; 
when a4=0, j8=0, the curves of the Gi-family near z=a are approximately 
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circular ovals enclosing this point, and those of the G 2 -family have the point 
z=a for a point of ramification of infinite order. When a =0, ^=^0, the reverse 
is true. 

The corresponding results in the case of the K~net are as follows. When 
z=a is a pole of K(z), the K-net behaves at the point a as the G-net behaved 
when z=^a was a zero of G{z). Similarly the behaviour of the K-net when 
z=a is B. zero of K{z) of order greater than unity, or of order unity, is similar 
to that of the G-net when z=a is a pole, of the same order, of G{z), 

21*31. Specif Case : G{z) a Polsmomial. — The case in which G{z) is a 
polynomial of degree n is of prime importance ; let 

G{z)—AQ{z—axyi(z—a2y^ . . . (2— 

then the following deductions may be made from the theory of the preceding 
section. Any general curve of either of the G-families which does not pass 
through any of the points < 22 , . . has no multiple points in the 

2 -plane. On the other hand one curve of each family has a .multiple point 
of order 1 at %, and therefore there are at most m singular curves of each 
family. 

Every curve intersects the line at infinity in n+l distinct points, but 
these intersections are the same for all curves of the same family. The 
asymptotes of all the curves are real and distinct and intersect ih one point, 
namely the point 

Viai-fV2<^2+ - » ■ 
n 

If arg AQ^(f>Q, the asymptotic directions of the Gi-curves are 
and those of the G 2 -curves are 

hrr — 

n+1 ’ 

where ^~0, 1, . . ., n. The asymptotes of each family therefore make 
equal angles with one another, and bisect the angles between the asymptotes 
of the other family. 

Gi( 2 ) and G 2 ( 2 ) are functions harmonic throughout the finite part of the 
2 -plane. Therefore they can have neither maxima nor minima for any 
finite value of 2 .* It follows that a G-curve cannot begin or end at a finite 
point, nor can a G-curve be closed. Thus a path can be drawn from infinity 
to any chosen point in the 2 -plane without crossing the curve in question. 

21*4 Zero-Free Intervals on the Beal Axis. — Let and. x^ {oc^cx^) be 
two arbitrary points of any interval (a, h) of the real axis throughout which 
J{z) is analytic, then if tc? is any solution of the equation 


(A) 

d^w 

and 

ro=!»i, a)'=5»3, Jiz)=gi(z)+igz{z), 

the formulas deduced from the Green’s transform become 

(B) 

R[tei*02]'^ — J** \w2\^dx+ y gi{x)\ \^dx 

(C) 

I 1 + /**^2(»)| Ml |2cfo!=0. 

% % 


♦ Forsyth, Theory of Functions^ p. 475, IV. 
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It will now be proved that if throughout the interval {a, b) either R/(s;)<0 
or IJ(.s) does not change sign, then there can he at most one zero of wdwjdz in that 
interval. 

For let there be more zeros than one in the interval, and let and x^ be 
consecutive zeros. Then, in equation (B), is zero, whereas if 

the sum of the remaining two terms is definitely negative. Again in 
the second equation (C), is zero, whereas if g 2 {x) is of one sign and 

vanishes only at discrete points, the second term is not zero. Thus under 
either hypothesis the supposition that there is more than one zero leads to a 
contradiction, which proves the theorem. As a corollary it follows that two 
necessary conditions for oscillation in an interval of the real axis free from 
singular points are that 

(a) RJ(;s)>0, 

(b) lJ{z) changes sign or vanishes identically. 

The above theorem will require modification if any singular point occurs 
within or at an end-point of the interval (a, h). To take a particular instance, 
let be a regular singular point of (A) with exponents and Ag (Ai+A 2 =l). 
Assume also that R(Ai)> J and let w—wi be the solution corresponding to the 
exponent A^. Then since z=a is at most a pole of order 2 for J{z), the 
integrals in (B) and (C) are finite provided that no singular point other than 
z=a occurs in {a, h). If, then, the conditions previously imposed upon 
J{z) hold, and if also WiW 2 r ^0 as z-^a, then will not vanish in the 

interval a<,x<ib. 

21'41. Zero-Free Regions. — Let 21^2 t)e any rectilinear segment in the 
2 -plane along which J(z) is analytic. Write 

z=Zi+re^^, 

then 6 is constant along the segment chosen. If w{z) is any solution of 
equation (21*4, A), the Green’s transform becomes 

[“Sll “/o I S f I 

Let 

=h^r)-Srifz{r), 

g^{z) cos 2 e—g 2 {z) sin 2e=P{z, 6), 
giiz) cos 2e+gx{z) sin 2e=Q{z, 6), 

where fi, f^, P and Q are real, and separate the real and imaginary parts of 
the Green’s transform. Then 

AW— /i(0)— dr+j^P(z, e)\w\^dr=0, 

Mr)-MO)+f^Q{z, e)i a. |2dr=0. 

A line of reasoning similar to that followed in the previous section now leads 
to the following theorem. 

There is at most one zero of wdwjdz on the segment provided that along 
that segment either 

(i) P{z, ^)<0, or (ii) Qiz, 6) does not change sign. 

If, in addition to (i), /i(0)>0, or if, in addition to (ii), / 2 ( 0 ) has the opposite 

2 n 
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^-ign to that which Q(z, 6) ha.s on the segment^ then the product wdwjdz has no zero 
at all on the segment. 

This theorem will now be modified in such a way as to lead to a lemma 
which, in its turn, provides an important theorem on the distribution of the 
complex zeros. Consider the pencil of parallel lines (Z) 

in which 2 ^ is regarded as a variable parameter. Let T be a simply-connected 
region in the 2 i-plane throughout which J{z) is analytic, and which is such that 
every line of the pencil winch cuts the boimdary cuts it in two points. Two 
lines of the pencil each meet the boundary in coincident points ; let these 
points be a and /S. The boundary is thus ^vided into two distinct arcs, one 
of which will be regarded as the locus of Zq and termed the arc C, Then there 
follows the lemma. 

There is at most one zero of wdwjdz on that part of each line I which lies 
within T, provided that throughout T either 

(i) P( 2 , ^)<0, or (ii) Q(s, ^)=j=0. 

J/, in addition to (i), R{zodto/dr}>0 along C, or if, in addition to (ii) l{wdwjdr} 
has along C the opposite sign to that which 6) has throughout T, then wdwjdz 
has no zero in T, 

Now let C be a segment of the real axis, let w{z) be real for all points of C, 
and let 9=^, Then 

P{z,e)=-g^{z) = --R{J{z)}. 

This leads to the important theorem which follows. 

If w{z) is a solution which is real on a segment (a, h) of the real axis ; if 
further, T is a region symmetrically situated with respect to the real axis, and such 
that every line perpendicular to the real axis which cuts the region cuts its 
boundary in two points and meets (a, b) in an interior point ; and if finally 
R{J( 2;)}>0 throughout T, then w{z) can have no complex zero or extremum"^ 
in T, 

In the statement of this theorem the words real axis may be replaced by 
imaginary aods and the condition R{J(s)}>0 by R{J(z)}^0, 

If the equation considered is and w{z) is taken to be sin z, the above 

theorem shows that sin z and cos 2 have no complex zeros. 

The following theorem and a similar theorem for the imaginary axis may 
be deduced in a similar manner. 

Let the region T he as before, and let w{z) be a solution, real on the segment 
{a, b) and such that in {a, h) wdwjdz has a fixed sign ; let l{J{z)} have this sign 
throughout that part of the region T which lies above the real axis, then ^ 0 ( 2 ) can 
have no complex zero or extremum in T, 

21*411* Application. — Consider the differential equation 

w 

dz^ 2 ^ * 

it has a regular singular point at the origin with exponents 0 and 1, and an irregular 
singularity at infinity. One solution, is finite at the origin, and this solution may 
be written as L(z)==vdJj(2izi), where is the Bessel function of order 1. This 
solution is real for all real values of 2 , and has an infinit e number of real negative 

* An extremum (point for which t«?'(2)=0) corresponds in the theory of the complex 
variable to a stationary point in the th^ry of the real variable. 
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zeros.* Any other solution, which is not a mere multiple of necessarily 

involves log z. Such a solution can be real on a half axis at most ; if it is real 
on the negative half of the real axis, it must oscillate there. A solution which is 
real for positive real values of as can have at most one positive zero or extremum. 
In general, when w is real. 


lim 

a>->+co 


w{x) 


+1? 


and therefore w increases in absolute magnitude without limit, but there is one 
exceptional solution f for which the limiting ratio is —1, and for this solution 
w^O as aj->+Qo . 

Now consider the distribution of the complex zeros. When R( 2 )< 0 , R( — l/z)>0 
and therefore by the main theorem of the preceding section, no solution which is 
real for negative values of the real variable x can have any complex zeros in the 
half-plane R(z)<0. Moreover, I(“l/2)>0 when I( 2 :)> 0 - Let Ee?(z) be any solution ; 
if it has a positive real zero or extremum let this be Xq, otherwise let Xq be any 
positive number. Then, by the last theorem of § 21-41, w{z) will have no zero in 
the half-plane R(z)>«r(,. In the case of the exceptional solution, there is no zero in 
the half-plane R(z)>0. 


21*42. The Zero-Free Star.— Consider now a pencil of lines radiating out 
from a point z—a at which J(z) is regular but not zero. Write 

z=a+re^^^ 

(z^amz)=Fiz)+iQiz). 

The curves 

Q(z)-0 

intersect at the point a, where each curve has a double point. The directions 
of the tangents to these curves at the point a are given by 

gi{a) cos 29—g2{a) sin 2^=0, g 2 (a) cos 2d-\-gi{a) sin 2^=0 

respectively. 

On the ray through a, of vectorial angle 6^ mark the point pQ, which is 
arrived at as follows. A moving point starts from a and traverses the ray 
until Q changes sign. If P has been positive or changed sign, then the 
point at which Q changes sign is pQ. If, on the other hand, P has been 
constantly negative, then the moving point continues still further until P 
changes sign, and then that point is pQ. 

The process is repeated for ah the rays of the pencil, and the aggregate 
of segments apQ is termed the star belonging to a. If a singular point of 
J{z) falls within the star, it is excluded by a rectilinear cut drawn in the 
direction away from a. 

In the neighbourhood of the point a the boundary of the cut consists of 
that branch of the curve Q=0 which lies in the region P>0, together with the 
tangent to that branch at (Fig- IS.) 

Now it follows from the first theorem of § 21 '41 that if z^a is a zero of 
wdwjdz, then this product does not vanish at any point of the star belonging to a, 
including the non-singular points of its boundary. 


This theorem can be applied to the solution 


of the equation 


w^z^J{2iz^) 

w 

dz^ z 


* Concerning the zeros of Bessel and allied functions, see Watson, Bessel functions 
Chap. XV. 

f Cf. Wiman, ArMv fdr MaU 12 (1917), No. 14. 
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This solution has a simple zero at z=0. The star corresponding to this point covers 
the whole plane except for the negative half of the real axis. It follows that the 



[The region near z—a which does not belong to the star is shaded.] 


solution in question has no zeros except those which lie upon the negative half of 
the real axis. 


21*43. The Standard Domain. — A zero-free region which in general is 
more extensive than the star will now be obtained. Consider the differential 
system in its more general form 


dwi w<2, 

~d^ ^K(iy 


dw2 

dz 


= --G{z)wi, 


and let K(z) and G{z) be anal 5 d;ic throughout the whole plane except at a 
number of isolated points. These singular points, together with the zeros of 
K{z) are the singularities of the differential system ; let them be excluded 
from the plane by a number of appropriately-drawn cuts. In the cut-plane 
the functions K and G, which define the two networks of curves of § 21*8, are 
one-valued. 

A standard path wiU now be defined as a curve issuing from any ordinary 
point of the plane and satisfying the following conditions. 

(i) It does not encounter a cut, except possibly at its end point. 

(ii) It is composed of a finite number of arcs belonging to the two net- 

works- 

(iii) Throughout the path a particular one of the four following pairs of 

inequalities is satisfied, namely 


, . dGi<0, dGi>0, dG2>0, ^ <iG2<0 

dKt>Q-, dK2>0; ^ dKz<0. 


In order to avoid the possibility of discontinuous tangents it will also be 
supposed that at a point where two different arcs meet, the angular point is 
replaced by a small arc having a continuous tangent. This can always be 



OSCILLATION THEOREMS IN THE COMPLEX DOMAIN 517 


carried out in such a way that the characteristic pair of inequalities of the 
curve is not violated. 

Now let the point a be such that, if W{z)^wx{z)w2{z), then FF(a)=0. If 
h is any other point on a standard path issuing from a, then it follows 
immediately from the equalities 

[aJiOTa]^ I «>2 J*’ [ wi l2£iGi=0, 

~h f I l^dG2=0, 

^ J a J a 

that W{z) will have no zero except a on the standard path. 

If the aggregate of standard paths issuing from the point a is called the 
standard domain of a, then follows the theorem. If W{a)—Q, W(z) has no 
zero, other than z=a, in the standard domain of a. 

Similarly there may be constructed the standard paths of all the points 
of a continuous curve C upon which the variation of the sign of K{z)wi{z)w 2 ,{z) 
is known. The aggregate of these standard paths is kno\vn as the standard 
domain of C with respect to the solution considered. 


21*431. Example of a Standard Domain. — In the case of the equation 

dHt) w ^ 
dz^ z 

it is found that 

K( 2 :) = 0 ( 2 ) — —log 2 . 

To make G( 2 ) single- valued, the plane is cut along the negative half of the real axis. 

Now, if z—re^Q^ the standard curves are made up of arcs of the networks of 
curves 

£tJ=const., 2 /== const. ; r=const., 0=const., 


(a) 


and the four characteristic pairs of inequalities are effectively 

dr>0, dr<0, d0<O, d0>O, 

daj>0; d£C<0; di/>0 ; dt/<0. 

Let there be a solution such that W{Xo)—Of where Xq is a point on the negative half 
of the real axis. Then standard curves issuing from Xq can be made to cover the 
following regions. 

When (a) is satisfied the region is R(2)>a7o, 1 2 [ >| ojq |. 

There is no region in which ( is satisfied. 


When (y) is satisfied, the region is 1(2?) >0. 

When (5) is satisfied, the region is I( 2 ;)< 0 . 

Thus the standard domain covers the whole of the plane with the exception of that 
part of the real axis for which R( 2 )<|a;o |, and it follows that no solution of the 
equation considered which has a negative real zero z=Xq has a complex zero or a 
real zero 2 >| Xq |. 


21'5. Asymptotic Distribution of the Zeros. — The theorems which have 
been developed in the preceding sections have as their aim a more or less 
complete solution of the problem of determining extensive regions of the 
2 -plane which are free from zeros of a particular solution of the differential 
equation in question. A complementary problem will now be taken up, 
namely to investigate the distribution of the zeros in the neighbourhood of 
an irregular singular point.* 

* Similar problems have been studied in connection with the Painlev^ transcendents 
by Boutroux, Ann. ^Jc, Norm. (8), 80 (1913), p. 255 ; (3), 31 (1914), p. 99, and in connection 
with the solutions of linear diferential equations by Gamier, J. de Math. (8), 2 (1919), 
p. 99, 
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The differential eqnation 

(A) ^jKiz)^]+G{z)w=0 


is transformed, by the change of independent variable 


K{z)i 


d 

dZ> 


=/:ys 

ls(Z)^]+S{Z}w=0, 


into 

(B) 

where 

S(Z)=V{G(z)K(z)}. 
It may also be written in the form 

(C) 

where 


(P-w , . 


2f(Z) {log ^(Z)}. 

The change of dependent variable 

W=-s/{S{Z)}w 

now transforms the equation into 

d^W 


(D) 

where 


dZ2 


+{1-^(Z)}1F=0, 




The new variable Z, regarded as a function of z, is infinitely many- valued. 
It will be assumed that Z may be so determined that ^(Z) is analytic through- 
out an infinite region A of the Z-plane having the following properties : 

(Al) A is simply connected and smooth. 

(A2) Every line parallel to the real axis cuts the boundary P of the 
•region (i) in a line segment, or (ii) in a point, or (iii) not at all. 

(A3) A lies wholly within a sector 


— 7r+5< arg Z<7r— 3, | Z | >jBo>0- 

A region which satisfies these conditions is said to be of type A. When T 
is cut by every parallel to the real axis the region is said to be of type Aa, 
otherwise it is of type Ah. The conditions A ensure that A contains a strip 
Aq of finite width defined by inequalities such as 


UiZ)>A>RQ, Ri>I(Z)>J52. 

It is also assumed that at every point of A^ 0{Z) satisfies the condition 

M 


(B) 


^(Z)< 




where M and p are positive numbers. 

It follows from the existence-theorems that any solution W(Z) of (D) is 
bounded in the strip Aq. Consider the expression 

/(Z) =Wo{Z) + 1“ sin (T-Z) 0(T) W(T) dT, 
where IFo(Z) is a solution of 

Wq"~\-Wq=0, 
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and the path of integration is parallel to the real axis. It is found that 
J"(Z)+f{Z)-0{Z)W{Z)=O, 

and therefore, if f(Z) is a solution of the integral equation 

(E) f{Z)=Wo{Z) + r sin (T-Z) 0{T)f(T) dT, 

J z 

then f(Z) is also a solution of the differential equation (D). In this sense 
(E) may be spoken of as the equivalent integral equation.'^ 


21‘51. Discussion of the Integral Equation. — Before considering the 
integral equation itself, it is necessary to obtain an expression for the upper 
bound of the integral 

(F) 

where jM is real and 

; 

where z is not a negative real number, and the path of integration is parallel 
to the real axis. Let 

z t =r{v 

then 


Now 


J 0 \v-\-e'^S\i^ 




4iV 




(14-z;)2 

When |^|<7T, the second factor maybe expanded as a series in vj[l-\-v)^; 
the resulting series for is uniforndy convergent for 0<i;<oo . By 

integrating this series term-by-term, employing the formula 


f 

J I 


0 


r(fe+l)r(ja+A:-l) 

jr(/x-i-2/c) 


it is found that 

/x) = 




and consequently f 

I{re '^^ ; [ju) - 


Am) ,=oAIP+i+fe) ^ 

i- E( m— 1, 1 ; sin2 |d), 

/X-7-1 

— ly 1 9 I sin2 1^) 

(/X— 


* It is a singtilar integral equation of the Volterra type. The following discussion 
of the integral equation is due to Hille, Trans, Am, Math, Soc, 26 (1924), p. 241. 

t In particular, I(Te^; 2)— - ~ ^ 
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Now it may be proved that,* when 0<|^[<‘7r, 

— 15 1 j 5 sin^ i"^)” — ^ > cos^ ^ 6 ) 

Since each of the two hj^pergeometric functions in this equation has a 
positive sum when 0<|^|<7r, it follows that 

Now the hypergeometric function in the expression for I{re'^ ; fi) increases 
with 1 6 1 when 0< 1 0 1 <it, and therefore if 1 0 1 <i^j 
I(re^& ; /x)<Z(reh’7r; 

On the other hand, if ^Tr< 1 6 1 < 77 , 

^re , fix \y\ • 

Now when /i>/XQ>l, the expression 

2 \ /' TTr{ \fL -j^J) 

^/{fl—l)T{lfl) 

is bounded, let its upper bound be C. Then finally, 

where, if 

B=:\z\ when 0< | arg z | 

R=:z\y\ when |7r< | arg z | < 77 . 

Now consider the integral equation 


and write 


W{Z)=Wo{Z)+j"^sm (T-Z)0{T) W(T)dT, 
K{Z, T)=sm {T-Z)0(Ty. 


It will be shown, by a method of successive approximation, that a solu- 
tion of the integral equation exists. Define the sequence of functions 
Wi{Z), . . ., W^XZ), . . . where 

W^(Z)=Wo(Z) + f^K(Z, T)Wo{T)dT, 

and, in general, 

jr„(Z)=fFo(Z)+ f^K{Z, T)W^_:,{T)dT (n=l, 2, 3, .)• 

Then 

W„+,(Z)~W„(Z)= r K(Z, T){W„(T)-W„-i(T)}dT. 

J z 


* The proof follows foom the formula (§ 7*231) expressing E(a, jS ; y ; a;) in terms of 
F(a,^; a-f-jS—y+l ; l—a?) and (1— a:)r-<^-^^’(y--*a, y— ; y— a— jS+l ; 1— a7)andfrom 
the fact that jS ; a; aj)=(l— 
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Let L be the upper bound of [ Wo{Z) | in /Iq ; since T—Z is real on the path 
of integration, 

\K{T,Z)\<\4>{T)\<^^. 

Now let it be supposed that for some value of n 


then 


|»F.(Z)-IF,_,(Z)|<(^)”. 


L 


\w^+^iZ)-w. 



L r® MdT 


f CM 

'^^vi\ZY) {(n+l)!}i’ 


that is, the inequality holds for the next value of n. But since 


1 W^{Z) -W^{Z) 1<|| ^ K{Z, T)Wo{T)dT j 

rULdT 

z\TY+^ 

CML 

^vi\zY' 

the inequality holds for n=l, and the proof by induction follows. 

Consequently IF^(Z) converges uniformly in A q to b. limit-function W{Z) 
which is anal 3 rtic throughout Aq and satisfies the integral equation. More- 
over W(Z) is the only bounded solution of the integral equation, for if a 
second bounded solution existed, the difference D(Z) would satisfy the 
homogeneous integral equation 

D(Z)= r K(Z, T)D{T)dT. 

J z 

Let A a he that part of Zq which R(Z)>a, where a is to be determined, 
then it may be verified that, if fjLa is the upper bound of | D{Z) j in A then 

^CM 

Thus if a is so chosen that oy^CMjv^ y this inequality will lead to a contra- 
diction luiless fjLa =^5 which proves that Z)(Z) must be identically zero. 

The proof holds for any strip of t 3 q)e Aq which A may contain. It 
follows that the integral equation possesses, in that part of A which lies in 
the half-plane R(Z)>0, a unique analytic solution. Now consider the half- 
plane R(Z)<0, and let h be an arbitrarily large positive number. Then a 
positive number exists such that, in Z, 

The only modification necessary to complete the proof in this case is that 
due to the altered form of the inequality (G). It follows that a unique 
solution also exists in that part of A which lies on the negative side of the 
imaginary axis provided that 

R(Z)>-&, \l{Z)\>p. 

Let D be a part of A in which I(Z) is bounded, R(Z) is bounded below, 
and 1 1(Z) |>p when R(Z)<0. Let A be the upper bound of [ W{Z) [ in D 
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and let be a point at which this upper bound is attained, then 

if L is the upper bound of | Wq{Z) j in D, 

A<L+AmJ^ ji+p 

where 

= j I when ^i>0, 

-Ki=l2/i| when a7i<0. 

Now if D is so chosen that It^'>2CMIv^y then A <i2L and 

\W{Z)-Wo{Z)\<'^-^, 

where jK=j Z j or | F | according as X>0 or Z<0. 

It is not difficiilt to obtain similar equalities which are valid in that part 
of id in which I(Z)>R 2 - For the integral equation 

W+(Z)=Wo+(Z)+J^K+(Z, T)W+(T)dT> 

in which 

Wo-^(Z)=e^^Wo(Z), KHZ. T) ^)Z(Z, T), 

is satisfied by 

W+(Z)=^e^W{Z), 

and it may be proved that j W-^{Z) | is bounded for I(Z)>R 2 * By an 
appropriate choice of B^y the upper bound of | W^{Z) | in the region con- 
sidered may be made less than twice the upper bound L+ of [ (Z) | in that 

region. It follows that 

where U is as before. An analogous formula may be obtained for that part 
of A for which I(Z)<Ri' 

On account of these inequalities W{Z) is said to be asymptotic to Wq{Z) ; 
in the same way it may be proved that fV'(Z) is asymptotic to IF'o(Z). 

21*52. Truncated Solutions. — Now let Wi(Z) be the solution asymptotic 
to Then the integral equation 

U(Z) =1 + 3, j” -l}0(T)U(T)dT 

is satisfied by U(Z)=e'^'^^TFi(Z). From this integral equation it may be 
shown * that Wi(Z} is analytic in the sector 

— 7r+€< arg Z<27r-f e, | s: |>p, 

and that 

e-i^W,(Z)=l+^0^, 

where | ®i(Z) j is bounded in the sector. Similarly, if W^iZ) is the solution 
asymptotic to e~~^y 

It follows from these formulae that ^^(Z) and W^iZ) have no zeros out- 
side a sufficiently large circle ; they are said to be truncated in A . The 
same is true of the derivatives Wi(Z) and W^'{Z). 

Now when the region A is of type Aa, in which case every line parallel 

* For a proof valid when v=l, see Hille, Proc. London Math* Soc, 28 (1924), § 2*24. 
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to the real axis intersects the boundary, Wi(Z) and W4^Z) are the only 
solutions truncated in A. For any other solution may be written in the 
form 

W{Z) -CiIFi(Z) ^C^W4.Z) (C.Cg+O), 

and is asymptotic to 

Without any loss of generality Wq(Z) may be assumed to be sin (Z— a); 
its zeros are then an=a+n7r. Now since the region is of type Aa, the strip 
Aq may be so chosen as to contain all the zeros of Wq(Z) on and after a 
certain value of n, say Nq. Let the parts of A which lie above and below 
^0 denoted hy A i and 2 _ i respectively. Then, m. A q, 


in Zli, 
and in A^^ 

In each case, in Ax, 


JF(Z) = sin (Z-a)+^^ 
e^W{Z) = sin (Z-a) + ^-^; 

e-izw{Z) = e-iz sin (Z-a) + ^=^^ . 

I dx{Z) 1 < 2CI-AM (A= - 1 , 0 ,+l) 


when 

I Z |*'>2CM/vi, 

where Lx denotes the upper bound of | sin (Z— a) | in Ax^ 

Now let be the circle of small radius e surrounding the point a„, then 
on r„. 


sin (Z—a) |>^e. 


and if 


then 



vie ^ 


OojZ) 

Z^ 


< -e. 

TT 


This proves that sin (Z—a) is the dominant term for W{Z) on any circle 
which lies in A and without the circle | Z | =y. 

Let + be that part of A which lies outside the circle [ Z | = 7 . Then 
within each circle Pn in J + lies one and only one zero of W(Z)* Let A ^ be 
what remains of when the interior of each circle jT^ in Zl+ is removed. 
Then W(Z) has no zero in J*. In the same manner it may be proved that 
the zeros of W\Z) in J + lie one within each of the circles 

where a,/— 

Thus the zeros of W{Z) and W\Z) may be denoted respectively by 
and A'n where 

lim {An —an) == 0 , lini {A%, —a\) = 0 , 

and the set of points A^ is said to form a string of zeros of the oscillatory 
solution Wn{Z). The two truncated solutions, and these only, have no 
string of zeros. 

* Cf. Roueli^, J. Folyt. cah. 39 (1862), p. 217. 



524 


ORDINARY DIFFERENTIAL EQUATIONS 


Where the region A is of type Ab, an infinite number of solutions exist 
which are truncated in A, namely those which are asymptotic to a function 
Wq(Z) whose zeros lie outside of On the other hand if. on and after a 
certain value of n, the set of points a^=a+n 7 T lies in A, sl solution can be 
constructed whose string of zeros is approximated by (a„), and this solution 
is asymptotic to Wq(Z)=C sin (Z—a), 

Thus whatever be the type of the region, a solution can always be found 
whose zeros approximate to the set (a+njr) if this set ultimately lies in A, 
To indicate the dependence of the zeros upon a, write A^(a) instead of 
and W(Z, a) for W(Z). The question now arises as to how ^„(a) varies with 
a. Let a=cr+2T and assigning to r the constant value tq, let a vary from 
(To to 0*0+^. Then A^X^) describes a continuous curve between the points 
Ani^o), where ao=cTo+^To, and A^+iiao). As cr continues to increase, ^^(a) 
describes a curve joining the zeros of the string and approaching its asymptote 
1 (Z)=tq, This curve is called the zero-curve of the differential equation. It 
is evident that through every point in there passes one and only one 
zero-curve. 

21'53. Distribution of Zeros in the si-plane.^ — The foregoing results are 
referred back to the ^-plane by means of the substitution 



This substitution sets up a conformal transformation between the Z- and the 
2j-plane. The simply connected domain A on the Z-plane will transform 
into a simply-connected, but in general overlapping domain D in the j^-plane ; 
the transformed domain lies in the most general case upon an infinitely- 
many leaved Riemann surface. Any solution w(z} is analytic throughout the 
domain D, but on the boundary of this domain there may be one or more 
singular points corresponding to ;2;=oo . 

The results which have been obtained concerning the distribution of zeros 
upon the Z-plane may now be re-stated in regard to the ^-plane. The circle 
I Z 1 — y corresponds to a curve dividing the region D into two parts let 
D+ be the part corresponding to The points a„ become points and 

the circles become closed contours enclosing the points D* is 
defined to be that part of D+ which is left when the interior of the contours 
are removed. If, on and after a certain value of n the points a„ all lie in 
the corresponding points a„ will lie in D, To the solution W{Z, a) corre- 
sponds the solution w{z, a), where 

w{z, a)={S{Z)}~m{Z, a), 

and one and only one zero of w{z^ a) lies within each of the contours in Z)+ 
whereas no zero at all lies in 

The zero-curves in the Z-plane are represented by zero-curves C on the 
Riemann surface wMch are asymptotic to the curves 



Through every point a in D passes one and only one zero-curve (Z{cl), Let 
the points be marked upon <£(a) iii the direction of increasing values of 
R(Z), where 

and the path of integration is the curve (X(a). Then there exists a solutioni 
w(z, a) such that its zeros A^ can be so ordered that 

lim (An—aj= 0 , 
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Consider two circles 27^ and 272 drawn in the Z-plane with radii and B 2 
respectively where B^^Bi^B^ and suppose for simplicity that each of these 
circles cuts jT, the boundary of 2l, in two and only two points. Li the s^-plane 
the circular arcs 27^ and transform into curves and which, together 
with the transformed portions of F enclosed between 27^ and form a 
curvilinear quadrilateral [D]. This quadrilateral is cut by (1(a) in two points, 
say on and on Then the number of zeros of w{z^ a) in [D] is 
given by the formula 



where the path of integration lies along <I(a) and — 1<^< +1. 

Similar results may be obtained with regard to xjD'iz, a) by considering 
the formula 

in which the first factor alone is relevant. 


31*54. Equations with Polynomial Coefficients. — A definite and important 
example is provided by the case in which K{z) and G{z) are polynomials in 
s ; let 

K{z)=z^+ . . G{z)=g^-\- . . . (^o=fO). 


In order that the point at infinity may be an irregular singular point it 
will be supposed that g^k—1 ; let m=g—k+2 so that m>l. 

Since 


-L 


" ,/5 go^+ 

,v : 




Z is in general an Abelian integral of the third kind. For large values of z, Z 
has the form 


z log s+ 0 ( 2 -J)}, 


in which the logarithmic term occurs only if m is an even number. Con- 
versely 

where ^ is a double series of ascending powers of Z and log Z, which is 
convergent for sufficiently large values of | Z [. 

Again, since 

G{z)K\z)^G\z)K(z) 

2{G{z)'S^{K{z)F ’ 

it follows that 

and therefore 

where ^ is a double series of the same type as above. 

Similarly 

and therefore (&(Z) satisfies a condition B with v==l in any region outside a 
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sufficiently large circle | Z j in which arg Z is bounded. Let A be the 
region 

\Z\>R, R(Z)>0. 

For a sufficiently large value of R this region is conformally represented on 
the 2 f-plane by a sectorial region in which 

i{(2yL.-l)7r-0o}-8< arg ji<l{(2,.+l)7r-4}+S, 

where 8 is a small positive number, 6q is arg go, and ft has the value 0, 1, . . 
or m— 1 corresponding to the chosen determination of 

If the asymptotic zero curves in the ^-plane are of the form 

f iwi sin J(m^+^o)+ lower terms ==const., 
and their asymptotic directions are 


The solution w{z, a) is not, in general, one-valued in the neighbourhood 
of infinity, but if H) represents that part of the Riemann surface of log z which 
lies outside a sufficiently large circle, zc;(;s, a) is one- valued on 2). The zeros of 
zv(z, a) thus form m strings which are asymptotic to the directions 6ft in each 
leaf of H). If N{r) denotes the number of zeros in a string within the circle 
j z I =r then as r->oo. 




The results of § 21-52 show that there are two solutions which are trun- 
cated in the direction dft, from which it follows that the total munber of 
truncated solutions does not exceed 2m. It will now be shown that the 
actual number of truncated solutions is m. 

Consider the region A' whose boundary is the large circular arc 

j Z \ ==R, — j7r-f-S< arg Z<j7r~“S, 

and the tangents drawn to the extremities of this arc and extending to 
infinity in the half plane I{Z)<:0. The region thus defined is of type A, and 
in it 0(Z) satisfies a condition B. Let IFi(Z) and W 2 iZ) be the truncated 
solutions asymptotic to and respectively. Now Wi(Z) is asymptotic 
to in the more extended region ^ 

— '7r< arg Z<27r, 

and, as may be seen by considering a region symmetrical to A' wdth respect 
to the imaginary axis, is asymptotic to in the more extended region 

“27r< arg Z<7r. 

If therefore | I(Z) |“>oo , 

FFi(Z)“»0 in the upper half of A\ 

IF 2 (Z )->0 in the lower half of A\ 

and in view of the properties of the integral equation satisfied by W{Z), 
these conditions suffice uniquely to determine Wi(Z) and W^iZ) respectively. 

In the s-plane there are m distinct regions D'ft which correspond to A\ 
and B'fi is such that 

djEi.-.i+€< € (/x=0, 1, . . m— 1). 

Consecutive regions and D'ft^^ have a common part namely a region Uft 
where 

Bft+€< SLTg Z^9ft+x^€. 
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Now there is one solution truncated in which tends to zero in Up. and a 
solution truncated in which also tends to zero in Up, But as only one 

such solution can tend to zero in Up, the two solutions in question must be 
identical. The number of truncated solutions thus reduces to m ; that this 
number is actually attained may be seen by considering the equation 


(Pw 




If tVp{z) is the solution which tends to zero in Up, this solution is truncated 
in the adjacent directions 6p and 6p^i, and moreover, it preserves the same 
asymptotic representation in the three adjacent regions Up^i, Up and 

Up+i, 


Misceixaneous Examples. 

1. Prove the formula 

(iz+ h t SBi PG( 2 )(S = 0. 

^ -‘H J H J H 

2. Considering the dynamical system 

d^x 

di^ 

dt^ 

where and g^ are fimctions of t, employ the results of § 21*4 to prove that a particle 
starting from the origin at time with a given velocity will continue to move away from 
the origin so long as and the sign ofgz(t) remains unchanged. 

3. Extend the results of §§ 21*4, 21*41 to the general self-adjoint equation of the second 
order. 


= -gi^-rg2y. 


4. Let I'iz) be real and positive when z is real and greater than x^, analytic throughout 
a region D including the real axis for R(z)>a?i, and such that either 


R{E(z)}>0 or I{i?’(z)}4=0 


in D ; let W(z) be a solution of 


~E(z)zo=0 


such that Ty(z)-^0 as 2 ->oo in D along a parallel to the real axis, then under very general 
assumptions, fV(z) has no zero nor extremum in D, 


5. Construct the standard domain for a solution of 


which has a complex zero z=a-htb. 


dhv w 
dz^ z 


6. Prove that when 0{Z) is analytic and satisfies a condition B in the half-plane T , 
I(Z)>B 2 , every solution is asymptotic to one sine-function in Y+, the extreme right-hand 
part of the region, and asymptotic to another sine-function in y—jthe extreme left-hand 
part of the region. Discuss the zeros of this solution. 


7. Given the function sin (Z —a), there exsts one solution TF+(Z) asymptotic to it in Y + , 
and another solution WT— (Z) asymptotic to it in y — . But if r =I{a) is large, there e:^fe a 
solution W(Z) asymptotic to sin (Z— a) throughout Y, and the string in Y+ and Y” join into 
a siugle string. There are no zeros above tfis string and only a finite number of zeros in 
Y below it. 
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8 . The asymptotic zero-curves of the equation 

dhs) w 
dz^ z 

are parabolas with focus at the origin and the negative real axis as axis. Work out the 
distribution of the zeros in the neighbourhood of the asymptotic parabola. 


9 . The general solution of the equation 


dhs3 

d^ 




in which G{z) is a polynomial in 2, can be represented in the form 

w ~w^(z ) — Are72(2!)> 

where Wi{z) and «J2(2) are linearly independent solutions and A is a complex parameter. 
Show that a necessary and sufiacient condition that the solution be truncated is that A is 
one of the asymptotic values of the meromorphic function A(2 )=z£Ji(2:)/z£;2(z). 

[Note. — number a is said to be an asymptotic value of an integral or meromorphic 
function /(z) if there is a simple curve tending to infinity along which /(z)— >a.] 



APPENDIX A 

HISTORICAL NOTE ON FORMAL METHODS OF INTEGRATION 

A*l. Differential Equations to the End of the Seventeenth Century.— The early 
history of a branch of mathematics which has enjoyed two and a half centuries of 
vigorous life naturally tends more and more to be masked by the density of its 
later growth. Yet our hazy knowledge of the birth and infancy of the science of 
differential equations condenses upon a remarkable date, the eleventh day of 
November, 1675, when Leibniz first set down on paper the equation 

Jydy=iy\ 

thereby not merely solving a simple differential equation, which was in itself a 
trivial matter, but what was an act of great moment, forging a powerful tool; the 
integral sign. 

The early history of the infinitesimal calculus abounds in instances of problems 
solved through the agency of what were virtually differential equations ; it is even 
true to say that the problem of integration, which may be regarded as the solution 
of the simplest of all types of differential equations, was a practical problem even 
in the middle of the sixteenth century. Particular cases of the inverse problem 
of tangents, that is the problem of determining a curve whose tangents are sub- 
jected to a particular law, were successfully dealt with before the invention of the 
calculus:* 

But the historical value of a science depends nof upon the number of par- 
ticular phenomena it can present but rather upon the power it has of coordinating 
diverse facts and subjecting them to one simple code. 

A’ll. Newton and Leibniz.— Thus it was that the first step of moment was 
that which Newton took when he classified differential equations of the first order, 
then known as fluxional equations, into three classes. f 

The first class was composed of those equations in which two fluxions x and y 
and one fluent x or y, are related, as for example, 

(i) I =/(»!) ; (ii)|=/(y), 
or as they would to-day be written 

(i) I :=/(«), (ii)|=/(2/). 

The second class embraced those equations which involve two fluxions and two 
fluents thus 

T =/(*,?/)• 

X 

The third class was made up of equations which involve more than two fluxions ; 
these are now known as partial differential equations. 

Newton’s general method was to develop the right-hand member of the equation 

* For example, by Isaac Barrow (1630-1677). ^ 

t Methodus Fluxionum et serierum infinitarum, written about the year 1671, published 
in 1736 [Opuscula, 1744, VoL I. p. 66]. 

2 H 
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in powers of the fluents and to assume as a solution an infinite series whose co- 
efficients were to be determined in succession. For example, if the equation to be 
solved was 

% =2-f-3aj— 


a solution of the form 
was assumed. Then 


%=At_+1A^+ZA^^+ . . 


and by substituting in the equation it was found that 

^3^=2— “2-4q, — 2^2$ • • •• 

It was noted that Aq could be chosen in an arbitrary manner, and it was con- 
cluded that the equation possessed an infinite number of particular solutions. Yet 
the real significance of this fact that the general solution of an equation of the first 
order depends upon an arbitrary constant remained hidden until the middle of 
the eighteenth century. Newton did, however, observe that any solution of the 
equation 

«/(")=/(«) 

remains a solution after the addition thereto of an arbitrary polynomial of degree 
n—1* 

One of the earliest discoveries in the integral calculus was that the integral of 
a giveti function could only in very special cases be finitely expressed in terms of 
known functions. So is it also in the theory of differential equations. That any 
particular equation should be integrable in' a finite form is to be regarded as a 
happy accident ; in the general case the investigator has to fall back, as in the 
example just quoted, upon solutions expressed in infinite series whose coefficients 
are determined by recurrence-formulae. 

The general statement of the problem of integrating a given differential equation 
was first formulated by Newton in the following anagram : f 

6a, 2c, d, oc, 13e, 2/, 7i, Zly 4o, 4g, 2r, 4s, St, 12i?, 

which was subsequently deciphered thus : Data aequatione quotcumque fltJLentes 
quantitates involvente, fluodones invenire et vice versa. Two methods of solution are 
stated in a second anagram which when unravelled runs as follows : Una methodus 
consistit in extraciione ftuentis quantitatis ex aequatione simul involvente fluxionem 
ejus ; altera tantum in assumptione seriei pro quantitate qualihet incognita^ ex qua 
cetera commode derivari possint, et in collatione terminorum homologorum aequationis 
restdiantis ad eruendos terminos assumptae seriei. 

The inverse problem of tangents led Leibniz on to many important develop- 
ments. Thus, in 1691 , he implicitly discovered the method of separation of variables 
by proving that a differential equation of the form 


y 


dx 

dy 


^Xix)Yiy) 


is integrable by quadratures. J A year later he made known the method of inte- 
grating the homogeneous differential equation of the firf t order, and not long after- 
wards reduced to quadratures the problem of integrating a linear equation of the 
tot order. 

To Leibniz is due the modem differential notation and the use of the sign of 
integration. The notorious controversy § which centres round Newton and Leibniz 
had the effect of En glish mathematicians of the use of this powerful 


♦ Tractcdus de quadraUtra curoarum, written about 1676, published for the first time as 
an appendix to the Opticks (1704) \Ppuscula, 1744, Vol. I. p- 244]. 

t It occurs in a letter to Leibniz (through the intermediary of Oldenburg) dated the 
26th October, 1676. 

t This theorem was co mmuni cated to Huygens towards the end of the year 1691, 
Brie*wechsel von Leibmz, 1, p. 680. 

§ See Gibson, Proc. Edin. Math. Soc. 14 (1896), p. 148. 
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system of notation, and for more than a century England was barren, whereas the 
Continent flourished in the field of analysis. 


A* * * § 12. The Elder Bernouilis. — In May, 1690, James Bernoulli published his 
solution of the problem of the isochrone,* of which a solution had already been 
given by Leibniz. This problem leads to the differential equation 

In this form the equation expresses the equality of two differentials from which, 
in the words ergo et horum Integralia aequuntur, Bernoulli concludes the equality 
of the integrals of the two members of the equation and uses the word integral for 
the first time on record. From this beginning also sprang the idea of obtaining the 
equation of a curve which has a kinematical or a dynamical definition by expressing 
the mode of its description in the guise of a differential equation and integrating 
this equation under certain initial conditions. Instances of such curves are the 
spira mirabilis or logarithmic spiral, the elastica and the lemniscate. 

To John Bernoulli (a younger brother of James) is due the term and the 
explicit process of seperatio indeterminatarum or separation of variables. f But it 
was noticed that in one particular yet important case this process broke down ; for 
although the variables in the equation 

axdy—ydx—0 

are separable, yet the equation could not be integrated by this particular method. 
The reason was that the differential dxjx had not at that time been integrated ; 
in fact Bernoulli, assuming that the formula 

holds when — 1, comes to the conclusion neutrim habetur integrale. In this par- 
ticular instance the difficulty was overcome by the introduction of the integrating 
factor I which brings the equation into the form 


^ ■f-y^dx=o, 


when it is immediately integrable and- has the solution 



X 


where b is any constant. 

In the same year, however, the true interpretation of J dxjx as log x became 
known, § and the scope of the method of separation of variables was vastly 
extended. 

The equation known as the Bemoulh equation, 

ady —ypdx -j-by^qdx., 

in which a and b are constants, and p and q are functions of x alone, was proposed 
for solution by James Bernoulli in December, 1695.|[ As was pointed out by 
Leibniz If it may be reduced to a linear equation by taking y'^—^ as the dependent 
variable. John Bernoulli chose a different line of attack, making use of the process 

* Acta Efud. May, 1690 [Opera, 1, p. 421]. 

f Acta Erud., November, 1694 ; given in a letter to Leibniz, May 9, 1694. 

i From a letter to Huygens dated i4/24 June, 1687, it appears that Fatio de DuiUier 
applied this process to the equation Zxdy—2ydx—Q. No earlier instance of an integrating 
fartor seems to be known. 

§ It may have been known to Nicolaus Mercator (N. Kaufi nann) in 1668. It was 
certainly known to Leibniz, through the problem of the quadrature of the hyperbola, 
in 1694. Napier’s ]!Airijici JAgarithrnoruTn Canonis Eescriptio was published in 1614, some 
fifty years before the invention of the infinitesimal calculus. 

|i Acta Erud. (1695), p. 553 [Opera I. p. 663]. 

^ Acta Erud. (1696). p. 145. 
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by which the homogeneous equation was reduced to an integrable form ; he made 
the substitution 

y=mz^ dy—mdz-\-zdm, 

where m and z are new variables, and thus obtained the relation 
amdz -razdm —mzpdx + hm'^z^qdx. 

The fact that one unknown y has been replaced by two unknown m and z intro- 
duces an element of choice which is exercised in writing 

amdz^mzpdoa, 

whence 


This auxiliary equation can be integrated, giving s as a function of x. Then in the 
remaining equation 

azdm = bm'^z^qdx 

the variables are separable ; the equation can be integrated and thus m and there- 
fore y are explicitly found in terms of x, 

A*2. The Early Years of the Eighteenth Century. — By the end of the seven- 
teenth century practically all the known elementary methods of solving equations 
of the first order had been brought to light. The problem of determining the 
orthogonal trajectories of a one-parameter family of curves was solved by John 
Bernoulli in 1698 ; the problem of oblique trajectories presented no further 
difficulties. 

The early years of the eighteenth century are remarkable for a number of 
problems which led to differential equations of the second or third orders. In 
1696 James Bernoulli formulated the isoperimetric problem, or the problem of 
determining curves of a given perimeter which shall under given conditions, 
enclose a maximum area. Five years later he published his solution,* which 
depends upon a differential equation of the third order. 

Attention was now turned to trajectories in a general sense and in particular to 
trajectories defined by the knowledge of how the curvature varies from point to 
point; these gave rise to differential equations of the second order. Thus, for 
example, John Bernoulli, in a letter to Beibniz dated May 20, 1716, discussed 
an equation which would now be written 

d^ _2y 
dx^ 

and stated that it gave rise to three types of curves, parabolae, hyperbolae and a 
class of curves of the third order.f 


A*21. Riceati and the Younger BernouUis. — ^An Italian mathematician, Count 
Jacopo Riccati, was destined to play an important part in furthering the theory 
of diflerential equations. In investigating those curves whose radii of curvature 
were dependent solely upon the corresponding ordinates, he was led to a differential 
equation of the general form 

Ky, y', ^)=o. 


that is to say to an equation explicitly involving y, y' and y" but not £C. By 
regarding ^ as an independent variable and p or y' as the dependent variable, and 
making use of the relationship 




* Acta Erud., May, 1701 [Opera 2, p. 895]. 
t The general solution may be written 


- 4 . ^ 

a ^ Bx* 

where a and b are constants of integration. When 6=0 the curves are parabolae, when 
a = oo they are rectangular hyperbolae, in other cases they are of the third order. 
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Riccati brought the equation into the form * * * § 



and thus reduced it from the second order in y to the first order in p. 

The particular equation to which the name of Riccati is attached was first 
exhibited in the form f 

^dq du , 
dx dx q 

Before the equation can be dealt with some restrictive hypothesis as to u ox q 
must be made. Riccati chose to suppose that q was a power of £C, say £c”, and 
thus reduced the equation to the form 

dx 

The problem now became one of choosing values of n such that the equation could* 
be integrated, if possible, in a fimte form. 

This problem attracted the attention of the Bernoulli family. Following 
immediately upon Riccati’ s paper is a note by Daniel Bernoulli, who claimed that 
he and three of his kinsmen had independently discovered the value of n by means 
of which the variables became separable.^ Wiat these solutions may have been 
is not known ; Daniel Bernoulli concealed his own solution under the form of an 
anagram which has not yet been deciphered. § 

Daniel Bernoulli published the conditions imder which the equation, written 
in a form equivalent to 

ax 

is integrable in a finite form, namely that m must be of the form — 4A*/(2/c±l) 
where A is a positive integer. || 


A*3. Euler. — The next important advance was made by Euler, who proposed 
and solved the problem of reducing a particular class of equations of the second 
order to equations of the first order.^f The germ of Euler’s method lies in replacing 
X and y by new variables v and t by the substitution 

£c=e®®, y=e% 

where a is a constant subsequently to be determined. In modem symbolism the 
formulas of transformation are 


dx a 


-a) 




!■ 


dx‘ Ido^ ^ \ 


The idea of the method is to choose a, if possible, in such a way that no exponential 
terms shall appear in the transformed equation, which implies a certain degree of 


* Giornale de’ Letter ati d'' Italia, 11 (1712). The device by which the lowering of the 
order is effected had already been used by James Bernoulli. 

-j* Acta Erud, Supp. 8 (1723), pp. 66-73. The equation arose as the result of reducing 
the equation x^^d^x^^d^y-^-dy^ to the first order through the substitution dxfdy—qlu, where 
u and q are, in the first place, supposed to depend upon x and y. 

f Ibid. p. 74 : Praescribit frater meus, se illud solvisse ; sed praeter ilium alii qtwque 
existunt solutores, solutionem enim ertierunt Pater et Patruelis Nicolaus Bemoidli pariter 
ac egomet. Daniel was the second son of John Bernoulli ; Nicholas the younger was his 
elder brother, and Nicholas the elder his cousin. 

§ The anagram is reproduced in Watson, Bessel Functions, p. 2. 

II Exerciiationes quaedam matheTnaticae (Venice, 1724), pp. 77-80 ; Acta Erud., November, 
1725, pp. 473-475. 

Tf Comm, Acad, Petrop, S (1728), pp. 124-137. 
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iiomogeneity in the original equation. Thus consider, as a particular instance, the 
equation 

^ Kdai) 

which is transformed into 

+f|"’ -a)i|=ae«a®. 

The e3sponential term cancels out if 

n+p— 1 
® — ■ , 

and with this choice of a the equation takes the form 

\dv^ S Idv^^ do^ m-^p ) ( w+p 5 


•It is now simpler than the original equation in the sense that the independent 
variable v is not explicitly involved ; let v be replaced by a new variable z defined 
by the relation 



then the equation is reduced to the first order in 2 and L Several types of equations 
of order higher than the second may be reduced to a lower order by similar methods. 

The "fundamental conception of an integrating factor is also due to Euler,* 
for although instances of its use in the integration of a differential equation of 
the first order had already been given, Euler went further and set up classes of 
equations which admit of integrating factors of given types. He also proved that 
if two distinct integrating factors of any equation of the first order can be fouijd. 
then their ratio is a solution of the equation. In the development of the theory 
of the integrating factor an important part was played by Clairaut.f 


A*4. Linear Equations. — ^With a letter from Euler to John Bernoulli, dated 
September 15, 1739, begins the general treatment of the homogeneous linear 
differentia] equation with constant coefficients.^ It appears firom Bernoulli’s 
replies that before the year 1700 he had studied the differential equation 


das dm^ dte® 


d£c^ 


He first multiplied it throughout by the factor then defining z by the relation 


1 d(asP+^) 
p-f-1 dx 




a^+1 

p+1 


dx' 


and making use of the formulae 

aXP+i^ =a(pH-l)2—a(p+l)aj2>p, 
dx 

= — +6(p+l)(p+2)a!*^. 


etc., he transformed the equation into one of the form 

dx dx^ dx^-^ 

Now a depends upon p, and p may be so chosen as to reduce a to zero, by which 
means the order of the equation is reduced by unity. This process of reduction 
can be repeated as often as is necessary. 


* Comm, Ajcad. Petrop, 7 (1734), p. 168 ; Novi Comm, Acad, Petrop, S (1760), p. 3. 
t Acad. Paris^ 1789, p. 425 ; 1740, p. 293. 

I Bi^l, Math, (3), 6 (1905), p. 37, On fiie discovery of the general solution of this 
equation, see Enestrom, Bibl, Math, (2), 11 (1897), p. 43. 
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Euler’s method of dealing with the linear equation with constant coefficients 
was as follows.* If y=u is any solution of the differential equation 


=^2/+ 


Bdy 

dx 


Cd^ Dd^ 
dx- dx^ 


Nd^y 


then 2^— aw is a solution, where a is any constant. Moreover, if n particular solu- 
tions (valores particuliares) y—u, y~v, . . . are obtainable, then the complete 
or general solution {aequaiio integralis completa) of the differential equation will be 


where a, . are constants. 

Now if the root of the algebraic equation of the first degree g— j?z=0 
P 

satisfies the algebraic equation of the n* degree. 


ar 

then the solution y=aeP of the differential equation 




^=0 


dx 


will satisfy- the differential equation of order n. Thus there are as many particular 
solutions of this form as there are distinct real linear factors in 




The complication introduced by a multiple factor {q—pz)^ is met by the substitution 

yz=eP u, 

whereby a particular solution involving k constants is foimd : 


2/=e2> 

When a pair of complex linear factors arise they are united in a real quadratic 
factor p —qz-{-rz^ or 

p ’—^zVpr cos <f>-\-rz^, where cos <f)’— 2 ^^* 

To this factor corresponds the differential equation 

0=^py^2zVpT cos (j> ^ 4-r^^ . 

dx dz^ 


The transformation 

f=Vpr 

reduces the equation to 

cos^^— 2/2 cos2^-j-p)M=0, 

which is of the form 


d£C® 




an equation which had already been solved.f Repeated quadratic factors were 
next dealt with and the discussion of the homogeneous linear equation with 
constant coefficients was complete. 

Euler next turned his attention to the non-homogeneous linear equation 




Nd^ 


* Published in Misc, Berol 7 (1743), pp. 19^242. 

t Euler, Inquisitio pkysica in causamjlusms ac rejluxus maris, 1740. Daniel Bernoulli 
had solved it independently, Comm, Acad, Petrop, 18 (1741), p. 5. 
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a particular case of which, namely 




+^2/=A’, 


he had also discussed in 1740. The method now adopted was that of a successive 
reduction of the order of the equation by the aid of integrating factors of the 
form Thus, in the case of the equation of the second order, 


J e^Xdx^ J ^°‘^Aydx-{-e°^Bdy-{-e°‘ 


Cdhn 
dx J 



By differentiating and comparing like terms it is found that 

J5'=C, ^'=B— aC=-, whence Ba+Ca2=0. 
a 


Thus a, A' and B' are found, and the equation is reduced to an equation of the same 
form as before, but of lower order, namely 

e-ax f e^^Xdx=A't/-i- . 

J dx 

B 

An integrating factor for this equation is e^^dx where a-j-y8 — — , and therefore a 

and ^ are the two roots of A— Ba-\-Ca^=0. 

In the case of the equation of order n, there are n integrating factors of the 
type e°^dx, by means of which the equation is reduced in order step by step and 
finally integrated. The complications due to equal or complex roots of the 
equation in a were also disposed of by Euler. 

To Euler is also due the process of integrating by series equations which were 
not integrable in a finite form. Thus, for example, he integrated the equation * 


in the form 


^4- =0 

^2 ^aj2m+2 


+ 1 

y^kx 2 ( 1 — Ba32w-|_X)a34m— . 

—kx 2 (Ax'^~Cx^^-{- 


. ) sin -f 

\mai^ ^ ) 

. ) cos 1 - 79 ‘\ 


A*41. Lagrange and Laplace. — The problem 
factor for the general linear equation 


of determining ' an integrating 

. -r, 


where L, N, . . T are functions of led Eagrange to the conception of the 
adjoint equation.f If the equation is multiplied throughout by zdt, where is a 
function of t, then the equation can be integrated once if 2 ; is a solution of the adjoint 
equation 


^ d,Mz d^.Nz 


=0. 


In this way Lagrange solved the equation J 

Ay+B{h+kt)^ +C{h+UY^^^ + ... =T, 
where A, B^ C, . . and k are constants and T is a function of L He formed 


* Ncfvi Comm. Acad, Petrop. 9 (1762/63), p. 298. It is virtually the Bessel equation, 
t Misc. Taut. 3 (1762/5), pp. 179-186 [(Euvres, 1, pp. 471-4781. See also Euler, 
Nom Comm. Acad. Petrop. 10 (1764), p. 134. 

I Jhid. pp. 190, 199 [CBtiwes, 1, pp. 481—490]. 
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the adjoint equation and assumed that it was satisfied by z=^{h+kty. The 
index r was then found to satisfy the equation 


^-m(r+l)+Cfe2(r+i)(r+2)-h ... =0. 

Lagrange also proved * that the general solution of a homogeneous linear 
equation of order n is of the form 


where 2/19 2 / 2 ? • * -j 2/n ^ set of linearly independent solutions and Cj, . . .,c^ 

are arbitrary constants. 

Laplace generalised Lagrange’s methods t by considering not a single integrating 
factor but a system of multipliers. In the equation 








where X, H, H\ . . . are functions of Laplace made the substitution 

co^+y=T, 

where cu and T were functions of x to be determined. The equation then became 


where 


XT ^ rdT 

X — T + W , +CO -j-; + . . . 
dx dx^ 






dx'^ 


dx 


dUo 

0) W+ca':;- 4- 
dx 


=H. 


The first n— 1 equations determine o', o" ... in terms of .... The 

last equation then becomes an equation of order n— 1 for co ; the equation for T 
is also of order Thus the given equation of order n has been replaced by 

a pair of equations of order n—1, which are not, in general, linear. If, ho'wever, 
n—1 particular solutions of the equations in co and in T are known, the general solu- 
tion of the linear equation in y can be obtained by quadratures. 

In particular, if the given equation is of the second order : 






then o is determined by the Riceati equation 


do 

dx 


= -1 + 


H' 


o 


2 




let ^ and be two independent solutions. T is determined by a similar equation, 
let two solutions be T and T\ Then the given equation has the general solution 


y=e 


®{c+ 


— 

, J b( 





Lagrange also discovered in its general form the method of variation of para- 
meters J by means of which, if a linear equation can be solved when the term 


* Ibid. p. 181 [CEumes, 1, p. 473]. 

•f Misc. Taut. 4 (1766/9), p. 173. 

t Nouv. Mim. Acad. Berlin, 5 (1774), p. 201 ; 6 (1776), p. 190 [(Euvres, 4, pp. 9, 159]. 
The method had been used by Euler in 1739 in his investigations on the equation 


d^ 

dx^ 


+/ci/=X 


It was also known to Daniel Bernoulli (Comm. Acad. Petrop. 13 (1741), p. 6). 
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independent of y and its derivatives is made zero, its solution when that term 
is restored can be obtained by quadratures. 

On the basis of Lagrange’s work d’Alembert considered the conditions under 
which the order of a linear differential equation could be lowered.* D’Alembert 
also derived a special method of dealing with the exceptional cases of the solutions 
of linear equations with constant coefficients, and initiated the study of linear 
differential systems. t His ipain work lies, however, in the field of partial differential 
equations. 


A*5. Singular Solutions.— Singular solutions were discovered in a rather sur- 
prising manner. Brook Taylor i set out to discover the solution of a certain 
differential equation which, in modem symbolism, would be written 

a +2:2)2 =42/3 -48/2. 

He made the substitution 

where u and v were new variables, and X and -O' constants to be determined, and so 
transformed the equation into 

( dv dfiL \ ^ 

d'U -fAu— ) =4wA+2t;^+2_4w2y2^ 
dx dxJ 

In this equation there are three elements whose choice is imrestricted, namely A, 
d' and u ; w is then the new dependent variable. 

Firstly let 


then, after division by the equation becomes 

duY 


/ du\^ 

At)— j =4liA+2uS^— 4w^ 


Now let A= —2, ^^=1 and the equation reduces to 

duY 


that is 

ox, since 


^2a!W— 2t)^J =4t)— 4 m2, 

, « „ du JduY 

(l-j-£C2^w2— 2iBWt)~ j =t), 

du (duY , 

-ft) — 1 =1. 
dx \dx/ 


Now, if this equation is differentiated with respect to x, the derived equation is 

dhi/ du \ ^ 

and breaks up into two equations namely 


dhjL ^ du 
— =0, z)— 

dx^ dx 


The first gives — =a, a constant ; when this value is substituted in the 
differential equation for the latter degenerates into the algebraic equation 

{u—‘ax)^=l—a\ 

The general solution of the original equation is therefore 


V 

w®*“{aa)-fV(l-a^)K 


» Misc. Tawr. 8 (1762/5), p. 881. 
t Bist, Acad, Berlin, 4 (1748), p. 283. 
t Methodus Incremenktrum (1715), p. 26. 
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The second equation, 


taken in conjunction with 


gives 


or 

and therefore 


This is truly a solution of the original equation, but it cannot be derived from the 
general solution by attributing a particular value to a. It is therefore a singular 
solution. 

Nearly twenty years later Clairaut published his researches * on the class of 
equations with which his name is now associated. Here, also, the general and the 
singular solutions were arrived at by differentiation and elimination, and the &ct 
that the singular solution was not included in the general solution was made clear. 
GeometricaUy the general solution represents a one-parameter family of straight- 
lines ; the singular solution represents their envelope. Closely allied to the work 
of Clairaut are the researches of d’Alembert f on the more general class of eqxiations 
of the form 



A‘6. The Equations of Mathematical Physics.— The history of formal methods 
of integration practically ends at the middle of the eighteenth century. In con- 
clusion it remains but to mention the Laplace partial ^erential equation J 

dW dW dW 

This and allied equations associated with various types of boundary conditions led 
to the ordinary differential equations, such as those of Legendre and Bessel which 
together with the hypergeometric equation suggested much of the modem analytical 
theory. As the power of analytical methods grew, the problem of formal integra- 
tion dropped into comparative insignificance in comparison with the wider problems 
of the existence and validity of solutions. 

* Hist. Acad, Paris, 1734, pp. 19&-215. 
t Hist. Acad. Berlin, 4 (174S), pp. 275-291. 
j Hist. Acad. Paris, 1787, p. 252. 


du 

V- — m=Q, 

dx 


. du (duY 
M=*-2aai— -fo - 
ax \ds! 


h 


„ 2xht^ xhi^ 

1=«2_ + 

V V 


v=u^p—x‘^)=u-. 
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NUMERICAL INTEGRATION OF ORDINARY DIFFERENTIAL 

EQUATIONS 


B’l. The Principle of the Method.— Of aU ordinary differential equations of the 
first order only certain very special types admit of explicit integration, and when an 
equation which is not of one or other of these types arises in a practical problem 
the investigator has to fall back upon purely numerical methods of approximating 
to the required solution. 

It will be supposed that the equation to be considered has been reduced to the 
first degree, and can therefore be expressed in the form 


dx 


=/(«. y)- 


It will also be supposed that the initial pair of values not singular with 

respect to the equation, and that, therefore, a solution exists which can be developed 
in the Taylor series, 



where 

and h is sufiaciently small. 

Now the coefficients in the Taylor series may be calculated as follows : 


dx 


=/(a:. y), 


dx^ dx'^ dy' 



but the increasing complexity of these expressions renders the process impracticable. 

The actual method adopted in practice * is an adaptation of Gauss’ method of 
numerical integration.f Four numbers k^, are defined as follows : 

Ai=A/(a?o, ^o)» 
k2=hJ{xQ-\~ah, 

*3=¥(^o+aA y(>+hh+yA)^ 

k ^ =¥(^0 Vo ■ 4 "^ 2 ^i + y 2^2 4 " ^ 2^3)) 


♦ la ite original form the method is due to Runge, Math, Ann, 46 (1895), p. 167 ; later 
modfficaiioDs are due, among others to Kutta, Z, Math, Phys, 46 (1901), p. 435. A 
detailed exposition of this and other methods is given by Runge and Konig, Numeriches 
(1924), Chap. X, 

t WMttaker and Robinson, Cakulvs of Obsewatidns (1924), p. 159. 
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where the nine constants a, S29 and four weights i2i, JBg* -K39 1^4 

determined so that the expression 

-f- 2^3 “{"124^4 

agrees with the Taylor series up to and including the term in 

B‘2. Equations connecting the. Constants. — ^The expressions k^, k^, are 
developed in powers of h by making use of the Taylor expansion in two variables 

f(<s+p,y-Tq)=J{x,y)+DS(x,y)+~D^S{!«>y)+^P^f(^>y)+ ■ ■ -> 

where 


where /o=/(a!6, 2/o)> then 
and therefore 

To evaluate k^^ let 

then 


i'>=(p'£ 

a a / a a \ 

dee ^ ^dy \ dx dy) ^ 

k2^hy-hkDJ-^—D,^f^—D,Y^ ... .J^. 




1 ^— +WiJii+yiK)-^ 


dyy 

=hD2-{-yi{k2—hf g) ^ 


and therefore 


where 


1 


=hD^+k^y,[DJ+~D^^f+ 

k^=h[f+hDJ+^D^f+^D^^f+ . . . 

+ h^yi{f,DJ+^fyD,^f+hDJJDJy+ . . 


Lastly, to evaluate k^, let 

then 


f=l 

8 8 
D3 = Ct2~ +(p2 + y2 + ^2)fo~^> 


\ dy 


^“(^2^1 "i" y 2^2 ~1~ < 5 2/C3) ~ — ^ 1 ^ 3 “l”^y 2(^2 kf o)+ d 2 (k 2 — hf q)^ ' 

=hJD^+h^yy^^DJ+^D^^f+ . . ^+6,^DJ+-^{D^<‘f+2yJ^^f)+ . . 
refore 

k^=h[f+hD^f+^D^^f+~D^f+ . . . 

+h^(yJ0J+SJ)J)fy+^(yJ)^^J+SJ),^f+2y,dJyDJ)f, 


and therefore 


2! 

+h\r^Djf+djDj)Djy+ . . .] . 

Jn 


'V'lcB 
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Now k itself has the development 


[ L2 hZ *4 “I 

¥+^I>f+^iOWvDn + ^(PY+fyD^f+fv"Df+3DfDfy)+ . . .J^, 


where 




and this development is to agree, as far as the terms ink* inclusive, with that of 


1^1 "i"-® 2^2 ^“*^ 4^49 

whatever may be the function /(a?, y). 

Now, to the order in question there are eight terms in the development of k ; 
if each of these terms is equated to the corresponding term in the development of 
R-Jci+ . . . +RJc4^ the following eight relations must hold : 


Ri~\-R 2 +^^4 


= 1 , 

_ J. 

*“21 

=?ln% 

AT 


jDf, 


+RiWf 




-S'”/- 


RzvJDr¥ 

^zyi^if^2fy~rl^4iy2pif 


R^yi^TPJ 


These equations are homogeneous in the operators Di, D 2, -D^? R with constant 
coefficients. These operators must therefore bear a constant ratio to one another 
which can only be the case if 

a=p, 

<^i=Pi+yn 

ct 2 ~^2 “f" y 2 “f" 5 2 j 

and consequently 

X>i=aD, D2—GLjDy D2=aJ[), 

In view of these relations the eight equations assume a form independent of the 
function /(£C, y), namely 


* 4“ -^3 = 1 , 

Bga +i23ai +1^402 =4, 

-\-R4p^2^ = h 

R2a^-{-Rzaj_^ -j-R4a2^ = J, 

Bgayi -f® 4 (ay 2 +«i^ 2 ) = i* 

+I24(a^y2+cti®<52) =i\, 

-R3«aiyi+J®4(«r2 + ai^2)a2 = h 

ThA between the thirteen unknowns J?i, . . jB4, a, . . ., dg there are eleven 
€<i y^ons , so that two ftirther consistent relations may be set up between the 
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B*3. Determmation of the Constants. — ^To the fourth of the equations (A), add 
the second multiplied by aa^ and the third multiplied by —(a -fag), then 




aofa a-fag 


From the fifth and seventh equations it follows that 




and firom the fifth and sixth : 

When 2^4 is eliminated between this equation and the eighth of the set (A), it is 
found that 

2 ( 2 a— 1 ) ’ 

and, substituting this expression in (C), 

i23ai(a--ai)(a2— ai)=( 2 a-l)(^^ 

Finally, comparing this equation with (B), 




mCCCCo (Z QCn 


whence 


Now it is clear from the eighth of the equations (A) that a cannot be zero, 
it therefore follows that 


The same equation shows that cannot be zero, and it is now evident from 
equation (C) that cannot be zero. 

The first four equations of the set (A) determine Ei, R2, E3, E4 uniquely in terms 
of a and provided that their determinant, which, since a 2=^9 has the value 

(O) aai(a— ai)(ai— 1)(1 —a), 

does not vanish. The values found are 


' 12 aai 


12a(ai~a)(l —a) ' 
2 ( 04 * 011 ) — 3 


R = 2 (a 4 -ai )--3 

® 12ai(ai-a)(l-,a4)’ " 12(l-a)(l -aj ’ 

The fifth, sixth and seventh of equations (A) now determine y 2 s^-ud < 5 2 in 
terms of a and Oi provided that their determinant 

(F) I R^a , R^a , R 4 pLt —R^R^^a^aiiai—a^ai — l) 

R^a^ , R^a^, ^4^1^ 

-1^3U0Ej_, Rt^pL , Rij^pL-^ 

does not vanish. The values obtained are 

2a(l-2a)’ 

(G) V — 

® 2a(ax— a){6aai— 4 {a 4 oti) 43 }* 

^ (l-2g)(l-^g)(l^ai) 

2 ai(ai — a){6aai— 4(a 4-ai) +3} ’ 
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Finally and ^2 are obtained from the equations 

[ 

(H) 

I ^2 = 1— y2“-^2» 

Thus the six coefficients ^2» yi» ^25 d,BJxd the four weights R^, jKa, R^ 

are expressed in terms of a and Gj which may be regarded as arbitrary. 


B*4. Particular Values of the Coefficients and Weights. — Any two conditions, 
consistent with the previous equations, may be imposed. For example, a sym- 
metrical expression for k is obtained if 

R^—R^, R^=^Rq* 

This is, however, equivalent to the single condition 

a-fai=l, 

under which the weights and coefficients take the simple form 


(K) 


12i2i=12J24=6 — ~, 
a-f-ai=l. 


12j?2 =12123 
a2=l, 


1 

aai ’ 


, _ fx ai(a— Gi) 

'20(6001—1)’ eaoi— l’ 

The second condition may be imposed by supposing the range £^0+^) to be 
divided into three equal parts so that a=J, ai==f. Then 

R^^h 

-1^2 ~f# C£=J, j 6=3> 

i23=f, ai=f, yi—^) 

R^—^, aQ=l, yz~ — <52=1* 

This gives the formulae due to Kutta : 

yo)> 

Jc^^hfixQ+ih, 2/o+Pi)» 

&3=7i/(£Co+|h, 2/0— Pl+^2)» 

A;4=/y^(£Co+A, 2/0 ^2+^3), 

-1-3^2 -j-S/Ug . 

It is interesting and important to examine the cases which arise when the 
determinants (D) and (F) vanish. There are three, and only three, possible cases 
in which the solutions are finite, namely 

(i) a=ax, (ii) a=l, (iii) ax=0. 

The first case, for the finiteness of R^ and jRg, implies the further condition 

a=ai=|; 

either R^oxR^ may now be regarded as arbitrary, but 

Let then 

Ri=h 

a=^, 

^i=h ^1— fi yi—h 
R' 4 ~i> U2~l» y2~fi? d2~l* 

This ffives rise to a very convenient set of formulae, due to Runge : 

ki==hf{Xo, 

k^^hf(xo+ih, yo+ikz), 

*3 =^/(a?o + A, -f /C3), 

A; =^(kx 4-2^2 -f- 2 ^: 3 -j-^ 4 ) . 
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When the equation to be integrated takes the special form 


Range’s formula reduces to Simpson’s rule : 

1-5150 + A 

k= / f(x)dx==ik{f(xQ)+4f(xQ^ih)-\~f(xQ-i-h)}, 

J Xq 

The second and third cases do not lead to formulae of any particular importance. 


B‘5. Arrangement of the Work. — ^The practical problem may be stated as 
follows : To tabulate the solution of the differential equation 

I =/(«., 2 /) 

which reduces to y—y^ when x—Xq, the tabular interval being h. Let Xr—XQ-\-rh^ 
and let 2 /y be the corresponding value of y 

Rtmge’s formula is, on account of its particular simplicity, adopted as the 
standard, and the work of evaluating is carried out in the following self- 
explanatory scheme : — 


X 

y 

f 

fxh 



2/0 

/(®o. Vo) 

^1 

^i+K) 

a?o+P 

2/0+ Pi 

/(aJo+P, 2/0+ Pi) 



XQ-\~^h 

2/0 + P 2 

/(a?o+P, 2/0 4 - P2) 

2^3 

sum. 

Xq+U 

2/0 +^S 

/(aJo 4 -/i, 2 /o+^* 3 ) 

*4 

fc — 1 sum. 


Vx 

■ 




The work is repeated with (a? i, 2/1) as the pair of initial values, giving and so on. 

So far no estimate of the error due to the neglecting of terms in and higher 
terms has been made. An estimate of the error, when h is reasonably small, may be 
made by repeating the working with the double interval 2 /i. Let s be the error in 
2/1, so that approximately 

where c is a constant. Then the error in t/g, calculated in two stages, is 2 e= 2 ch^, 
On the other hand the error in t/2, calculated in one stage, is 


and therefore 


e'=B2ch^, 

2s^^^(e'~2e) 


where t/g is the value determined by two stages, and y./ the value determined in a 
single stage. 

The process will be illustrated by calculating the value for a? = 0*4 of the solution 
of 


dx 




which reduces to zero for a?= 0 . When the calculation is performed first by two 
steps and then in a single step, the working is as follows : 

2 N 
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Tabular Interval : ?i=0*2. 


X 

y 

/ 

hf 


0 

0 

0 

0 

•020040 

OT 

0 

*100000 

•020000 

*040020 

0*1 

•010000 

*100100 

•020020 - 

•060060 

0-2 

•020020 

•200401 

•G40080 

•020020 

0*2 

*020020 

•200401 

1 *040080 

1 *060688 

0‘3 

•040060 

•301605 1 

•060321 

•120825 

0-3 

•050180 

*302518 ! 

1 

1 *000504 

*181513 

0*4 

■080524 

•406484 

1 *081297 

t 

•060504 

0*4 

•080524 i 

1 


1 


Tabular Interval : ^=0*4. 


X 

V 

f 

hS 


0 

0 1 

0 

0 

•081301 

0*2 

0 

•200000 

*080000 

*160640 

0*2 

j *040000 

•201600 

•080640 

•241941 

0*4 

•080640 

•406503 

•162601 

•080647 

0*4 

•080647 

i 


j 



The difference between the two determinations is ‘000125, which points to an 
error of roughly 000008 in the first determination. The errors are both in excess, 
and therefore the corrected value is 


0*080516. 

It may easily be verified that the solution in question may be developed as 
follows : 

2/=Ji8*+/(5a:5+iJo®*+i:jo-D»”+ • • • 
and that the true value of y, for ar=0‘4, is 

0*0805161 . . .. 

B*6. Extension to Systems of Equations. — ^The foregoing processes of numerical 
integration may be extended to systems of any number of equations of the first 
order, and therefore to equations of order higher than the first. For a system of 
two equations 

if the initial conditions are that 


when x=x^ 
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then Runge’s formulae for the increments k and I which j/g and Zq receive when 
is increased by h are 


iJq, Zoh l/o> 

/iC2=Ji/(a?o+i^5 2/o+Pi. ^o4'2^i)3 2/o+i^i> ^ot'Wi)) 

/Cjj=ftJ(a?g + |A5 ?/o + p2J ^0+F2 )j + 2 / 0 +P 2 ? ^0Tp2)? 

/^4=/?/(iro+/i, j/o+fcsi ?/o+^3)^ /4=ftg(a;o+A. l/o+^3> ^o+h)^ 

k=^(ki^2k^’r2k2TK)i 

/=z|(Zj-f 2 / 2 + 2 Z 3 +/ 4 ). 


Ex-iaiPLEs FOR Solution, 

1. Given the differential equation 

dij 

dx y+x^ 

with the initial conditions a?o=0, ?/o-l, tabulate y for x=0*2, 0% . , ,, 1*2 to six places of 
decimals. [The accurate solution 

i log (reH 2 /^)+arc tan - — ^ 

X 2 

gives J/=1T678417 when aj=T2.] 


2. For the above range of values, and initial conditions tabulate the solution of 


dx 


10 


y^-xy. 


[When aj==l*2 the value of y correct to seven places of decimals is 0*5387834. This example 
is treated in detail in Runge-Konig, Niimerisches Bechnung.] 


3. The equation of the Bessel functions of order zero 




is equivalent to the system 


du z dz 
dx~x’ dfe” 


and the solution 

conesponds to the initial conditions 


2/=Jo(®) 


a!o=0, 2 / 0 = 1 , Zo=0. 

Tabulate J^{x), to five places of decimals, at intervals of 0*2 from »=0 to a!=l‘2. 
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Acta Erud, 

Acta Erud. Suppl. . 

Acta Math 

Acta Soc. Sc, Fenn. . 

Am, J. Math, , 

Ann. di Mat. . 

Ann. Ec. Norm, 

Ann. Fac, Sc. Toulouse , 

Ann. of Math. , 

Ann. Souola Norm. Pisa . 

Arehiv d. Math. u. Phys. 

Archiv for Math, 

Arkit) for Mat, . 


Abhandlungen der kbniglichen Akademie der 
Wissenschaften in Berlin. 

Abhandlungen der koniglichen Gesellschaft 
der Wissenschaften zu Gottingen [continua- 
tion of Comm. Gott,], 
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Supplementa. 
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Bibl, Math, 

Bull. Am, Math, Soc, 

Bull, Acad, Sc, Belg, 
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Buil. Soc. Math. France , 
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Bibliotheca Mathematica, Stockholm and 
Leipzig. 

Bulletin of the American Mathematical 
Society, Lancaster, Pa., and New York. 
Bulletins de I’Academie royale des Sciences 
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Bulletin des Sciences mathematiques, Paris. 
Bulletin de la Societe mathematique de 
France, Paris. 

Bulletin de la Societe philomathique de Paris. 


Comb. Math. J. . . The Cambridge Mathematical Journal. 

Comm. Acad, Petrop. . Commentarii Academiae Scientiarum Im- 

perialis Petropolitanae [Continued as 
Novi Comm,]. 
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Comm. Gott, Commentarii Societatis Regise Scientiamm 
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Commentationes recentiores.] 

Comm. Math. Soc. Kharkov Communications and Proceedings of the 

Mathematical Society of the Imperial 
University of Kharkov. 

C.R. Acad. Sc. Paris. Comptes Rendus hebdomadaires des Seances 

de r Academic des Sciences, Paris. 
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Hist. Acad. Berlin 
Hist. Acad. Paris 
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der Wissenschaften 2 u Gottingen. 

Histoire de FAcademie royale des Sciences et 
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Histoire de FAcademie royale des Sciences, 
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J. fur Math. 


Journal de Mathematiques pures et appliquees 
(Liouville), Paris. 

Journal de Fficole Poly technique, Paris. 
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Journal fiir die reine und angewandte Mathe- 
matik (Crelle’s Journal), Berlin. 


Math. Ann. 

Mathesis 

Mem. Acad. Sc. Paris 


Mess, Math. 

Misc. Berol. 

Misc. Taur. 

Monatsh. Math. Phys. 


Mathematische Annalen, Leipzig, 
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Paris. 
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The Messenger of Mathematics, London and 
Cambridge. 

Miscellanea Berolinensia, Berlin. 

Miscellanea Taurinensia, Turin. 

Monatshefte fiir Mathematik und Physik. 
Vienna. 


Nouv. Mem. Acad. Berlin 


dfv. Vet.~Akad. Stockholm 


Nouveaux Memoires de FAcademie royale des 
Sciences et Belles-Lettres,* Berlin. [Con- 
tinuation of Hist. Acad. Berlin.l 

Ofversigt af Kongliga Vetenskaps-Akademiens 
Fdrhandlingar, Stockholm. 


Phil. Trans. R.S. 

Proc. Am. Acad. 

Proc. Camb. Phil. Soc. 
Proc. Edin. Math. Soc. . 
Proc. London Math. Soc. 
Proc. Boy. Soc. Edin. 


Philosophical Transactions of the Royal 
Society of London. 

Proceedings of the American Academy of 
Arts and Sciences, Boston, Mass. 
Proceedings of the Cambridge Philosophical 
Society. 

Proceedings of the Edinburgh Mathematical 
Society. 

Proceedings of the London Mathematical 
Society. 

Proceedings of the Royal Society of Edinburgh. 
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Mathematics, London. 

Bend. Accad. Lincei . . . Atti della K. Accademia dei Lincei, Rendi- 

conti, Rome. 

Bend. Circ. Mat. Palermo . Rendiconti del Circolo Matematico di Palermo. 

Rend. Isi. Lombard. . . . Reale Istituto Lombardo di Scienze e Lettere, 

Rendiconti, Milan. 

Sitz. Akad. Wise. Berlin . . Sitzungsberichte der koniglichen preussischen 

Akademie der Wissenschaften, Berlin. 

Trans. Am. Math. Soc. . . Transactions of the American Mathematical 

Society, Lancaster, Pa, and New York. 

Trans. Camb. Phil. Soc. . . Transactions of the Cambridge Philosophical 

Society. 

Trans. Boy. Soc. Edin. . . Transactions of the Royal Society of Edin- 

burgh. 

Z. Math. Phys. ... . Zeitschrift fiir Mathematik und Physik, 

Leipzig. 
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Abelian integral, equation satisfied by 
periods of, 461 

Abel identity, 75, 119, 215, 242 
Addition formulae for circular, hyperbolic, 
and elliptic functions, 25, 61 
Adjoint equation, 123, 131 ; reciprocity 
with original equation, 124 ; composition 
of, 125 ; criterion for number of regular 
solutions, 422 

Adjoint systems, 210 ; self-adjoint systems 
of the second order, 215. See also 
Sturm-Liouville systems. 

Analytical continuation of solutions, 286 
Asymptotic development of solutions of linear 
equations, 169 ; of Bessel functions, 171, 
468 ; use of, in numerical calculations, 173 ; 
of parabohc-eylinder functions, 184; of 
characteristic numbers and functions, 270 ; 
of first Painlev^ transcendent, 352 ; 
derived from Laplace integral, 444 ; of 
confluent hypergeometric functions, 465 ; 
of solutions of a system of linear equa- 
tions, 484 

Asymptotic distribution of zeros of solutions, 
515-527 

Bernoulli equation, 22, 531 
Bessel equation, 171, 184, 501 ; general 
solution, 403 

Bessel functions, definite integrals for Jn(x), 
190, 203 ; contour integrsds, 466, 468 
Bilinear concomitant, 124 ; proved to be an 
ordinary bilinear form, 211 
Bilinear form, properties of, 208 
Binomial equations, 312 ; integration of 
the six types, 315 

Boundary conditions, 204 ; of adjoint 
system, 212 ; of self-adjoint system of 
the second order, 216 ; of Sturm-Liou- 
ville system, 217; 235, 238 ; periodic, 218, 
241-242 

Boundary problems, 204, 230; with peri- 
odic conditions, 242 

Bounded coefficients, systems of linear 
equations with, 155 

Branch points, movable or parametric, 289, 
298 ; conditions for absence of, 306-311, 
822, 346 

Briot and Bouquet, equation of, 295 ; 
generalised, 297 

Canonical form of total equation, 58 
Canonical sets of substitutions, 361 
Canonical system of linear equations, 471 
Cauehy-Lipschitz method, 75-80 ; extended 
range of, 80 

c-discrimmant and its locus, 85, 92 
Characteristic determinant and equation of a 
system of linear equations with constant 


coefficients, 144 ; of the general linear 
equation, 358 ; of a system of linear 
equations, 469 

Characteristic exponents of an equation with 
periodic coefficients, 382 
Characteristic functions, 218, 233, 235, 237 ; 
orthogonal property, 238 ; of a system 
with periodic boundary conditions, 247 ; 
in IQein’s oscillation theorem, 249 ; 
asymptotic development, 270 ; closed, 
273 

Characteristic numbers, 218, 220, 232, 233, 
235, 237, 247, 249, 253, 260 ; reality of, 
238, 240 ; index and multiplicity of, 241 ; 
asymptotic development, 270 
Characteristic values of the parameter in 
Mathieu equation, 176 ; in a non- 
homogeneous equation, 266 
Characteristics of a simultaneous linear 
system, 47, 49, 50 
Clairaut equation, 39, 539 
Class of a singularity, 419 
Comparison theorem, Sturm’s first, 228 ; 
second, 229 

Compatibility, index of, 205, 207 
Complementary function, 115 ; of the linear 
equation with constant coefficients, 135 ; 
of the Euler linear equation, 142 
Confluence of singular points, 495 
Conformal representation, 33 
Conics, differential equations of families of, 
5, 15, 32 

Constant coefficients, linear equation with, 
133, 584-536 ; the complementary 

function, 135 ; particular integrals, 188 ; 
application of the Laplace method to, 
442 ; systems of linear equations with, 
46, 144-155 

Constants-in-excess, 504 
Contiguous functions, 459 
Continued fractions, representation of 
logarithmic derivatives of solutions by, 
178 ; terminating, 179 ; connexion with 
the function (a; y; x), 180 ; with 
the Legendre functions, 182 ; other 
examples, 184-185 
Continuity in initial values, 69 
Convergence of series-solutions, 64, 72, 74, 
266, 283, 286, 398 

Critical points, movable, necessary con- 
ditions for the absence of, 321-825. See 
also Branch points, 

D’Alembert’s method in the theory of linear 
equations, 136, 538 
Darboux equation, 29 

Degree, 3 ; equations not of the first, 34, 
82, 804-316 
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Determining factor of a normal solution, 
424 ; calculation of, 425 
Diagonal systems, 148, 150, 157 ; simple, 
153 

Doubly-periodic coefficients, equations 
having, 375-381. See also Lam^ 
equation. 

Duality, principle of, 40 

Equivalence of simultaneous linear systems 
with constant coefficients, 146. See also 
Diagonal systems. 

Essentially-transcendental functions, 318 
Euler equation (total), 25, 61 
Euler linear equation, 141, 534 
Euler’s theorem on homogeneous functions, 
10 ; extended, 15 
Euler transformation, 191, 202 
Exact equation, 16, 19 
Existence theorems, 62-81, 91 ^ 281-286 
Exponents (indices) relative to a singular 
point, 160, 360 ; differing by integers, 
163, 369 ; solutions corresponding 'to sets 
or sub-sets of, 362, 364, 400 

Floquet theory, 381-384 ; * application to 
Hill’s equation, 384 
Formula of an equation, 497 
Frohenius, method of, 396-403 ; application 
to the Bessel equation, 403 
Fuehsian theory, 356-370 ; analogies of 
Floquet theory with, 385 
Fuehsian type, equations of, 370 
Fundamental set (system) of solutions of a 
linear equation, 119, 159, 403 ; of solutions 
of a system of linear equations, 469 

Gegenbauer function Cn%z), equation of the, 
499 

Geometrical significance of solutions of an 
ordinary differential equation, 13, 35 ; 
of a total differential equation, 55 
Grade of normal or subnormal solution, 
427-428 

Green’s formula, 211, 215, 225, 255 
Green’s function, 254, 258 ; of a system 
involving a parameter, 258-263 
Green’s transform, 508 ; invariance of, 509 
Group, continuous transformation, 93-113 ; 
equations which admit of, 102 ; extended 
group, 103 

Group, monodromic, 389 ; of the hyper- 
geometric equation, 391 ; derived from 
contour-integral solution, 458 

Hamburger equations, 430^36 ; conditions 
for normal solution, 432 
Hill’s equation, 384, 507 
Homogeneous equations, of the first order, 
18, 37 ; of higher order, 44 
Homogeneous functions. See Euler’s 
theorem. 

Homogeneous (reduced) linear equations, 20, 
114, 133 

Hypergeometric equation, 161, 181^ 183, 
394, 416, 502 ; solution by definite 
integi^s, 195 ; confluent hypergeometric 
equation, 464, 438, 504 ; generalised hyper- 
geometric equation, 391 ; other equations 


of similar type, 180, 184, 198, 202, 
394. See also Bessel equation, Legendre 
equation. 

Index of compatibility, 205 ; determination 
of, 207 ; of adjoint system, 213 ; eiEfect 
of small variations on, 219 
Indieial equation, 160, 367, 369, 371, 397, 
419 

Infinitesimal transformations, 94 ; notation, 
96. See also Groups, continuous trans- 
formation. 

Infinity, singular point at, 160, 168, 291, 353, 
356, 371, 424, 430, 469, 495, 507 
Inflexions, locus of, 89 
Initial values (initial conditions), 62, 71, 
73, 115, 119 ; variation of, 68 ; singular, 
288-290, 304. See also Boundary con- 
ditions. 

Integrability, condition of, 16, 19, 53, 58 
Integral-curve, 13, 15, 32, 33, 36, 40, 55 ; 
cusp on, 83 ; singular, 84 ; particular, 84 ; 
algebraic, 90 

Integral equation, 63, 200, 261, 519 
Integral equivalents, in Pfaff’s problem, 57 
Integral, first, 12 

Integrals, solution by, single, 186-197, 201- 
203 ; double, 197-199 ; contour, 438-468 
Integral-surface, 47, as a locus of cha- 
racteristic curves, 48 

Integrating factor, 19, 27, 60, 531, 534-537 
Invariant of a linear equation of the second 
order, 394 

Irreducible constants, 490, 497 
Irreducible equations, 128, 304 


Jaeobians, 7 

Jacobi equation, 22, 31 

Jordan and Pochhammer, integrals of, 454 


Klein’s oscillation theorem, 248 


Lagrange identity, 124 

Lam6 equation, 248, 378, 395, 500, 505 ; 

extended, 502 ; generalised, 496, 502, 507 
Laplace integrals, for the Legendre functions, 
193-195, 467 ; solution of standard 

canonical system by, 479 
Laplace transformation, 187-189, 438-444 
Legendre equation, ; 

associated equation, 183, 500 
Legendre functions, Pni^) and Qn(aj), series 
for, 165 ; continued fractions and, 182 ; 
definite integrals, 192-195, 202, 464 ; 
contour integrals, 462-464 ; associated 
functions, 183, 195 
Legendre polynomials, 165, 193 
Limits, method of, 282 
Linear differential equation, 3, 534-538 ; of 
the first order, 20 ; of order n (existence 
of solution), 73, 284. See also under the 
names of special equations, Boundary 
problems, Singularities, etc. 

Linear differential systems. See Systems, 
linear differential 

Linear independence of solutions of a linear 
equation, 402. . See also Fundamental set 
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Linear substitutions, 118, 209, 357-362, 388, 
470 

Linear systems. See Systems, simultaneous 
linear. 

Line-element, 13 ; singular, 83 
LipscMtz condition, 63, 67, 71 
Logarithmic case, 164, 364, 369 
Logarithms, conditions for freedom from, 
404 

Mathieu equation, 175, 500, 503, 508 ; non- 
existence of simultaneous periodic solu- 
tions, 177 ; associated equation, 503 
Mathieu functions ce^ix) and sen(x), 177 
Matrix solution of a simxxltaneous linear 
system. See Peano-Baker method. 
Mayer’s method of integrating total differ- 
ential equations, 56 

Mellin transformation, 195 ; application to 
the hypergeometric equation, 195 
Mercator’s projection, 34 

Non-homogeneous linear equation, solution of, 
122 ; with constant coefficients, 138, 535 
Non-homogeneous linear systems, compati- 
bility I of, 214, 266 ; development of 
solution, 269 

• Non-linear equations of the second and 
higher orders, 317-355 
Normal solutions, 423-427, 436-437, 469, 
478 ; of the Hamburger equation, 432- 
436 

Numerical integration of equations, 540-^47 

Operators, linear differential, 114 ; factori- 
sation, 120 ; adjoint, 125 ; permutable, 
128 ; with constant coefficients, 133 
Order, 3 ; integrable equations of higher 
than first, 42 ; depression of, 121 
Ordinary differential equation, 3 ; genesis 
of, 4 ; solutions of, 11 ; geometrical 
significance, 13, 

Orthogonal property of characteristic func- 
tions, 237, 263. 

Oscillation of solutions, 224 ; conditions for, 
227 

Oscillation theorems, Sturm’s, 231-237 ; 
Klein’s, 248 ; other forms, 252-253 

Painlevd transcendents, 345 ; freedom from 
movable critical points, 346-351 ; asymp- 
totic relationship with elliptic functions, 
352 

Partial differential equation, 3 ; formation 
of, '6, 9 ; equivalent to simultaneous 
linear system, 47 ; homogeneous linear, 
50 ; satisfied by functions invariant 
under a given group, 99 
Peano-Baker method in the theory of 
simultaneous linear systems, 408 
p-discriminant and its locus, 83, 92, 304, 
308 

Periodic boundary conditions, differential 
systems with, 242-248 
Periodic coefficients, equations having. See 
Doubly-periodic coefficients, Simply- 
periodic coefficients. 

Periodic solutions, existence of, 386 


Periodic transformations, 200 
Permutable linear operators, 128, 133 
Pfaff’s problem, 57-60 
Picone formula, 226 • 

Planes, partial differential equations of, 6 
Prime systems, 153 
Primitive, 5 

Puiseux diagram, 298, 301, 427 


Quadratures, determination, of particular 
integral by, 122, 140 


Rank of an equation or system of equations, 
427-430, 469 ; equations of unit rank, 
443 ; reduction of rank, 445 ; equations 
of higher rank, direct treatment, 448 ; 
solution of standard canonical system of 
rank unity by Laplace integrals, 479 ; 
solution of system of rank two, 480 ; 
solution of system of general rank, 482 

Recurrence-relations, between coefficients 
in the series-solution of a linear differ- 
ential equation, 397, 421, 433 ; between 
contiguous functions, 460 

Reducibility of an equation having solutions 
in common with another equation, 126 ; 
of an equation having regular singu- 
larities, 420 

Regular singularity. See under Singularity. 

Regular solutions of a linear differential 
equation, 364 ; of a system of linear 
equations, 369 ; development in series, 
396 ; possible existence of, at an irregular 
singularity, 417 ; general non-existence 
of, 421 

Riecati equation, 23, 293, 311, Si5r 333, 
341 533 

Riemann P-f unction, 162, 389 ; its differ- 
ential equation, 391 ; contour- integral 
solutions of the equation, 460 ; extended 
P-fnnction, 496 

Riemann problem, 389 ; generalised, 490 


Schwarzian derivative, 394 
Self-adjoint. See Adjoint equation, Adjoint 
systems. 

Semi-transcendental functions, 318 
Separation of variables, 17, 530-531 
Separation theorem, Sturm’s, 223 
Simply - periodic coefficients, equations 
having, 175, 247, 381, 415, 506. See also 
Hill’s equation, Mathieu equation. 
Singular points (singularities), 13, 69, 160, 
286 ,* fixed and movable, 290 ; closed 
circuits enclosing, 357, 385 ; regular 
(conditions for), 161, 365-369 ; real and 
apparent, 406, 416 ; irregular, 168, 417- 
437 ; equivalent, 469 ; elementary, 495 ; 
confluence 495 ; species of irregular, 496. 
See also Branch points, Critical points. 
Infinity. 

Singular solutions, 12, 87, 112, 308, 355, 538 
Solutions, 3. See also Fundamental set. 
Normal solutions. Regular solutions. 
Singular solutions. Subnormal solutions. 
Spheres, partial differential equations of, 6 
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Standard Domain, zero-free, 516 

Sturm-Uouville development of an arbitrary 
function, 278 ; convergence of, 275 ; 
comparison with Fourier cosine develop- 
ment, 276. 

Sturm-liouvUle systems, 217, 227, 285, 238, 
241, 270 

Sturm’s fundamental theorem, 224. See also 
Comparison theorem, Oscillation theorems. 
Separation theorem. . 

Subnormal solutions, 427, 437 

Successive approximations, method of, 63~ 
75, 91, 263 

Surfaces of revolution, partial differential 
equation of, 9 

Systems, simultaneous linear algebraic, 205 

Systems of differential equations, simul- 
taneous, 14, 45 ; existence of solutions, 
71, 284, 408 ; conversion of linear 
equation into, 73, 411; equivalent 

singular point of, 469 ; formal solutions, 
478 ; characterisation of solutions at 
infinity, 485. See qlIso under Bounded 
coefficients, Constant coefficients. 

Systems, linear differential, 204 ; determina- 
tion of index, 207 ; adjoint, 210 ; non- 
homogeneous, 213, 266; self-adjoint of 
second order, 215 ; involving a para- 
meter, 218 ; effect of small variations in 
coefficients, 219. See also Sturm-Liouville 
systems. 


Tac-point and tae-locus, 85, 88 

Total differential equations, 3, 16 ; forma- 
tion of, 10 ; integrabUity, 52 ; geo- 
metrical interpretation, 55 ; Mayer’s 
method, 56 ; Pfaff’s problem, 57 ; 
canonical form, 59 

Trajectories, orthogonal, 32, 92, 582 ; 
oblique, 83 

Transformation-groups, See Groups, con- 
tinuous transformation. 

Transformations, 496 ; projective and 
quadratic, 497. See also Linear substitu- 
tions. 

Truncated solutions, 522 

Uniform solutions, class of equations having, 
372 

Variables, equations not involving one of, 
36, 43, 311 ; equations linear in, 38 

Variation of parameters, 21, 122, 245 

Weber equation, 159, 501, 506 

Wronskian, 116 ; Abel formula, 119 ; 
value after description of closed circuit, 
357 

Zero-free intervals, 512 

Zero-free regions, 513 ; star, 515. See also 
Standard Domain. 

Zeros. See under Sturm’s fundamental 
theorem. 




